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PREFACE 


The present work is occupied with investigations of those intrinsic 
properties and differential measures of geometrical amplitudes which 
are connected with the corporate characteristics and the organic 
Sjnstituents of the amplitudes. 


I. 

Both for convenience of descriptive reference in the preliminary 
discussions, and for the determination of curvatures of initial rank 
(especially for the determination of the circular curvature of its geo- 
desics), an amplitude is conceived as existing in a plenary uncurved 
(homaloidal) space which necessarily is of more extensive range than 
the amplitude itself. No attention is paid to position or orientation in 
that plenary space ; the quest is for the magnitudes and the relations, 
which are essentially independent of mere location. Uncurved space 
is chosen as the standard medium of plenary extension for all curved 
amplitudes, mainly for two reasons : every measure of any curvature 
of such a space, regarded as an unrelated irresoluble entity, is zero : 
and all deviations from uniform evenness, that are exhibited by con- 
tained configurations, can be expressed by canonical measures which 
represent the magnitude and the import of the deviations indepen- 
dently of any controlling influence of properties of the plenary space. 
The homaloidal space is free from all native measures that can modify 
the geometrical character of included configurations : its standardising 
influence is impartially neutral. 

The dimensionality of an amplitude, estimated by the integer that 
denotes the number of its own dimensions, is a central and fundamental 
characteristic determining the content of one group of properties — the 
gremial curvatures of its geodesics. But that integer provides no clue, 
other than an obvious lower limit, to the dimensionality of the plenary 
space : and therefore it provides no clue to the range of the remaining 
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(non-gremial) curvatures of the geodesics, to mention only one set of 
important magnitudes. Thus a curve is one-dimensional : it may 
exist in a plane : or its march may wind through some ampler range 
of space. We are accustomed to think of surfaces existing freely in 
what conventional experience deems to be uncurved triple space : yet 
they can exist equally freely in an ideal plenary space of more than 
three dimensions, even in a plenary space of illimitable extension. 
Still, when a curved amplitude is postulated in one or other of the 
customary modes, of which parametric representation is a frequent 
instance, its plenary space can be compounded from the aggregate of 
all the homaloids of successive orders of contact with the geodesics of 
the amplitude. 

Moreover, a homaloidal space of any number of dimensions can 
always be merged into homaloidal spaces of any greater number of 
dimensions ; and the inclusion can be effected in an unrestricted 
variety of ways. So far as the main investigations are concerned, it 
usually is convenient to assign to each amphtude its own individual 
plenary space, prescribed to be the least extensive homaloidal range 
that can contain the amphtude. Thus, to recur to the cited example 
of a plane curve, all essential properties can be derived without passing 
outside the plane of its existence : when that curve is postulated in a 
triple space, necessarily containing the plane, an equally complete 
discussion of the properties demands more elaborate analysis without 
ultimately furnishing additional knowledge of the geometry. But the 
requirements may be different if the same plane curve is postulated as 
existing on a surface in the triple space : its relations to the surface 
require other calculations. For instance, the flexure of a small circle 
on a spherical surface is the sole curvature of the circle relative to the 
sphere : yet that flexure cahnot be inferred solely from the properties 
of the circle in its own plane. 

Sometimes the dimensionality of the plenary space has no overt 
significance in an investigation. Thus the tangent flat of a region con- 
tains the tangent, the binormal, and the trinormal of every regional 
geodesic through the point of contact, irrespective of the range of the 
plenary space of the region. On the other hand, the nature of the 
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curve, which is the locus of the centres of circular curvature of all 
geodesics of a surface concurrent in the point of contact with a tangent 
plane, may be dominated by the range of the plenary space : when that 
space is triple, the locus is restricted to a line or parts of a hne : when 
the space is quadruple, the locus is a plane lemniscate : when the 
dimension-integer of the space is a number greater than four, the locus 
is a skew quartic in a flat whatever the number. 

Further, when a configuration is propounded metrically by means 
of a parametric differential expression for an element of its arc, the 
plenary space is not in evidence in any such incomplete definition ; the 
expression itself contains no indication of the integer that measures the 
dimensionality of the space. Even in the simple case of a surface with 
an arbitrarily assigned arc-element, it has not yet proved practicable 
to devise the tests which settle the range of the plenary space. Some 
writers have definitely assumed an upper limit to the dimensionality 
of the plenary space of a manifold, having obtained it by counting the 
number of coefficients in the parametric expression connected with the 
arc-element of the manifold. The assumptions, almost deemed obvious, 
rest on no established proof and have remained untested and un- 
checked. Against their vahdity must be set the result that, if a pro- 
pounded arc-element in two parameters is to characterise a surface 
within a triple homaloidal space, partial differential equations of the 
fifth order subsist between the coefficients in the expression of the arc- 
element. 

In a converse aspect, any homaloidal range of ideal space more 
extensive than a straight line contains curved configurations, each 
necessarily of lower dimension-integer than the range itself. One 
definite restriction, directly imposed on such included configurations, 
is the limitation on the number of successive ranks of curvature which 
can appertain to any curve, organic or otherwise, in the configuration : 
even in the most general type, the number of such curvatures is one 
less than the dimensionality-integer of the plenary space. Conse- 
quently the geometry of such configurations is free from some of the 
difficulty that besets the intrinsic geometry of configurations in a 
plenary space of unknown dimensionality. (The analytical manipula- 
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tions, necessary in the various stages, are not reckoned as part of the 
difficulty, however laborious they may be; direct manipulation is 
always presumed to be practicable.) There is a similar consequence of 
specific knowledge of the range of the plenary space : it provides a cor- 
responding limitation to the number of grades of differential relations 
which have to be constructed before the tale of independent geometrical 
magnitudes can be regarded as fully constituted. 

In this respect there arc two, and only two, types of configuration 
of which the intrinsic geometry can claim to have a semblance of com- 
pleteness. One of the two types is provided by curves which exist in 
a plenary space of specifically assigned dimensionality : the generalised 
Frenet equations provide the means of obtaining the requisite number 
of successive curvatures together with associated properties, and they 
exact only direct calculations. The other of the two types is provided 
by the species of amplitudes styled primary : that is, amplitudes exist- 
ing in a plenary space which is of only one dimension more extensive 
than themselves, such as Gauss surfaces in a triple space and regions 
in a quadruple space : in all such amplitudes, all the curvatures of a 
geodesic except the circular curvature are gremial. It is, of course, 
possible to proceed tentatively towards a complete geometrical system 
for amphtudes not included in either of these types. Progress, step by 
step, can always be achieved onwards from the beginning ; but at 
present, the analysis appears to defy the kind of schematic completion 
attained in the differential geometry of curves. Thus the geometry of 
a primary domain is more easily developed than is the geometry of a 
surface existing freely in the quintuple space of the domain. 

My book Geometry of Four Dimensions (it also included the geo- 
metry of curves in a general plenary space) was an adventure into the 
more amenable of these two realms of investigation. The present book, 
dealing with the geometry of configurations without a preliminary 
specification of the range of their plenary spaces, is an adventure into 
the less amenable of the realms. During the period of three-quarters 
of a century and more which has elapsed since the appearance of 
Riemann’s thesis on the foundations of geometry and the publica- 
tion of Christoffel’s memoir on the transformation of homogeneous 
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quadratic differential expressions, much noteworthy progress in abstract 
geometry of multiple space has been achieved. Also for a period in 
more recent days, there was a vogue for one aspect of the subject, 
mainly due to the analytical requirements of theories of relativity : 
the mathematical physicists, in the analytical expression of their 
theories, had utilised some of the algebraic results of the abstract 
geometry in order to serve their immediate needs. To the earlier 
generations is due the achievement of having brought abstract geo- 
metry within the regular discipline of mathematics : to their successors 
is due the wealth of result that has already been attained. I have not 
attempted to produce a consecutive account of such researches. My 
aim, rather, has been to contribute to a systematic development of the 
subject, in which it is treated independently of its beginnings and of 
incidental applications, and can be duly recognised as a province in 
the domain of reasoned thought. 


II. 

The arrangement of the contents has been influenced, even directed 
in the main, by the actual course of its growth under the experience of 
earlier investigations in four-dimensional geometry. Dealing initially 
with the properties of a general amplitude and imposing no restriction 
on the dimensionality of its plenary space, I soon was convinced that 
some advantage, in simplicity and in clearness at that stage, would 
accrue from the detailed discussion of amplitudes of least extension 
such as surfaces, regions, domains, of two, three, four, dimensions 
respectively. The initial discussion of the general amplitude served a 
useful purpose in providing foundations ; the discovery of character- 
istics, and of their discriminating effects, could be attained best from 
the simplest species of amplitudes as regards their dimensionality. The 
conviction was confirmed by the progress of the analysis which promptly 
compelled a separation of the curvatures of geodesics into a gremial 
group and a non-gremial remainder. Yet, even so, the results, which 
have been obtained for regions and for domains, are of reciprocal 
assistance towards the results for a general amplitude. 
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There may be a quite reasonable request for some explanation why, 
in dealing with amplitudes of specific dimensionality of successive 
ranges, a halt has been called after domains. Some reasons are too 
obvious to require formulation. One dominating reason has its root in 
the theory of invariantive concomitants of all classes constituting a 
complete system for a geometrical amplitude. The calculations con- 
nected with a (four-fold) domain provide adequate illustration and 
equally adequate indication of the categorical demands of that theory 
in its application to a general amplitude. For they introduce variables 
which are not subject to relations : distinct representatives are found 
in the parametric direction-variables of a line and the parametric 
orientation-variables of a region, and these two classes are contra- 
gredient to one another for domainal transformations. They also 
introduce variables which are of the type subject to identical relations : 
a representative class is provided by the orientation-variables of a 
domainal surface, and these variables are self-reciprocal for domainal 
transformations under which covariantivc magnitudes persist. All the 
classes of variables which, after the conception first stated by Clebsch, 
can belong to the covariantive algebra of general amplitudes, are 
represented — though, of course, incompletely enumerated — by the 
types which occur in the discussion. 

At one stage in the course of the work, there had been a hope that 
the complete system of concomitants of a representative general ampli- 
tude would have been constructed, partly for its own sake, partly for 
the light it can throw upon the relative independence of the geometrical 
measures. Towards the realisation of the hope, my intention had been 
to use Lie’s theory of continuous groups. That theory is an analytical 
weapon of compelling power in such a field of research, though latterly 
it would seem to have fallen upon the evil days of neglect and even 
oblivion. Given reasonable manipulative skill, it provides systematic 
information concerning a normal tale of independent concomitants of 
each grade and thereby indicates the dependence, upon this aggregate, 
of other concomitants which may be obtained by synthesis, or geo- 
metrical inference, or organic derivation. It was with such an aim in 
mind (and a memoir of my own, published thirteen years ago, con- 
tained a partial treatment so far as concerns four-fold amplitudes) that, 
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from place to place throughout this book, there appears an insistence 
upon the invariantive character of many analytical measures which 
were to have served as special examples illustrative of the general 
theory. But time and circumstance have intervened to foil the 
ambition. And, moreover, such a range of the subject is so far-flung 
in its comprehensiveness that practically it would require a separate 
volume for adequate treatment. 


III. 

The analytical processes which have been adopted throughout are 
the amplification (though with one important modification) of those 
that had already been used in my Geometry of Four Dimensions. In 
origin, they are due to Gauss ; and I have found them simpler and 
more direct than is the vector analysis employed in many expositions of 
Riemannian geometry. The indicated modification of the processes is 
one that makes for a desirable brevity, subject to clearness. In all 
amplitudes, particularly in a general amplitude, the exclusion of con- 
siderations, of site and orientation of the amphtude in its plenary 
space, leaves all the space-coordinates on an equal standing ; and thus 
it has been found both feasible and convenient to proceed from a single 
abstract space-coordinate as typical of all such coordinates, and to 
deal with a single equation associated with this coordinate as typical 
of all the equations of the same kind. Also, I have abstained from 
the summation-convention by which the usual summation-symbol is 
omitted (leaving the process to be inferred from observation) when, in 
the representative term, there is a double occurrence of an indicia! 
number. The reason for my practice is that, in the analysis, there are 
varied kinds of summation : with regard to space-coordinates : with 
regard to sets of parametric variables of their several kinds : with 
regard to terms in an expression, whether finite or not finite in number : 
with regard to groups of magnitudes of the same organic character. 
These are so frequent that, to me, there is a questionable economy as 
regards clearness, in shortening one type of expression by a single 
symbol (which, omitted, is supplied by a checking verification) while, 
at the same time, retaining the conventional symbol for all the other 

summations where it cannot be made conspicuous by its absence. 

b 
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IV. 

In every section, a substantial part of the analysis is devoted to the 
properties of geodesics, whether these belong to a central amplitude or 
to an included sub-amplitude. These properties all depend upon the 
curvatures of successive rank, as they occur in the (generalised) Frenet 
equations of a curve in the first instance ; and these equations are 
simply modified so as to be more immediately applicable to a geodesic 
of the amplitude. As already remarked, these curvatures can be 
divided into a grcmial group and the non-gremial remainder. For each 
curvature in the gremial group, the associated principal line of the 
geodesic lies within the tangent homaloid of the whole configxiration to 
which the geodesic belongs ; and the appropriate analysis for the 
gremial group is thus different in essential detail from the analysis 
required for the non-gremial group. When a geodesic belongs to a 
sub-amplitude (and, therefore, iisually not to the central amplitude), 
its orthogonal frame is affected in relation to that central amplitude : 
the initial measure of its deviation from the amplitudinal geodesic is 
termed a flexure, and there are corresponding amplitudinal measures 
of later rank. 

The general results constitute geodesics as convenient curves of 
reference within the amplitude of their existence, as significant as are 
straight lines in the Euclidean geometry of an earlier day. Subsequent 
investigations lead to an extension whereby, even as a preliminary con- 
sideration, geodesic surfaces and geodesic regions (to mention only a 
couple of such ancillary configurations) become convenient surfaces 
and regions of reference for the respective equi-dimensional configura- 
tions that do not possess the geodesic quality. 

Two themes, in particular, have received much detailed attention. 
One of them is the Riemann measure of curvature : the other is the 
parallelism of geodesics. 

A brief record of the origins of the Riemann measure will be found 
in the text. Its earliest occurrence is a statement in some manuscript 
fragments, left by Riemann and posthumously edited by Dedekind and 
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Weber. It consists of an analytical expression which is declared to be 
a measure of the curvature of a surface in a general amplitude : the 
surface in question now usually is termed a geodesic surface. The 
statement was not accompanied by any indication of the significance 
of the measure, or of the kind of curvature thus estimated, or even of 
the construction of the expression itself. The measure, alike in form 
and by its geometrical dimensions, is a measure of superficial area ; 
the coefficients of the parametric combinations of variables are those 
combinations of derivatives of coefficients in the arc-element which are 
customarily denoted by the four-index symbols ; and they have been 
simplified by using coefficients which occur in the central equation for the 
circular curvature of the amplitudinal geodesic. To obtain the interpre- 
tation, I have considered a small range of the amplitude in the vicinity 
of a point, instead of dealing with its descriptive measures at the point 
alone. A small triangle is framed, by drawing any two small geodesic 
arcs through the point and joining their extremities by another geodesic 
arc, necessarily small in a range free from singularities. Direct calcu- 
lations, in approximations up to the third order of small quantities, 
lead to a determination of the length of the third side of the triangle ; 
and the two angles of the geodesic triangle, other than the angle at the 
initial vertex, are calculated up to the second order of small quantities. 
In the limit, as the size of the triangle continues to diminish, the ratio 
of the angular excess of the triangle to its area is found to be the 
Jliemann measure of curvature in the surface orientation of the triangle 
at its vertex. Because of the similarity of this result to the correspond- 
ing result for a spherical surface, the measure is called the sphericity 
of the amplitude in the specific orientation. (It may be added that, 
unlike the property for a spherical surface, the third side of the ampli- 
tudinal triangle does not lie in the geodesic surface at the vertex.) This 
interpretation is not a new result : as indicated in the proper place in 
the text, it appears to have been derived first by Levi-Civita from a 
result due to Peres. The method of investigation is novel, as also are 
subsequent applications which are effected by the method. 

To the parallelism of geodesics attention has been paid, partly 
because any formulation is a natural extension of the ancient theory, 
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partly because it bears promise of leading to developments in the 
quantitative geometry of amplitudes. Much of the earlier differential 
analysis leads to results which, though mainly only of a descriptive 
or qualitative type, are not numerical : they belong to any arbitrarily 
selected place in the amplitude, and they therefore possess a current 
significance, not merely a site-value. But their significance remains 
qualitative at any place, changing from place to place, yet not extend- 
ing quantitatively over any range in the vicinity of a place. 

Demands emerge for the discussion of ranges in an amplitude.’ 
Such discussion had been carried out for homaloids, also for amplitudes 
of constant sphericity of various types ; in all cases for ranges of finite 
extent. For amplitudes of variable sphericity, consideration at present 
can be effected only for small ranges in the vicinity of any arbitrarily 
selected position : even so, the investigations belong to the beginnings 
of quantitative analysis. These have already appeared in the discus- 
sion of the Riemann measure, through the introduction of a small 
geodesic triangle in a manifold. The analytical processes, which there 
led to the inferred results, are effective also in the discussion of the 
properties and the measures connected with geodesic parallels. 

The theory of amplitudinal parallelism was initiated by Levi- 
Civita. His original definition of a set of parallel geodesics in an ampU- 
tude associated them with directions that could be regarded as a set of 
unvarying lines for the amplitude, the association consisting of a con- 
servation of inclinations between the successive geodesics and the 
selected unvarying lines. On a surface, this definition imphes the 
simple property that all the geodesics, drawn through successive points 
on a basic geodesic, have the same inclination to that basic geodesic. 
There followed, immediately, a modification to Severi (the necessary 
references are given in the text). Under his definition, the ampli- 
tudinal geodesics through successive points on a basic geodesic, which 
are to be parallel to an assigned geodesic, are selected by means of the 
geodesic surface determined by the basic geodesic and the assigned 
geodesic ; their directions at the basic points are tangential to this 
surface and make with the base the same angle as is made by the 
assigned geodesic. The Severi definition is not concerned with the 
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plenary space of the amplitude. The Levi-Civita parallel and the Severi 
parallel are distinct from one another in any amplitude which, being 
of more than two dimensions, is not of constant sphericity ; and the 
angular deviation between them is of the second order of small quan- 
tities, the geodesic distance between the assigned geodesic and either 
parallel being considered a small quantity of the first order. 

When it becomes necessary to construct a small geodesic parallelo- 
gram in any amplitude more extensive than a surface — it will suffice, 
for this statement, to specify a region — there is an immediate difficulty. 
When, through the second and third angular points of a geodesic 
triangle, regional geodesics are drawn parallel to the opposite sides, 
either by the Levi-Civita process or by the Severi process, they do not 
meet. The same difficulty occurs with some other types of parallels, 
drawn after alternative definitions of parallelism. Accordingly, a dif- 
ferent metliod has been devised which, in the first place, leads to the 
construction of geodesic quadrilaterals by means of the foregoing 
triangle : the primary conditions of parallelism, common to the Levi- 
Civita parallel and the Severi parallel, are maintained ; and a quadri- 
lateral ensues from a requirement that the new geodesics intersect. 
These limitations still admit other requirements : and there is imposed 
the condition — a condition which can be satisfied — that the opposite 
sides of the geodesic quadrilateral shall be equal in length, one of the 
usual properties of a plane parallelogram. 

Moreover, with this geodesic parallelogram as a boundary con- 
stituent, it is possible similarly to construct a (three-dimensional) cell 
in the region as a geodesic parallelepiped ; and, without further con- 
ventions or added conditions, the same process is applied to the con- 
struction of a four-dimensional paralleloid in a domain, as indicative 
of its feasibility for a general amplitude. A path to quantitative 
mensuration in curved manifolds is thus opened ; its further utility 
can be determined by the necessary approximations of an order higher 
than those which are required in the indicated investigations. 

In bidding farewell to the subject, I w'ould express my conviction 
that what has been achieved is little more than a beginning : the 
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results obtained are sufficient to indicate that ampler results remain to 
be discovered. Undoubtedly the manipulative labour occasionally is 
exacting, either by the methods used here or by the methods used 
elsewhere. But, as may be declared from my experience, such labour 
becomes comparatively simple and even increasingly attractive by 
growing acquaintance ; and it can lead to the domains of new know- 
ledge which will be the reward of fresh pioneers. 


To the publishers, Macmillan & Co., my thanks are due for having 
undertaken the publication of a work so technical and so abstract. 
To them my thanks are tendered in full measure. 

From the staff of the printers, Itobert MacLehose & Co., I have 
received steady and unfailing assistance, as well as most courteous 
consideration, at every stage in their share of the book. To them also 
1 tender my cordial thanks. 

Finally, throughout the revision of the proof-sheets, 1 have had the 
invaluable help of my friend Professor E. H. Neville, of the University 
of Beading. To his devotion and watchful care, to his suggestions and 
criticisms and corrections, I am deeply indebted ; and I would beg 
him to believe that his co-operation is treasured in my remembrance. 

A. R. F. 


Lonjjon, Aj)ril, 1935. 
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SECTION I: AMPLITUDES 


CHAPTER I 
Introductory 

1 . Results obtained in geometrical science during development from its initial 
creation, and progress achieved in many branches of pure and applied analysis, have 
compelled amplifications of the whole system of geometry. Considerations have 
entered which relate to an abstract space and are no longer limited to the older 
notions of space suggested by experience. This abstract space is purely ideal : 
its dimensional extent is unrestricted by extrinsic conditions. To some minds, 
the conceptions of multiple space are almost intuitive : to some, they constitute 
the obvious generalisation of the geometry that is familiar to experience : to 
some, they present no more than a fancied interpretation of algebraic relations. 
For all, they are cast into the mould of analytic forms, whatever be the vocabulary 
adopted in descriptive expression. 

In this amplified geometry we have to deal with configurations of diverse types 
and of different ranges, all existing in some abstract space. One special aggregate 
of configurations is characterised by the property that, everywhere and every- 
whither in their range, straight lines can be drawn which are completely included 
in that range. This aggregate is the simplest of all, alike in geometrical quality 
and in analytical representation : in geometry, because all curvatures of geodesics 
are zero : in analysis, because the fundamental equations concerned with in- 
trinsic relations are purely algebraical and mainly linear. The configurations, 
contained in this aggregate, are called homaloidal * : all others are said to be 
curved or have no specific title. 

Types of configurations are frequently classed according to the rank of their 
dimensional extent. In particular, configurations of one dimension are called lines 
when they are homaloidal : if not homaloidal, they are called curves. Those of 
two dimensions are called planes or surfcLces, according as they are homaloidal or 
not homaloidal ; those of three dimensions are called flats or regions, in the like 
respective circumstances ; and those of four dimensions are called blocks or domains 
in like manner. For configurations of more than four dimensions, the detailed dis- 
cussion of properties has not been so specific for any one of them as to render the 
use of an individual title desirable ; usually, the generic title of amplitude or 

* Sometimes, the terms flat and even are used. In this treatise, the word flat is 
reserved for a three-dimensional homaloid. 
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manifold, with an added epithet of homaloidal when needed, proves sufficient. 
Sometimes a discrimination is effected by direct statement of the number of dimen- 
sions, such as is represented by an amplitude of m dimensions or a A;-fold homaloid, 
with the implication that m and k are positive integers. 

Any m-fold amplitude, m being greater than unity, may contain sub-amplitudes, 
the number of dimensions in each sub-amplitude being less than m. It is possible 
to have homaloidal sub-amplitudes within a non-homaloidal amplitude : thus 
there are ruled surfaces and planar regions. Usually, however, a sub-amplitude, 
contained in a curved amplitude, is also curved ; and we have to examine the 
kinds of curvature, and to construct the estimate in each kind of curvature, 
whether the amphtude be plenary or be subsidiary. In a sub-amplitude, there are 
flexures relative to the plenary amplitude which do not appertain to the plenary 
amplitude itself ; and there are curvatures of a plenary amplitude which also 
affect the sub-amplitude. For all of these, it is desirable to have appropriate 
spaces of reference, by comparison with which we can describe and can measure all 
such curvatures. The most convenient, among such types of spaces of reference, 
appear to be those which are homaloidal. As any homaloidal space can be com- 
pletely merged in other homaloidal spaces of higher dimensionality, we select, as 
the space of reference for any configuration in an amplitude, the homaloidal space 
of lowest dimensionality containing the configuration and the amplitude ; and 
the homaloidal space thus selected is termed the plenary space of the amplitude. 

Yet it will be found that, for many of the intrinsic properties of a configuration 
as well as for many of the intrinsic measures of an amplitude, the actual dimen- 
sionality of the plenary space will have entirely disappeared without leaving any 
trace or sign. In this connection, it is sufficient to cite the branch of modern 
analysis commonly known as the Absolute Differential Calculus. But such a 
result does not hold for all properties and magnitudes, intrinsic to an amplitude : 
thus, in order to have a complete specification of so simple an intrinsic quantity 
as the circular curvature of a geodesic of an amplitude, we must have recourse to 
the plenary space of the amplitude, though its characteristic elements need not 
survive in evidence. The dimensions of a plenary space manifestly must be greater 
than those of every amplitude which it contains ; but, in the absence of dis- 
criminating tests, no upper limit has yet been assigned d priori to the number of 
those dimensions.* Even so, it frequently occurs (especially with invariantive 
concomitants appertaining to the amplitude) that the dimensionality of the 
plenary space has disappeared from the constructed measure as completely as it 
has disappeared from recognition or detection in the simple expression for the 
arc-element of the amplitude itself. 

Before initiating the discussion of amplitudes, whether of general or of specific 

* A simple instance (§ 88) is given where a surface is devised, in so far as it can be 
represented by its arc-element, existing freely in a plenary space of an unlimited number 
of dimensions : no test is known for reducing that number. 
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order, some preliminary propositions of regular use will be stated. These pro- 
positions arc comprised in two distinct sets. One of the sets relates to variables 
of different kinds and particularly to the inclinations of homaloids to one another : 
they will be stated briefly, as the appropriate developments will be effected in the 
application of the propositions. The other set contains a summary of some char- 
acteristic properties, connected with the curvature of skew curves in multiple 
plenary space of any number of dimensions ; such properties must, of course, sub- 
sequently be adapted to curves (and especially to geodesics) which lie in con- 
figurations existing in that plenary space. For these preliminary explanations, it 
is tacitly assumed that all configurations arc referred to sets of completely ortho- 
gonal axes in the space. An origin of general reference is of no significance. The 
axes themselves are only of incidental occurrence ; and ultimately they cease to 
have any surviving importance, mainly because the measures obtained for intrinsic 
magnitudes are of the invariant type, independent of origin and independent also 
of axes of reference in the plenary space. 


Tyjws of variables. 

2. For the expression of the concomitants, which appertain to the diverse con- 
figurations that arc possible in multiple space, different types of variables are 
required. Initially, these are associated with the magnitudes and the relations of 
closed areas bounded by parallel edges in a plane, of closed parallelepipeds bounded 
by parallel faces in a flat, and so on ; the number of edges, faces, and the like, for 
the successive figures, is the smallest possible consistent with the closing of the 
figure in each instance. 

We begin with the expressions for the content of the figures. For the conter- 
minous edges, we use ... to denote the direction-cosines of a side of 

length Ti ; then I2, ... to denote the direction-cosines of a second side of 

length 7-2) the direction being distinct from the first ; then Z3, m3, %, ... to denote 
the direction-cosines of a third side of length r,, the direction not lying in the 
plane determined by the first two sides ; and so on. We denote by the cosine 
of the angle between the conterminous sides and r^, so that 

Cii = kh + + ■ • • = X 

I 

where the summation-sign ^ extends over the products of homologous direction- 

i 

cosines. Then the content of a parallelogram, bounded by and r2 as conterminous 
edges, is 

I 1. Cijs • 

I ^21i 1 

To obtain the content of a parallelepiped, bounded by r^, rg, as conterminous 



CONTENT OF LINEAR FIGURES 


edges, we drop a perpendicular P, from a point distant from the corner along the 
third direction, upon the parallelogram in the plane 

II Vi hi h 11==^- 

We therefore must make P^, — ^ - aU - a minimum for all possible 

values of a and j8 ; hence 

h 3^3 “ ^h “ Ph) “ h 3^3 ~ ^h ~ Ph) ~ 


that is, 


^3^13 ~ — PCi2 — 0 , ^ 3^23 “ ^^12 ~ ^ 


Let Jq, mg, tIq, ... denote the direction of this perpendicular. 
We have 

~~ ^h ~~ Ph j 

consequently 


1, Cjg 


hi 

hi 

h 

^21, 1 



1. 

Ci2 



^23» 

^12> 

1 


and so for the other direction-cosines mg, ng, , which now can be regarded as 
known. Further, the initial critical equations give 

^jhh~^f ^Zg/g^O ; 

and therefore P=H^hhi 

and 


But also 


and therefore 


1, Cjg 

P= 

h 

^13j 

^23 

^21, 1 


^13i 

1, 

Ci2 



^23i 

^12i 

1 


ij ^12 “ ^^hhi 

SWi. 

^^hh '^3 — {^^hh) L ^’i2 

^2li ^ ^13j 

1, 

Ci2 C]2i 1 

^23 i 

^12i 

1 


Ij ^12 — 

1, 

^13 > 

^23 

r 2- 
^3 “ 

1 , 

^I2i 

^13 

C21, 1 

^135 

i, C 12 


^21i 

1, 

^23 


^23? 

^12i 

1 


^31i 

^32> 

1 


The content of the parallelepiped is 


1, C12 

1 

a 

1. 

^12i 

^13 

C21, 1 


^21i 

1, 

^23 



^31i 

^32j 

1 


Similarly for corresponding figures with parallel edges in spaces of four, and of 
more than four, dimensions. 
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The parametric variables, of various dimensions, in an amplitude characterised 
by means of parametric representation (§10), are compounded of sets of direction- 
variables, corresponding respectively to the directions of the different sets of 
sides in the preceding figures. For any one direction represented by dx^, , dx^, 
we have 

ds^= ^ dXi dxj. 

i j 

We shall have minors of various orders of the determinant 


we therefore write 



and so on, corresponding to the columns and the rows from which the constituents 
are selected. 

We shall have sets of direction-variables, corresponding to the successive 
edges of the figures. At any point, we take infinitesimal parts of such edges 
ds^, ds^, ds^, ... in magnitude : the corresponding direction- variables are 


dx^^^\ dx2^^\ dx^^^\ ... , 

dx^^^\ dx2^^\ dx^^^\ ... , 

dx^^^\ dx^^^\ dx^<^\ ... , 


and so on. 


where 


The content of a two-dimensional figure, thus bounded, is 


— ds 2 ds 2 


1 , C; 


12 


1 ^12> ^ I 

'^Aij dx/^'> dxM, '^Aij dx/^^ dx/^^ 

2^0 dx^W dxS^), dxt<^^ dx,<^^ 



I 


10 

to 

II 

M 

dXi^^^, dXj^^^ 


\k 1} 

dXi^^\ dxj^^'^ 

dx,c^^\ dxi^^^ 


These bilinear combinations of the direction-variables dx are surface-variables (or 
orientaiion-variables of a surface) : we can write 
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for all the values i,j=\,2, ... ,n, independently of one another ; and then, if dS 
denote the element of area thus defined, 

jytiitki- 


\k 1) 


Thus, for a region in which the elementary arc is given by 
ds^={A, B, C, F, G, Hidp, dq, dr)\ 
an element of area is 


dS^=(a, b, c, f, g, h\ 

dq^^^, dr^^^ 

j 

dr^^\ 

dp^^^ 

> 

dp'i), 

dj'i) 


dq^^\ dr^^'^ 


dr^^\ 

dp'*) 


dp'*), 



^ dS 


Y- 


or, if we take 

dp^^\ dq^^\ dr^^'^ 
dp^^\ dq^^\ dr^^'^ 

as orientation-coordinates of an element of surface dS, there is a permanent 
surface-relation 

(«, b, c, /, g, m, Tj, 0^=1 

for the region, corresponding to the permanent arc-relation 

(A, B, C, F, G, Hip, q, rr=l. 

The content of a three-dimensional figure, similarly bounded, is 

1 

— ds^ ds^ ds^ I 1 j ^12 j ^13 

^21) ^23 

^31 » ^32> 1 


'ZAi^dxWdx/^K ^A,,dx,(^>dxj^^K 

dx/^\ ij dxi^^'> dXj^^\ ^Aij dxi^^'> dxj^^'> 

2)^., dx/^) dx/^\ ^A,; da:/-’), dx,<^^ da:,(=') 


^=P.. 


where 


^123^— ^ r® b c"! 

da:„'‘), da;^'!), da;<,'i) 

dxj^^'^, dx^^^\ dx^^^^ 

la j 8 yj 

dx„<*), dxft'*), da:„<*) 

dxj^\ dx^^‘^\ dx.y^^^ 


dxj'^'>, diTj'®), da:^'*) 

dxj^\ dxp^^\ dxy^^^ 


These trilinear combinations of the direction-variables dx are called volume- 
variables (or orientation-variables of orientation of a volume) : we can write 

dx,^^\ dx,(^\ 
dx^^\ dXj<^\ 
dXi^^\ dxj^^\ dxk^^^ 


Viik = 
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for all the combinations i, j,k, =1, 2, , w, independently of one another ; and 

then, if dF represent the element of volume thus defined, 

la jS yj 

Thus, for a domain in which the element of arc is 

ds^={A, B, C, D, F, G, H, Z, ilf, iVJdp, dq, dr, dt)\ 
an element of volume is 

dV^=(a, b, c, d, f, g, h, ?, m, n\dP, dQ, dR, dT)\ 

where 

dP, dQ, dR, dT= dp^^\ dq^^\ dr^^\ dt^^^ , 
dp^^^, dq^^\ dr^^\ dt^^^ 
dp^^\ dq^^\ dr^^\ dt^^^ 

with a corresponding permanent volume-relation 

{a, b, c, d, f, g, h, I, m, n^Po, Qq, R^, To)2 = 1, 

where 

(^oj Qo 9 ^Qy Po)dV=dP, dQ, dR, dT . 

Similarly for the contents of like figures of more than three dimensions. Each 
increase in the number of sides leads to a new type of variable of extension : and, 
in every instance, the square of the content is a homogeneous quadratic function 
of the new variables. 

Inclinations of homaloids : ^projections, 

3. There are different grades of perpendicularity between two amplitudes, 
each of which is of dimensions greater than unity ; they range from a compara- 
tively limited rectangular property to complete orthogonality. 

Consider two planes in any plenary homaloidal space of n dimensions, repre- 
sented by the respective sets of equations 

II y-a, h, k 11=0, II y-b, k, It 11=0. 

Any direction in the first plane is typified by the quantities 

all -h PI 2 , 

where a and j8 are parametric ; it is perpendicular to each of the two leading 
lines, and therefore to every line, in the second plane if 

equations which are incompatible unless 

^ 13^24 “^ 14^23 = 

Provided this condition is satisfied, it is possible to select a direction in the second 
plane typified by the quantities 


yl^ + 8^4 
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which is perpendicular to each of the two leading lines, and therefore to every 
line, in the first plane ; because all that is necessary is to choose the ratio y : 8 so 
that the relation 

)/Ci 3 + 8 Ci 4 = 0 

is satisfied and then, under the condition, the relation 

yC23 + Se24 = 0 

is satisfied also, these being the necessary and sufficient relations. 

In these circumstances, the two planes are said to be perpendicular to one 
another. 

But, if there is to be a limitation to a specific line al^ + PI 2 in the first plane and 
to a specific line yl^ + 81^ in the second plane, the preliminary equations determin- 
ing ratios a : p and y : 8 must not be evanescent. Should the equations for the 
ratio a : phe evanescent, then 

^13=0, ^23=0 ; Ci4=0, ^24=0 ; 

in that event, the later equations for the ratio y : 8 also are evanescent. When 
the four relations are satisfied, every line in each plane is at right angles to every 
lin e in the other plane ; and the two planes are then said to be orthogonal to one 
another. 

There is an intermediate grade of perpendicularity in the case of two planes. 
It may be possible that the relation aCi 3 + j3c23=0 is evanescent, while the relation 
aCi4 + j 3 c 24=0 is not evanescent : that is, the relations 0^3 =0, 033=0, arc satisfied, 
shewing that every line in the first plane is at right angles to one line in the second 
plane but is not at right angles to every line in that second plane. We still regard 
the two planes as perpendicular, and not as orthogonal, to one another. The 
relation, which has been styled orthogonal, exists only when every line in each 
plane is at right angles to every line in the other plane. 

Manifestly, the planes are orthogonal only if the four conditions 

are satisfied ; they are perpendicular if, though the four conditions are not simul- 
taneously satisfied, or even though no one of them is satisfied, the single condition 

^ 13^24 “ ^ 14^23 — ^ 

holds. 

4. Corresponding considerations apply to two homaloids of different dimen- 
sions. 

Thus a plane and a flat are represented by the respective sets of equations 

II h II II hi h II 

Usually it is not possible to determine a line in the plane which is perpendicular 
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to the flat, that is, which is at right angles to every line in the flat ; for the equa- 
tions 

being the conditions that the planar line typified by the direction- variable al^ -f jSJg 
should be at right angles to the flat, cannot be simultaneously satisfied unless at 
least two relations are satisfied. 

But it is always possible to determine one line in the flat which is at right 
angles to every line in the plane. Such a line has direction-cosines typified by 
aig + + yl^, if the two equations 

aCi3 + j3ci4 -h yCi5 = 0, oCgg + j9c24 -h yCgg = 0, 

are satisfied ; the two equations determine the necessary ratios a: p : y. When 
the two equations are effectively the same, so that relations 


hold, the flat contains a plane 


^23 

— ^24 

^25 





^13 

^14 

Cl5 


y-b, 


Cl, 


13 


^13 


= 0 


which is orthogonal to the given plane, while the plane contains one line 


y-a, 



which is at right angles to the flat. Accordingly, when the two relations hold, we 
say that the plane and the flat are perpendicular to one another. 

If it should happen that both the equations in the ratios a : p : y are evanescent, 
so that then the six conditions 


Ci3_0, Cgg — 0, Ci4 — 0, C24 — 0, Cj5 — 0, C25 — 0, 


hold, every line in the flat is at right angles to every line in the plane. In these 
circumstances, we declare that the plane and the flat are orthogonal to one another ; 
and orthogonality between the plane and the flat is held to exist, only when the 
six conditions arc satisfied. 

Similarly for any pair of homaloids. Thus two flats 

II ^3 li~^> II y~^i hf ^6 II 

are said to be perpendicular to one another when the relation 


^14> ''15J ^16 


^ 24 j *^ 25 ? 


= 0 


^34> ^36> ^36 
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is satisfied ; and they are said to be orthogonal when, and only when, each con- 
stituent of this determinant vanishes. And generally when two homaloids are 
such that every line in either is at right angles to every line in the other, then (and 
only then) the two homaloids are orthogonal to one another. 

There are various stages of perpendicularity which yet arc not complete 
orthogonality. Thus, when one of the two preceding flats contains a plane ortho- 
gonal to the other flat, the second flat contains a plane orthogonal to the first ; 
and this property holds though the two flats may be not orthogonal to one another. 

Ex. Shew that all homaloids, orthogonal to 
II y — a, Zj, ^2? 

can be represented by the equations 

x;{(y-a%}=o, 

5. The inclination of two homaloids to one another is estimated by means of 
projections. Of the two homaloids, let one which has not the greater number 
of dimensions be projected upon the other, the projection being made by means of 
the leading lines of the projected homaloid. Lengths are taken along these lead- 
ing lines through any point : and a figure is completed by means of parallel edges, 
these new edges being also conterminous at respective points. If V denote the 
content of this figure, and if Fq denote the content of the figure made by the 
projected edges in the other homaloid, the inclination d of the two homaloids is 
defined by the relation 

Fco3 0-Fo. 

The inclination of two curved configurations at a common point is related to 
the foregoing definition, in the manner customary for the estimate of inclinations 
of curves and surfaces in homaloidal triple space. We take that tangent homaloid 
to each configuration which is of its own dimensions ; the inclination of the 
configurations is taken to be the inclination of these tangent homaloids. 

Returning to the consideration of the inclination of two homaloids, we must 
first obtain the projection, of an assigned portion of a line in one homaloid, upon 
the other homaloid. Let the line to be projected be 

IlZll = Xiryi= = Y«-yn_jy 

Ml 

D denoting the portion to be projected ; and let the homaloid, of r dimensions, 
upon which this portion is to be projected, be represented by the equations 

II hlJ 3 hr ll^fij 

SO that any point in this r-fold homaloid is given by the relations involving r 
parameters 

^ihl + + • • • + ^rhr* 
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for i=l, , n ; and we shall assume that the point ... , thus represented, 
is the foot of the perpendicular from ... , Y^, upon the homaloid. In order 
that this assumption may accord with fact, the magnitude 

+ + • ■ • + 0.r^tr)Y 

t 

must be a minimum for all possible values of the parameters a ; hence 

^ jU\ { + • • • + ^.r^tr)} — 0 , 

t 

for A = l, ... , r, the ^summations being for i=l, ... , n. Thus 

^lti(Yt-Xt)= tti +a 2 Ci 2 + a3Ci3+... + a,.Ci,. , 

^k2(Yt-Xt)= aiC 2 i+ ttg +a3C23+...+a,.C2r 

^^hr(Yt — Xt)= + a 2 Cy 2 + + ■ • ■ + 

equations sufficient to determine the parameters a for the foot of the perpen- 
dicular in question ; while the coordinates of that foot are the quantities y^, ... , 
with these determinate values of the parameters. We thus have 

* ■ • 5 flj 

^ h\{Y Xf)j 1 , Ci2, • ■ ■ , Cir 

^j^tsiYf — X^), C 21 J 1, , C2r 

^ t ~ Xt)j Cy.j, Cy. 2 , ••>9 1 

for /x=l, ... , n, as the expressions for the coordinates of the foot of the perpen- 
dicular from Yj, . . . , Y„, upon the homaloid. 

Let (y^), for = 1 , ... , n, denote the coordinates of the foot of the perpendicular 
upon the same homaloid from the point yi, ... , y^, the other extremity of the 
assigned portion of the line that is projected : then the foregoing equation 
holds when y^ is changed into (y^) and Y ^ is changed into y^, for all values of 
jLt,' = 1 , ... , n. Let Do denote the magnitude of the projection in the 
homaloid ; and let M^, ... , 31^, be its direction-cosines, so that 

for all the values of fi. Also Y^-yi — mJ), for all the values of i ; and, therefore, 
subtracting the equations, we have 

1 , C 12 , ... , Cif. 

^2lJ 1> •••5 ^2r 

^rli ^r2j ••• 3 1 I 
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for 11=1, ... , n. Multiply this equation by and add for all the values of /jl ; 
then, if d be the inclination of the line to its projection in the homaloid, so that 


we have 


cos 6 = cos 6 , 


cos® 6, 




=0. 


1, 


. . . , Cif. 



^2lJ 

1, 

... , Cg^ 



^rlf 

^r2j 

1 



But, according to definition, this angle 6 is taken to be the inclination of the line 
to the homaloid : we therefore have an expression for the inclination of a line to 
a homaloid. 


Ex. Verify that, if the line is at right angles to the flat 



§2 ~ ^ 2 » 

h. 

7yii, 


mg, 

hy 

m 3 , 


in the sense that its projection vanishes, then it is at right angles to every line in the 
flat. 


6. From this expression for the inclination of a line to a homaloid, wc can 
deduce an expression for the inclination of two homaloids to one another. The 
process will be indicated adequately by finding the inclination between a plane and 
a flat, represented by the respective sets of equations 

\\ y- a, Zi, Za 11=0, II y-b, Z3, k, ||=0. 

We take a unit length along the guiding line in the direction Z^, m^, ... in the 
plane ; and wc project it upon the flat. Denoting the direction-cosines of the 
projection by Ai, /xi, ... , and the length of the projection by cos di (so that is 
the inclination of that guiding line to the flat), we have the two results 


Ai cos 01 , 


hy 

k 

=0, 

COS^ 01, 

^13> 

^Uy 

Cl5 

^3lJ 

1, 

^34 > 

^36 


^'31 > 

1, 

ri 

CO 

^35 

^4lJ 

^43i 

1, 

^45 


^41 > 

^43 > 

1, 

C 45 

^513 


<^64> 

1 



^53 » 

^54j 

1 


the first being typical of all the direction-cosines of the projection in the flat. We 
similarly take a unit length along the guiding line in the direction Z2, mg, ... , in 
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the plane ; and we project it also upon the flat. Denoting the direction-cosines 
of the projection of this length by Ag, /i,2, ... and the length of the projection by 
cos ®2 j we similarly have 


A 2 cos 02> 

^3j 

^41 

h 

=0, 

COS^ 02, 

^23j 

^24j 

^25 

^32j 

1, 

^34> 

<^35 


^32i 

1, 

<^34> 

^35 

^42> 

^43> 

1, 

<^45 


^42j 

C 43 J 

1, 

C 45 

^52j 

^63 > 

^54 > 

1 


^52j 

^63j 

^54 > 

1 


the first of these likewise being typical of all the direction-cosines of this second 
projection in the flat. 

We now write 

^l^l2=cosa, ^AjAg^cos j8. 

The area of the parallelogram in the plane is sin a. The area, when projected, 
manifestly produces another parallelogram ; and the area of the latter is 

cos 01 cos 02 sin j8. 

Let if) denote the inclination between the two parallelograms, one of which lies in 
the plane, and the other of which is its projection in the flat ; as this inclination 
is determined by the ratio of the areas, we have 

, cos 0, cos 02 sin B 

cos 6 = ^ . 

sin a 


This inclination (/> is defined to be the inclination between the plane and the flat. 

The expression of </> in terms solely of the parametric constants of the plane 
and the flat is obtained simply. By the properties of determinants, we have 


COS 02 

COS j8, 

^13j 

^14? 

^32> 


1, 

^34j 

^42> 


^43i 

1, 

^52> 


^63 J 

^64» 


^15 


= 0 . 


^35 

^45 

1 


We denote the determinant 

1 j ^345 ^35 

^ 43 ? ^45 

^53> ^64» 1 


by J, temporarily, and the minor of c*, in A by S,j, for i, j, =3, 4, 5, with the 
obvious convention C33 = 1 = C44 = C55. Then 


A cos^ 01 — (833, S 44 > ^ 65 , S45, S53, 834^^13, Ci4, Ci5)^ 

= (S5^13> Ci 4» 
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with the usual notation ; also 

A COS^ ®2~(^5^23> ^24 j ^ 25 )^j 

A cos di cos O2 cos ^ = (^5^13, Ci4, C155C23, C24, C25). 

Consequently 

A cos2 0 ^ cos2 ^2 sin2 jS=(l, 1, 1, C45, C53, 034$^, rj, Cy\ 

where 


Also 


and therefore we have 


-0^ 

II 

^145 

Cl5 



1 

^23> ^245 

*^25 


sin^ a = 

1 

r 

j ^12 1 

J 




C12, 1 1 



_(i. 1, 

^451 ^ 

h 0 


J > ^12 

1, 

^34j ^ 

^35 


1 ^12» 

1 1 


^45 




^53j 

C 54 J 

J 1 


a relation giving an expression for <f) in the form required. 


Ex. 1. Obtain an expression for the inclination i/j of the two planes 

II y-n, h 11 = 0 , II y~b, I 3 , li 11=0, 

in the form 


1 , 

C34 

0 

0 

11 

^13 » C]4 

^125 1 

^34» 1 


^23 > ^24 


and obtain also an expression for the inclination x cf the two flats 

!l y~^f h li y~^i W II 

in the form 


1, 

^'l2> 

^13 

1 , 

^45> 

^46 

cos^ X = 

Ci4, 

^24, 

^34 

^21 » 

Ij ^23 

C54, 

^56 


^I5y 

^25) 

^■35 

^31 > 

C32, 

1 1 

^64j 

^65> 

1 


^16> 

^26> 

^36 


Ex. 2. From the foregoing expression for the inclination of the plane and the flat, 
deduce the conditions of § 4 that the flat and the plane may be perpendicular to one 
another. 


Curvatures of a curve in multiple space : the Frenet equations. 

7. In the geometry of all configurations, geodesics have a significance as 
important as that of straight lines in the customary geometry of plane and solid 
figures ; and a knowledge of their essential properties as curves is a prime neces- 
sity, their relations as elements in a configuration being a subject of later investiga- 
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tion. To this end, we shall assume the results already established concerning the 
properties of skew curves in a plenary homaloidal space of n dimensions.* 

For the analytical survey of such a curve, it suffices to consider the successive 
curvatures, constituted by the arc-rates of change in the inclinations of the 
various homaloids of contact in passage along the curve. For the full geometrical 
organic frame of a curve at any point, it is necessary also to take account of 
the successive orbicular curvatures, being those of the successive amplitudes of 
constant curvature which, each in its own rank, have the closest contact with 
the curve. 

The curvatures, in the first of these categories, are given by a set of equations 
which are the extension, to multiple homaloidal space, of the Frenct-Serret 
equations for a curve in triple homaloidal space. They arc as follows. We denote 
by 

(^r)l> (^r)2> J {K)ni 

the spatial direction-cosines of the r-th principal line in the organic orthogonal 
frame of the curve ; and we take Ij. as typical of all the set of direction-cosines of 
this line. Thus when r = l, the line is the tangent of the curve ; when r=2, the 
line is its prime normal (also called the radius of circular curvature) ; when r = 3, 
the line is its binormal ; when r = d , the line is its trinormal ; and so on. The 
plane, through the two lines typified by and (containing also two consecutive 
tangents of the curve), is the osculating plane of the curve ; the flat, through the 
three lines typified by I 2 , (containing also two consecutive osculating planes 
of the curve), is its osculating flat ; the block, through the four lines typified by 
hi hh hi (containing also two consecutive osculating flats of the curve), is its 
osculating block ; and so on. The first of the curvatures under citation is the 
arc-rate of change of relative inclination of successive tangents of the curve ; 
usually it is called the circular curvature and, in the tableau of the Frenet equa- 
tions, it is denoted by l/p^. The second of these curvatures is the arc-rate of 
change of relative inclination of successive osculating planes in passage along the 
curve : usually it is called the torsion and, in the tableau of the Frenet equations, 
it is denoted by l/pg- The third of these curvatures is the arc-rate of change of 
relative inclination of successive osculating flats in passage along the curve ; it is 
called the tilt and, in the Frenet tableau, it is denoted by l/pa- The fourth of 
these curvatures is the arc-rate of change of relative inclination of successive 
osculating blocks in passage along the curve ; it is called the coil and, in the Frenet 
tableau, it is denoted by 1/p^. These specific names are used chiefly in investiga- 
tions concerned with the earliest curvatures in their ordered succession ; and then 
it is often convenient to take p^, Pa, Pi, = p, o-, t, /c, respectively. But, after 

* They are set out in chapter xi of my Geometry of Four Dimensions, hereafter 
cited as G.F.D. The cited chapter deals specifically with curves in n-fold homaloidal 
space. 
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these earliest curvatures, the remainder continue to be discriminated solely by 
integer suffixes in the actual symbols of denotation. 

The tableau of the generalised Frenet equations, which connect the typical 
direction-cosines, of the successive principal lines in the orthogonal organic frame 
of the curve, with the successive curvatures indicated, is 

^1- 1/ 1 

ds Pi ^ 

+--1 

ds pz^ 

— - - ^ i +— Z 

^2 ^ ^ ''I 1 


1 7 1 7 

&n-2 + 

Pn-2 Pn-1 


The constituents, in the complete orthogonal array of direction-cosines 

\u\> 

satisfy the relations 

?n=»l m=»i 

for all values of i and j in the integer set 1, , n, provided ^ and j arc not the 

same : and they also satisfy the relations 

2{(U(U}=o, 

1=1 m=l 

for the same range of values. The full determinant | | is equal to unity ; and 

each individual constituent is equal to its minor. 

For the determination of the sets of direction-cosines, after the first set typified 
by Zj, we use the space-coordinates of any point on the curve, as represented by 
Vij J referred to rectangular axes, so that 

ds^ = dyi^ + + . . . + dyj^ ; 


and then 


(^ 1 ) 2 ? > (h)n- 


dyi dy^ dy^ 

~ ds ’ ds ’ ■■■’ ’ 


so that we may take 


1 

ds' 


-n 1 =n (n ^ 4 . 1 

* ^ ^^X^ds^ ds ds^ Pids/ 


Then 
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1 


P2V1 





and similar equations derived through the preceding relations satisfied by the 
quantities 


8. The preceding equations, of themselves, make all subsequent magnitudes 
dependent upon the assignment of the quantities typified by and, though in a 
less obvious manner, upon the expression of the point-coordinates of the curve in 
terms of some parameter. But in most of the applications, as for instance, when 
geodesics are under discussion, the parametric representation of the point- 
coordinates is not known and, indeed, may be the actual subject of an investiga- 
tion. There is, however, one universal property of all geodesics in any amplitude 
which is of central importance : it relates to the prime normal, and is as follows. 
At any point P of an amplitude, let a homaloid be drawn, of the same number 
of dimensions as the amplitude, and touching the am])litude ; and from a point Q 
in the curved amplitude, contiguous to P, let a perpendicular be drawn to this 
tangent homaloid. The limiting position of the direction of this perpendicular, 
as Q tends to coincide with P, coincides with the direction of the prime normal of 
the ainplitudinal geodesic originating in the direction PQ. The direction-cosines 
of this perpendicular are quantities determined by the amplitude without any 
reference to the geodesic, as will appear in § 20 where the property is established. 
Let these direction-cosines be denoted by 




and let the set be typified by the symbol Y. Then, for the Frenet tableau, we 
can take 




owing to the property postulated ; and these quantities, typified by F, can be 
regarded as data for the further investigation of the properties of the geodesic 
through the Frenet equations. In particular, for the earliest curvatures, we have 



r.T.o. 



18 FRENET EQUATIONS ADAPTED TO GEODESICS [CH. I. 

and 



in each of which formiilsB it will be noted that the typical direction-cosines, of the 
successive principal lines of the curve, occur linearly. Owing to the relations 
among these direction-cosines, which may be exhibited in the form 

Y^y'Y=o, 

^y'h=o, ^Yi,=o, Xh^=i-, 

and so on, we obtain the simple results 



These results, as well as other inferences to be made from the equations just given, 
will be used in the development of properties of amplitudes of specific orders of 
dimension ; they belong to geodesics in the amplitudes and, in formal expression, 
are unaffected by the rank of the amplitude. 

9. The orbicular curvatures in the second of the two categories in § 7 relate to 
the geometrical frame of the curve, mainly through enclosed amphtudes geometri- 
cally descriptive of the curve. The first of these curvatures is that of the circle 
of closest contact, a circle which lies in the osculating plane ; its radius is called 
the radius of circular curvature, being equal to pi or p, and its centre is the centre 
of circular curvature. The second of these curvatures is that of the sphere of 
closest contact, a sphere which lies in the osculating flat ; its radius R is called 
the radius of spherical curvature, being given by the relation 

(s)’ 

and its centre is the centre of spherical curvature. The third of the curvatures is 
that of the globe of closest contact, a globe which lies in the osculating block ; 
its radius F is called the radius of globular curvature, being given by the relation 

and its centre is the centre of globular curvature. And so for the various orbiculate 
curvatures in succession, the law of formation of which is definitely established.* 

* O.F.D., vol. i, § 200. 



CHAPTER II 


General Amplitudes 

Parametric representation ; primary magnitudes, 

10. We consider an amplitude of n dimensions, existing in a plenary homa- 
loidal space of w + n' dimensions, where w' may be any positive integer ^1. For 
the most part, no special account is taken of the value of ; though when w' = l, 
there is simplification of properties, the amphtude then being called primary, in 
relation to the plenary space. That space is tacitly referred to orthogonal axes : 
the coordinates, which distinguish a position (being a point) in the space, are 
denoted by y^, y^, yz, ... , being n + n' m number. When the point belongs to the 
n-fold amplitude, the space-coordinates are conceived to be expressed in terms of 
n parametric magnitudes ccg, . . . , x^’. these parameters, which help to char- 
acterise the amplitude, are assumed to be independent of one another for its com- 
plete range. 

It is also assumed that the n-fold amphtude is not completely contained in 
any more extensive amplitude of dimensions (where which itself 

exists in the plenary homaloidal space. The amphtude then is said to exist freely 
in the plenary space of n -f n' dimensions ; thus a surface can exist freely in a 
homaloidal space of four dimensions without being merged into a region in that 
space. The analytical equivalent of the general assumption is that the deter- 
minants in the array 


9^1 

92/2 

^yn+n' 

dxi 

dx^ ■■■ 

’ dxi 


92 /j 

^Vn+n' 

dx2 

dx^ 

dx. 

92/1 

92/2 

92 /„+„' 

9 ^„’ 

9 ®„’ - 

’ dx„ 


do not simultaneously vanish. 

Summations wiU often extend over space-coordinates and their derivatives 
with respect to parameters ; for their expression, the selected space-coordinate 
is taken to be y^. For the expression of a set of equations, of which there is one 
and only one in the set corresponding to each of the space-coordinates, a repre- 
sentative equation alone will be stated as affecting a t)rpical variable y, the implica- 
tion being that y can assume all the values y^, y^, y^, ... in succession, so as to 
constitute the whole set of equations. 
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There are magnitudes, intrinsic to the amplitude, and involving symmetric 
combinations of derivatives of the space-coordinates with respect to the para- 
meters of the amplitude. Its first-order (or 'primary) magnitudes are denoted by 
Aij ; and they are defined in significance by the relation 


” ^ SXi dXj ’ 

for all the values i,j, =1, ... ,n, taken independently of one another, the indicated 
m-summatioii extending over all the space-coordinates. Manifestly Aij—Aji : 
thus, in all, there arc primary magnitudes. 

We denote by Q the determinant of the primary magnitudes, so that 

Q= All, ^12> J ^in 

-^21f ^ 22 j ■■■ > ^2n 

‘^nly ^n2f j ^ n7t 

In accordance with customary usage, we denote the co-factor of A^j in by a^j, 

so that, for all combinations of i and j. 

The determinant, similar to 13 and constructed with the quantities a^j as con- 
stituents, is equal to 13” ; and the minors of this new ajj-determinant are con- 

nected with complementary minors of 13 by known relations. Moreover, estab- 
lished results in the theory of determinants allow 13 to be expressed as the sum 
of the squares of all the determinants of n rows and columns that can be com- 
posed from the preceding matrix-array of the first parametric derivatives of the 
space-coordinates. Further, principal minors of 13 of all orders (that is, minors 
of all orders taken along the principal diagonal of i3) are expressible as the sums 
of squares of corresponding determinants of the same respective orders formed 
from the same matrix-array ; for example. 


A,, A 


22 


I ^ dxJ 


Consequently Q, and each of its principal minors of all orders (including the 
constituents of the principal diagonal), are essentially positive magnitudes. Also 
the minors of Q of all orders are expressible as the sums of products of correspond- 
ing determinants of the same respective orders formed from the same matrix- 
array ; for example, the combination 


A A -A A - V V 


^ 

dxi dxJ \ dXj dxj^ 


dxj, dxJ ’ 


for all values of i, j, k, I, occurs in connection with the Riemann measure of curva- 
ture of an amplitude, estimated in a superficial orientation. 
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11 . The earliest immediate occurrence of the primary magnitudes is to be 
found in the analytical expression for the element of arc in the w-fold amplitude. 
This arc-element is taken to be the element of linear distance, in the plenary 
homaloidal space, between two contiguous points each of which belongs to the 
amplitude ; and therefore it is given, initially, by the relation 

ds^ - dy^ + dy^ + dy^^ +---+dyl+„’, 

when the space-coordinates of the two points are 2/1, 2/3, 2/3, , yn+n’j for one point 

and yi-{-dyi, y2 + dy2, y-^ + dy^, + for the other. Because the 

points belong to the amplitude, each of the space-coordinates 2/ is a function of n 
independent parametric variables ... , x^, the aggregfite of functions being 
subject to the exclusive conditions stated in § 10 ; and therefore, for each element 
dy^, there exists an expression of the form 


dy 


dy 


dy—^ dx^ 4 - ^ 

^ dx^ ^ dx. 


dxn H" • • • ^ dx. 

0X„_ 


where small quantities of order higher than the first are neglected, and the com- 
plete variations dx^, , dx^, of the n parameters give all possible variations in 
the amplitude, measured from the first point. Hence 


ds^ 


m V dX^ 




.+pd.. 

dx„ 




the summation being taken over the aggregate of space-coordinates. When the 
right-hand side is developed, the coefficient of dxj.^ is 



and the coefficient of dXi dXj 

_ 9 v"' dy^n ^ j 

The term Aj-rdXj.^ can be written Aj-rdx^dxr ; and, because Aij = Aji, the term 
2 AijdXidXj can be written Ai^dXidXj-^AjidXjdXi\ hence the relation is often 
expressed in the form 

^ ^Aij dXi dXj, 
i j 

where the double summation extends over all the values i, j, =1, ... , n, taken 
independently of one another. 

From this expression for ds^, all specific occurrence of the dimensional extent 
of the plenary homaloidal space has disappeared ; the expression contains only the 
differential elements of the n parameters and, as coefficients of the binary products 
of these elements, only functions of these parameters. Accordingly when such an 
expression is postulated for the arc-element of an amplitude, there are no manifest 
indications of the dimensional range of a plenary homaloidal space containing the 
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amplitude. It seems desirable to insist on this fact at the outset, because of a 
course of argument sometimes adduced to obtain an estimate of this dimensional 
range. The summary of this argument, briefly, is as follows. Let there be N 
functions such that, for all values of i andj in the range 1, ... , n, the equations 

^ym A 

where Aij are the coefficients in a postulated expression for the arc-element, are 
satisfied. The total number of such equations is the total number of coefficients 
Aij, that is, their number is ln{n-[-l ) ; and it is argued that, if 

Jn(n-hl), 

there are sufficient quantities y to satisfy the aggregate of equations. In par- 
ticular, because 1) is an integer, it will be sufficient * to take N 

Now this argument implies that, because there are as many unknown quantities 
as there are equations, therefore the equations necessarily provide values of these 
quantities. But each of the \n{n-\-\) equations is a partial differential equation : 
and, in constituting the system, no account is taken of the fact that all relations 
of the type 

dx^\dxj dXi\dXj) 

must be satisfied for all values of m, i, j. Further, each of the equations is of a 
very special form, because every coefficient of a combination of partial derivatives 
is actually equal to unity, a particularity tending to exclude the kind of negative 
condition usually incumbent on the forms of partial differential equations in 
relation to their characters. And, certainly, existence-theorems, applicable to a 
completely general system, are never adduced, to cover or to justify the assump- 
tion that the equations do possess a common set of solutions. 

An extreme instance may be adduced : it is the earliest instance that can 
arise. Let there be two parameters Xi, taken as p and q for the moment ; 
there are three coefficients A^^, A^ 2 ^ A 22 , taken as E, F, G, so that iV = 3. The 
argument would imply that the three equations 

dx dx dy dy dz dz 
dp dq ^ dp dq ^ dp dq | 

* Thus 2V = 10 when n = 4 ; and, in discussions of the relativity equation, it is 
declared that the configuration can exist in a ten-fold plenary homaloidal space. 
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involving three dependent variables x, y, z, always possess at least one set of 
solutions giving x, y, z, as functions of p and q, without any external limitations 
of any kind. As the only magnitudes that can be subject to limitation are E, F, G, 
and as no limitations are imposed, it would appear that E, F, G, can be assumed 
arbitrarily. Such a result seems not to accord with an inference that will be drawn 
from the Gauss theory of surfaces in triple homaloidal space. The postulated 
existence of x, y, z, as functions of two parameters p and q provides such a surface. 
At a later stage (§89), in this connection, it will be proved that certainly one relation 
must be satisfied by E, F, G, if the converse inference as to the number of point- 
variables is to be valid : in other words, the assumption is not unconditionally 
true even for the particular instance when n=2. 

Nor is it worth while taking, for the general case, a value of N greater than 
All the stated hesitations, in accepting the assumption, still remain 
whatever be the value of N. Moreover, a special example is given (§ 88) where, 
for particular values of E, F, G, there are equations 


rn=l ' 




^E, 


-p 

dp ~'dq - ’ 



which formally arc initiated from a plenary space of an unlimited number of 
dimensions. 

Accordingly, when an expression for the arc-element of an amplitude of n 
dimensions is postulated in the form 

i j 

for i, j, =1, ... , Uj in all combinations, the determination of the smallest number 
of dimensions of the homaloidal plenary space, which can contain the amplitude, 
remains a matter for investigation. 


Christoffel symbols, 

12. Of the various combinations, which involve second derivatives of space- 
coordinates with respect to amplitudinal parameters, there are two persistently 
recurring sets, specially connected with the first derivatives of the primary magni- 
tudes Aij. To represent the magnitudes in the respective sets, the symbols * 

[y. *]. {ij, ^}. 

where i,y. A;, =1, ... , n, in all combinations, are used ; and their significance is as 
follows. 

* The symbols in the text are modifications, in form but not in significance, of the 
symbols used by Christoffel in his now classical memoir, Crelle, vol. Ixx (1869), pp. 
46-70. 
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The first of the two symbols, usually called Christoffel symbols, is defined by 
the relation 

for all the numerical values of i, j, k, as stated. Manifestly, the integers i and j 
can be interchanged in [i/, 4], without affecting its value. Now, from the defined 
value of Aij, we have 

^ dXidxj^ dxj " dXjdXj, dx^ 


dXk 


and, similarly. 


= [ik,j]-\-[jk, i]; 
dA 

k] + lki,j]=[v, k] +\ik,j], 
dA 

+ [y. = Uk, i] + \ij, kl 


Consequently, we have 


QT Vr ^A pq 

dx„ dx. 


)■ 


for all arrangements of the indices g, r, 1 , . . . , n, taken independently of one 
another. The preceding value is formally complete when p, q, r, are three distinct 
integers from the set ; but it is valid, if any two be equal, and if the three be 
equal, because then 

dA dA 

teT’ 

dA 

[py,;p]-l - 


dx, 


r n 1 


Q 

PV 


The second of the specified Christoffel symbols is defined, in relation to the 
quantities [ij, A], by the equation 

1 " 

{y.k}=^ X) 

^=1 

Because i and^' are interchangeable in every term on the right-hand side without 
affecting the value of the term, it follows that the value of k} is unaffeeted by 
the interchange of the integers i and j. As the quantities {ij, k} are linearly 
expressible in terms of the quantities the integer-pair ij being the same 

throughout, so the quantities [ijy /x] are linearly expressible in terms of the quan- 
tities {ijy A}, again with the conservation of the integer-pair ij. To obtain the 
latter expressions, we take the n relations for {ij, k} in the successive values 
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1, , w for the integer k ; when these are resolved for the n magnitudes [ij, yi\ 

which occur linearly, they yield the expressions 

n 

where the integer-pair ij is conserved throughout. This form is, of course, analyti- 
cally equivalent to the relations defining {ij, A:} and can therefore be regarded also 
as implicitly defining the second ChristofFel symbol. The first parametric deriva- 
tives of the primary magnitudes A ij have been expressed in terms of the quantities 
[ij, fji\, and therefore they can be expressed in terms of the quantities {ij, k) ; 
in fact, we have 

n n 

= 2 ?»>+ S 

v=\ g-l . 

n 

^ j [^Jjf P} "b VY\^ 

p-l 

where, as now will be observed, the integer-pair ij from the left-hand side is 
distributed over the terms on the right-hand side, the distributed parts being 
connected with the index of the deriving variable on the left-hand side. 

Moreover, we have 

I /c 3 k ij 

dXj dXi dxj^ 

n n 

~ ^ V { Jb 7^} "J” 2^}] "i" ^ P} 7^)1 

p=\ p=\ 

n 

— {jk, p} -(- Aip {jk, p}] 

jj=i 

= 2^ Aj,j,{ji,j)}. 

The left-hand side = 2 [ij, k ] ; and the result is in accordance with the definition 
(p. 24) of the second Christoffel symbol. 

Note. These Christoffel symbols belong to the amplitude of general dimen- 
sionality represented by the unspecific integer n. When we have to discuss the 
properties of amplitudes of specific dimensionality, in particular, surfaces, regions, 
and domains, it is convenient to employ special symbols without, of course, 
modifying the defined significance. 

Thus for surfaces, which are two-fold, w=2 ; and, for them, we take 


ru={ij,\), Aij={ij,2], 
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for the three combinations i, j, =1, 2. For regions, which are three-fold, w=3 ; 
and, for them, we take 

for the six combinations i,j, =1, 2, 3. For domains, which are four-fold, m= 4 ; 
and, for them, we take 

1}, Zl„ = {t>-2}, 0«={1>,3}, 

for all the ten combinations i, j, = 1, 2, 3, 4. For amplitudes of more than four 
dimensions, we revert to the general Christoffel symbols as defined. 


13. The derivatives of the determinant Q and its first minors are required ; 
they are expressible in terms of the Christoffel symbols. We have 


dQ 

dXk 


I J * 

S ^ i]+ S 2 ajiljcij] 

i J j i 

2 ^ au[ki,jl 


But, by the definition of the symbol {pq, r}, 


and therefore 



1 dQ 

2Q dxjc 


= ^{ki,i} 


= {kl, l} + {A-.2, 2} + 


+ {kn, n). 


for all values of k. 

To obtain derivatives of the minors of Q, we proceed from the identical 
relations 




the right-hand side being Q when'/i=5, and being 0 when pu and s are different. 
Using a typical relation when [jl and 5 are different, we have 




dcio 


fir 


dXj, 




dxj, 


^ [A pi {kjx, p} -j- A^^p{k\ , pY\ 
p 

+ <l2B^[Ap^{kp.,p}-\rA 

fip {k2, p)] 

P 

+ + pn {kp,p} + A^^{kn,p}'\^0\ 

P 
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and when we take the relation for fi=s, there is a term 

dQ 

dxj, 

on the right-hand side. On the left-hand side, the aggregate coefficient of the 
typical term p} is 

being equal to 0 when p is different from s, and to Q when p = s. Thus the dif- 
ferentiated relation is 


3ai 


- Q{kfi, s} - ^ a,i{kl, ji)}. 


dUr 


da^ 


dQ 


ij ^ ^ ^ have 

dxjc dxjc oxj^ 


when p and 5 are different ; and when fi=s, there is an additional term - on 

dxjc 

the right-hand side. Resolving the whole set of n relations for the n quantities 
dci^ q dct^j^ d(t, 

+ ^ S %r{K «}= “ 1] S 

OX^ OXj. ^ p ti I 

Once more using the identical relations concerning minors, wo have 
y] %r^^p = 0 when p and r are different, =Q when p = r, 

so that the right-hand side 


consequently 


that is. 


= -Q^a,i{kl,r}-, 

^ a!; ^}+%s{kfx, r}l 


for all combinations of values of r, s, k, from the set 1, 2, ... , ii, independently of 
one another, while the summation for p extends over all the values 1, 2, ... , n. 
At a later stage, we use a symbol gj^ according to the definition 

9ki= S 3;/ {il, A;}, 


for all the values A, Z, = 1, ... , w. With this symbol so defined, it follows that 
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Rienuinn four-index symbols. 

14. The Riemann four-index symbols * emerge from various sources. In the 
simplest form, which occurs in the Gauss characteristic equation of a surface 
lying in homaloidal triple space, the single symbol is connected with the second 
parametric derivatives of the primary magnitudes. For the general n-fold 
amplitude, we can proceed as follows. 

When the primary magnitude An, defined by the equation 




dy dy 


the summation extended over all the space-coordinates typified by y, is dif- 
ferentiated doubly, with respect to any two parameters Xj and we have 




d^y 


il _ 

dXj dxj^ ^ dXi dXj dx,^ dxi 


^ 




dxi dXj dxj. dXi 




d’^y 


d^y d^y 


f , V A ^ y _ t/ y 

dXi dxj dxi dx,, ^ dx^ dxj, dxi dXj ’ 


in which summations occur involving third derivatives of the typical space- 
variable. One of these summations recurs when the suffixes i and j are inter- 
changed ; the other recurs when the suffixes k and I are interchanged ; and the 
new summations, which are introduced by these interchanges, themselves recur 
when i and I are changed into j and h. Accordingly, we construct the correspond- 
ing expressions for 

dXj dxi ' dXi dxj^ ’ dx^ dxi ’ 


with the aim (by linear combinations) of eliminating summations involving the 
third derivatives which occur ; and we find 


l/ d^An aM,, d^An ^ d^y Jhj 

2 \3x; dxj^ dXj dxi dXi dxj^ dXi dxj ^\dxi dx^ dXj dxi dXj dx^ dx^ dxj ’ 

a quantity which involves only second derivatives of the typical space- variable. 

According to one definition, ’ the four-index symbol {ij, kl) is propounded 
as representing the magnitude 


2 Ui;®. ' - 8*73% + si; ax, j + ^ ^ '*> {jUH, 

where, in the last summation, A and p, take all the values 1, ... , n, independently 


* The magnitudes, denoted by the symbols, first appeared in the classical memoir 
by Riemann on the foundations of geometry ; they occur in the measure of curvature 
which he postulates for a general amplitude, Ges. Werke (1876), p. 261. 
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of one another : obviously the value of the total sum is unaltered by a formal 
interchange of A and ju. We therefore have 


- -^y \ 

V \dXi dxj^ dxj dxi dxj dxj^ dx^ dxj 

+ S ^ [W fJ'} {jk. A} - {ik, fi} {jl, A}]. 

A fj. 

A simplified modification of this form can be obtained by introducing certain 
quantities which occur in the fundamental equations for the circular curvature 
of a geodesic of the amplitude. It will appear (§ 17) that there arc combina- 
tions 7]ij of the second derivatives of the typical space-variable y and of the 
Christoffel symbol {ah, c}, in the form defined by the equation 




d^y^ 

dXi dXj 




there being such a combination for each of the variables y„ 

merely accepting the symbols 17,-, as thus defined, we have 


Meanwhile, 


9^2/ 

dx, dx'r'y'^'^' 






For all values of i, j, r, we have 




' dx^ 


la 


m 


dx^ 


t [9 1 ft 0] =ft ^ ,j .0, 


by the formula in § 12. Consequently 


= S VikVil + ^ S ^kj}k, A} {jl, p}. 

m A /X 

In the same way 


V V' _L j r -7 11 r ■/ 1 

^ dx- dXj. dx dx ~ ^ 2 j W W- 

^ Udyj OXl A /X 

Consequently 

(y> ki)= '^ivik’nii-ViiVik), 

m 

which proves to be a useful alternative equivalent for the general Riemann four- 
index symbol, expressed solely in terms of the magnitudes t)„p. These magnitudes 
t 7„3 occur in the equations (§ 17), which determine the direction-cosines of the 
prime normal and the magnitude p of the radius of circular curvature of the 
amphtudinal geodesic, and which are 


r i 3 

for all the values 7/1=1, 2, ... , of the dimension-range of the plenary space, the 
quantities x' being the direction- variables of the geodesic. 
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15. Modified equivalent forms can be obtained for the Riemann four-index 
symbols. Proceeding from [ajS, y], as defined by 




dy d^y 


dXy dx^ dxp ’ 


and differentiating two such Christoffel magnitudes, we have 


.1 rij, V J^+ y ^'y . 

dxi ^ dXj dxi dXi dx^ ^ dx^ dXi dx^ dxi ’ 

.Lui y.J^. .^^+y _?! l. 

dXj^ L J J J ^ ^ » 

hence 

d j 9 , ^^y ^^y \ 

dxi “ 9a;;fc ^ J - 2^ 1, 9 9i,‘9i;^ “ a^T^/ 

= (^y, ^ f^} O'*. - {^*. {fl> ^}]> 

A /X 

by an earlier result. Now 

S^amO*. ^}=[y*. m]. /^]. 

A A 

so that 

^^A^[{il,f.}{jk, X}-{ik,iA{jl, X}]=^[{il,H-}[jk,i.]-{ik,,ii[jl,,M]) ; 

consequently we have an expression for the Riemann symbol in the form 

{ij, kl) = \ik, ji] - — [il, j] + ^ {il, n}[jk, m] - L {ik, n}[jl, /x]. 

Also, by substituting for the symbols {ab, c} in terms of the symbols [ab, y] on 
the right-hand side, we obtain the form 

{ij, ? '2a^{[il, A] \jk,iM]-[ik, A][j7,/x]}. 


Further varied forms can be derived from these expressions by interchanges 
of i and j, by interchanges of k and i, and by the interchange of ij with kl, always 
without affecting the actual value of the magnitude which all the forms represent. 


16. Each of the integers i, j, k, I, has a range from 1 to n ; but the various 
possible combinations do not produce algebraically independent symbols. It is 
easy to verify the relations of identity, satisfied by each Riemann symbol, con- 
tained in the set 

{ij, U)^{ji, lk)^(kl, ij) = {lk,ji) 

= - {ij, - {ji, kl)= - {Ik, ij)^ - {kl,ji), 

as well as the algebraical relation satisfied by different symbols 

{ij, kl) + {ik, Ij) + {il, jk) = 0. 
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The first set of relations shews that the magnitude denoted by the symbol vanishes, 
if i=j, OT\ik=l\ while it is possible to have i=h oi I, a,ndj=k or I, separately 
or together (provided i is not equal to j), without evanescence of the represented 
magnitude. Hence there are ^{n-1), =N, possible combinations ij, and then 
(as kl can be the same as ij) there are ^N{N-i-l) possible combinations kl to be 
associated with each of the N combinations ij. The relations in the identical set 
shew that all distinct values will be obtained by fixing any one of the combinations 
ij ; hence, so far as the set of identical relations will allow, there are (N +1) 
possible symbols representing non-vanishing magnitudes. On the other hand, 
among these symbols thus retained, there exists one algebraical relation for every 
possible combination of i, j, k, I ; that is, there are ^n(n- l)(ii-2)(n-3) such 
algebraical relations. Consequently, the number of linearly independent magni- 
tudes represented by this Eiemann four-index symbol (ij, kl) 

=\N(N + l)—h^(n-\)(n-2)(n-?^) 

= -hn^(n^-l). 

Thus there is one such symbol for a surface : there are six such symbols for a 
region ; and there are twenty such symbols for a domain. 

(i) When the amplitude is a surface, and the arc-element is taken in the form 
ds^=A dp^ + 2H dpdq + Bdq^, 

the superficial parameters being p, q, there is only a single Riemann four-index 
symbol. In conformity with the general notation, it is represented by (12, 12) ; 
and, for the value, we have 

( 12 , 12 )= - ( 21 , 12 )= - ( 12 , 21 ) = ( 21 , 21 ) 

= — ^ (^22 “ + ^ll) 

-f A (i^i 2 ^ — r 22 ) + H {2r 12 A 12 — r ^ j 22 22 ^ n) + 12 ^ ■ ^ 22 ) 

on using the alternative notation for the Christoffel symbols {ij, k}, and now 
adopting the double-suffix notation 

^^" dp^ ’ ^^~dp dq ’ dq^ ’ 

and similarly for H and B, to denote parametric derivatives. The terms in the 
last line can be represented symbolically in the abbreviated notation 

-(*511522) + (*512512), 

and also in a less frequently used form 

- ^-47^1/^22+ ^-^A2^ 

the earlier of which is preferable though the coefficients of the arc-element are 
latent. Thus the single superficial Riemann symbol is given by 

(12, 12)= -i(^22-2Hi2 + 5n)-(*511522) + (*512512). 
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(ii) When the amplitude is a region and its arc-element is taken in the form 

ds^=Adp^ + 2H dpdq + Bdq^-{-2Gdpdr-\-2F dqdr + Cdr^, 

the regional parameters being p, q, r, we still adopt the corresponding abbreviated 
notation for the modified Christoffel symbols and the double-suffix notation 

A = 

dXidXi’ 

where x^—p, x^=q^, x^—r, for second parametric derivatives of the primary 
magnitudes : thus 

{*Mki) = Ar,jr,, + //(r,,/i « + + g (r,,0„ + n,®,,) 

+ + F {A + A H0,;) 

+ C0a@H, 

for all the values of i,j, h, I, =1, 2, 3, in all combinations. 

There are six Ricmanu four-index symbols appertaining to a region ; their 
values are 

(23, 23) = - (32, 23) = - (23, 32) = (32, 32) 1 

- - i (533 - 25*3 + 032) - (*J22P3) + (+523J23) i ’ 

(31, 31)= - (13, 31)= - (31, 13).= (13, 13) ) 

= -i(0n-203i + 433)-(*533ijll) + (*pi531) J ’ 

(12, 12)= - (21, 12)= - (12, 21)=(21, 21) 1 
= - \ (A,, - 25,3 ^1,) - (♦511^22) + (*!{12P2) J ’ 

(12,31) = (21,13) = (31,12) = (13,21) ) 

= -(21, 31)= -(12, 13)= -(13, 12)= -(31,21) , 

= K^33 - 0,3 - 5,3 -f 5„) - (♦512513) + (^51 1523) ’ 

(23, 12) = (32, 21) = (12, 23) = (21, 32) ) 

= - (32, 12)= -(23, 21)= - (21, 23)= - (12, 32) r , 

=i ( 53 , - 533 - + <^’33) - (*523521) -f (+522531 ) i 

(31,23) = (13,32) = (23,31)=(32,13) | 

= - (13, 23) = - (31, 32)= - (32, 31)= - (23, 13) . 

- i (On - F,, - 033 + Jh,) - (*531532) -t (*533512) I 

(iii) When the amplitude is a domain and its arc-element is taken in the form 

ds^—(A, 5, C, D, F, 0, 5, L, M, Nd^p, dq, dr, dtf, 

the domainal parameters being p, q, r, t, there are twenty linearly independent 
Riemann four-index symbols. (There arc, in fact, twenty-one non-vanishing 
symbols ; but three of them are subject to the linear relation 

(12, 34) -I- (13, 42) 4- (14, 23)=0, 
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which reduces the independent aggregate by a single unit.) Their expressions 
will be stated at a later stage (§ 275). 

It will be noted that, neither for the surface nor for the region, has the simple 
expression 

{ij, kl) = 2 iVikVn - 'nnVik), 

for the symbol in terms of the magnitudes been used. The significance of 
these magnitudes is to be established, in connection with geodesics in an amplitude 
and their radius of circular curvature, alike in magnitude and direction. To that 
investigation we now proceed. 


Equations of geodesics. 

17. The intrinsic equations of geodesics in the n-fold amplitude are obtained by 
making the length of the arc, joining two points and measured in the amplitude, 
a minimum. For the immediate purpose, our concern is solely with the equations 
current along the geodesic, not with the additional qualitative tests of Legendre 
and Weierstrass, nor with the additional quantitative test of Jacobi, as devised 
in the calculus of variations. These intrinsic equations arise as critical (Euler) 
equations which must be satisfied, if the integral 





dXi dXj\ 

dJ dt ) 


dt 


is to possess a minimum value ; and they are 



dAij dXi dXj 
dxj, dt dt 

dXi dXj\ “ 

~dt dt) 


0 , 


for each of the values k—\, 2, ... , n. After the critical equations have been 
obtained, the arc can be made the independent variable ; and, when this change 
is effected, the typical equation becomes 




still for all the n values of h. The left-hand side of this typical equation is 


2 (^fc;2j/') + 
J 



dA 

dxi 


lei 




where, in the second term, the full coefficient of a?/®/ is 


dXi dxj 


F.I.O. 


o 
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Od the right-hand side of this typical equation, the full coefficient of Xi'x/ is , 

dxk 

Thus the typical equation becomes 

that is, it caD be written 

S [y. 

j i j 

where now, as earlier, the double summation is for all the values 1, 2, ... , w, of 
i, j, taken independently of one another. 

When these equations are resolved for the n magnitudes x" , they lead to the 
equivalent equations 

**'' + S S ^^ 3 ’ 

I j 

where the summations on the right-hand sides extend over the values 
i, j=\, 2, ... , n, taken independently of one another. 

These equations, the intrinsic equations of a geodesic in the amplitude, are 
n in number. But they are not independent of one another, when the permanent 
equation 

i j 

is taken into account ; for we have 


for all variations in the region, and it is not difficult to verify that this general 
result can be expressed in the form 

Si SXk' ^ ^ 


shewing that, in virtue of the permanent equation, only w - 1 of the n intrinsic 
equations can be considered independent. We also may regard U~l as an 
integral of the n intrinsic equations ; but it provides no information generally 
characteristic of geodesics, for it only expresses the fact that they lie in the ampli- 
tude. On the other hand, should (for instance) n independent first integrals of 
the set of the n equations of the second order have been obtained, either the 
integrals must actually be in accord with U=l, or their constants must be so 
limited as to secure this accord. 

Before proceeding to discuss the significance of these characteristic equations 
of geodesics, it is convenient to extend the foregoing analysis, in order to obtain 
the corresponding intrinsic equations of a geodesic in an amplitude of fewer than 
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n dimensions, which itself is contained within the n-fold amplitude under con- 
sideration. Such a sub-amplitude is represented, in that origination, by means of 
a set of fjL relations 

••• » ^ 7 i) = 0, (a = l, 2, ... , /X ; /X < w). 


among the parameters of the containing manifold. 

For this purpose, it is necessary to make the integral 




dxi dxj\ “ 

~di dtj 


dt 


a minimum, subject to the foregoing /x conditional relations 0=0. By the known 
theorems established in the calculus of variations, the critical conditions are 
similar to the earlier conditions, the difference consisting of additive terms 
which occur because of the existence of the relations 0 = 0 ; and these critical 
conditions, after the earlier analysis, are seen to take the form 


^ + S S 

5 i 3 



+ Ao ^ — h . . . -f- A^ 

OX'ic 


9%’ 


for the values A; = 1 , 2, ... ,n, now using x" to denote variation along these geodesics 
in the sub-amplitude. 

As was the fact with the plenary amplitude, these n equations are equivalent 
to only n - 1 independent equations when account is taken of the permanent 
relation 

=1. 


Moreover, the quantities A^, ... , A^^, are multipliers, the values of which are left 
undetermined in the formation of the critical equations ; these values are obtained 
in association with the set of /x conditional relations 0=0, but the investigation is 
deferred at this stage. 


Ex. 1. The geodesics in the amplitude 

ds^ = ^2 + ^^ 2 ^ + . . ■ + dx^), 

where 

Z)= 1 (X^+X^ + ... +x^\ 

can be found by direct substitution in the equations of § 17. The amplitude itself 
is primary, being an amplitude in a plenary homaloidal space of n + 1 dimensions ; 
the explicit form is due to Riemann ; and it is one of the very special forms of ampli- 
tudes which have a constant Riemann measure of curvature (sphericity) in superficial 
orientations*. But the procedure from the fundamental equations is simple. 


* G.F.D., vol. ii, § 442. 
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We take a new independent variable u, so that 

dx 

where denotes 3 — ; and the integral to minimise is 
du 


JJdw, 

where F denotes C7/Z). The typical critical equation is 


dxj^ du ’ 

for all values of k. Now 

dF _1 1 xjf 

dxJJ^)~D U ~D^ ds 


dF 1 dD Xy. dfi 

dx^ IF dxj. 2 kD du ’ 


and therefore the critical equation becomes 


Xu d 



= 0 , 


the quantities x‘ denoting derivatives with regard to the arc of the geodesic. The 
equations occur for the values A; = l, ... , n\ and they have the amplitudinal integral 


The last is a universal integral, devoid of arbitrary constants ; and effectively, 
if retained, it reduces the number of independent critical equations to n- \. 

Let t, j, kj denote any three different indices. We have the first integrals 


XjXj,' -x^.x/= A D\ 

Xj^x/ - x^Xf/ = 

XjX/ - XjX/ = CZ) 2 , 

where A, B, C, are arbitrary constants. Thus 


Axi + Bxj + Cxjc = 0 , 

for any three of the parameters. But only a limited number of such relations can be 
independent ; we therefore take 


for m = 3, ... , w, the constants a and c being independent. These can be regarded as 
integrals of the system, leaving x^ and ajg for complete determination. We retain the 
integral 

X-^X^ ~~ X^X-^ ^ cIFy 

where c is an arbitrary constant, independent of the constants ; and it is neces- 

sary also to determine D. 
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We have 

= Ax^ + 2Hx^X2 + Bx^, 
on using the adopted integrals, where 

A -I +a„2, 

H — + . . . + dnPnj 

+ +c„2. 

Wc shall require AB- IP. Its value is given by 

= 1 + S aj + + S D («aC^ - «4CA)^ 

m m A 

manifestly a positive quantity ; thus F is real, and we shall take it to be the positive 
square root of this value of F^. 

Similarly, we have 

= Ax^^ + 2 Hx^X2 + Bx^^, 

and 

2kD' = Ax{x^ + H {x^2 + 2^2^10 + Bx^2- 

Consequently 

4/c (D - 1 )D2 - 4/c2D'2 = F2 (xiV - x^x^f = FVD^ 
a differential equation of the first order. It is 

4;c2D'2= _k(2D-D2)2+(ic- F2c2)D^. 

When K is positive, reality of the variables requires K>y^P, and we take 

= K sin2 a ; 

when K is negative, there is no such limitation. 

We shall discuss the case, when k is positive ; and it is found to require circular 
functions of the current parameter ultimately chosen. (The case, when k is negative, 
involves hyperbolic functions.) With the assumed value of F, the equation is 

K =-D^ + D^- sin* a. 

Let a new variable t be taken, so that 

tK^ = s ; 

and as s has no specific origin of measurement, the arbitrary constant of integration 
can be absorbed into s. The integral is thus 

2 

^ = 1 + cos a cos t, 

so that the value of D is known in terms of the arc s ; and it satisfies the equations 

i)2 I 

4 ( D - 1) 1 - cos2 a cos2 1 * 

1 - cos a cos t 


D-l = 


1 + cos a cos t ’ 



38 


NUL-LINES SATISFY THE 


[CH. II. 


To determine and Xg, we have 


so that, if 
we have 


Hence 


Blit 


d /X2\^ 2)2 
ds \x^) ^ * 

4/c(2) - 1 ) =Ax^ + 2I1x^X2 + Bx^, 

1 

Xg = Xj^ tan q, ck* == y, 

sec^q dq y TP' _y 1 

.4 + 2/2 tan (/r -f- B tan2 O' K^(b-i) /c 1 -cos^a cos^T 


1 

V 


tan“^ 


H + B tan q 

F 


y 

K sin a 


tan“^ 



+ constant. 


Vy = VcK^ 


K sin a, 


and it is convenient to take a new current parameter u for the arc such that 

, tan t 1 , f s \ 

tan u= tan , ; 

sin a sin a \ k * / 

H -hB tan q=V tan (u + 


and now we have 


where j8 is an arbitrary constant of integration. 

Thus the primitive of the intrinsic equations of the amplitudinal geodesics is com- 
posed of the set 

= 3, . , . , 

a;i = |; l)^cos (m+^), 

a: 2 =|r(^) 8in(M + j3)-tf co8(u + /3)}, 

_ l-cosacos< ^ ■ j. 

, tan f = Sin a tan w, 

1 + cos a cos t 

and t is equal to sk~^. 

Ex. 2. Obtain the corresponding equations for the amplitude of constant sphericity 
in any superficial orientation, when the sphericity is negative. 


18. One property may be noted in passing. The element of arc, represented 

by 

ds=('^ '^AiidXfdx,)’, 

^ i j ' 

is taken with the positive sign of the radical ; and therefore a zero value is a least 
magnitude if not a characteristic minimum. Let 





dl dt) 
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so that niil-lines * are given by /=0 : the integral itself denoting the length of the 
amplitudinal arc between the limits of the curve resulting from the expression of 
the parameters in terms of t. The initial form of the critical equations character- 
istic of a geodesic is 

dxjc dt \dx^} 

where denotes , and A = 1, ... , n. Now 


3/ _ 1 ^ V'' j 
W f\^ '"dtj’ 


and therefore 


But 


and 


_d / df\_l ^ /'v/l 

dt Vdx^'J dljdt 7 dA V ■ 


dx^ dx^ _ 
^ dxp dl dt ’ 


1 v-^ 

7 \ dJ dt)' 

When these values are substituted, the typical critical equation becomes 

/■ \ V “ V V dl^ ) 


+ 


a dt dl ) ^ 7 \ ^X/. dt dt y 


In the second line, the complete coefficient of the combination - is 
’ ^ dt dt 

d-4iri dAji 


dA, 

dxj, 


dx^ ^ dx^ 


by the formula on p. 25 ; and therefore the right-hand side can be expressed in 
the form 


Thus the typical critical equation becomes 

1") y ? S" + ? ? (V. «> t *■■], 


holding for A: = 1, ... , w. Two inferences can be drawn, among others, by specialis- 
ing the arbitrarily assumed variable t along the curve. 

* There are two such lines in every superficial orientation in the amplitude. 
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In the first place, we deal with real curves, and take df to denote the arc of 
the curve, so that now 

/=(S 


by the definition of the arc ; 
equation becomes 


and therefore 


df 

dt 


= 0, on this assumption. 




The 


for k=l, , n ] on resolution of the n equations, we obtain the customary char- 
acteristic equations (§ 17) of amplitudinal geodesics. 

In the second place, consider the nul-lines of the amplitude which are given by 
f=0, the equation holding along a curve so that, also, 



The foregoing critical equations are satisfied by these values ; and we infer that 
the equations, which are characteristic of the geodesics in any amplitude, are 
satisfied by the nul-lines of the amplitude. 


19. Because geodesics are of significant importance throughout the geometry 
of configurations of all types, one general proposition may be stated at this stage 
in its comprehensive form. It is an inference from the existence-theorem (often 
called Cauchy’s theorem) concerning the integrals of a system of ordinary dif- 
ferential equations in any number of dependent variabl(\s.* 

The intrinsic differential equations of a geodesic in an amplitude of n dimen- 
sions are the set 


i j 


ds^ 


ds ds 


(m^l, ... , n). 


where the summation on the right-hand side is for the values i, j, =1, , n, 

taken independently of one another. (When the configuration, to which a geodesic 
belongs, is of n - r dimensions and is contained within the postulated amplitude 
of X dimensions, it can be represented analytically by means of n appropriate 
equations 

fmi^li *■• > ^71— r)j 


where ... , are n-r independent parameters ; and then the intrinsic 

equations of its geodesics are the n-r equations in the variables of the same 
type as the preceding set in the n variables x^. The cited set can therefore be 
regarded as universally representative, for the present purpose.) 

* For the existence-theorem, see my Theory of Differential Equations, vol. ii, 
chap. ii. 
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We know (§ 17) that these n equations are equivalent to only n- \ independent 
equations when the permanent arc-relation 



dxi dxj 
^^~d^ Ts 


= 1 


is retained. We therefore may regard this arc-relation as an integral of the 
system of equations ; the “ initial values ” of the magnitudes, to which they are 
assigned, will then be subject to a corresponding relation. 

The set of n equations may be modified to a canonical set of 2n equations, in 
the form 


dx., 

ds 


~x„ 



i j 


(m=l, ... , n), 


involving 2n dependent variables x^, ... , , ... , with 5 as the independent 

variable. By Cauchy's theorem, such a set of equations possesses a set of integrals 
for a range of the amplitude in which the magnitudes {ij', m) are regular, regarded 
as analytic functions of their arguments (effectively a range of the amplitude that 
is free from geometrical singularities of any type) ; and the integrals are char- 
acterised by the properties : 


(i) , the values of ... , x^, x^, ... , x^, are regular functions of s within the 

range : 

(ii) , for an assigned value of s, the variables x^ assume assigned values 

(for m=\, ... , n) such that, at those values and in their vicinity in 
the range, the magnitudes {ij, m} are regular functions of their argu- 
ments ; effectively, this is a mode of determining an origin of measure- 
ment of s along a geodesic : 

(hi), for that assigned value of s, the variables x^' assume assigned values 
... , respectively, such that 

^ j ^ j ^ ij (^1» • ■ • j 1 > 

i 3 

a relation in accordance with the necessary arc-relation of the ampli- 
tude : 

(iv), the integrals thus obtained are unique, i.e., they are the only integrals 
determined by the conditions ; and they are regular functions of the 
independent variable s. 


When this analytical theorem is interpreted geometrically, by reference to 
the geometric significance of the system of differential equations, we infer that, 
in any configuration, a geodesic is uniquely determinate by the assignment of an 
initial position (Cj, ... , c„) and the assignment of its direction at that initial 
position by direction-variables in the configuration. Further, any number of 
geodesics can be drawn through any point 0 in the configuration ; each geodesic 
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SO drawn is unique through the assignment, at 0, of its direction by means of a 
set of direction- variables satisfying the arc-relation at the point. 

The result, in the combined circumstances as stated, is of validity for all con- 
figurations, whether a general n-fold amplitude, or specific amplitudes such as 
surfaces, regions, domains ; and, hereafter, it will be assumed systematically, 
without any explicit re-statement of the distinctive uniqueness of a geodesic as 
determined by assigned initial conditions. 


Tangent hornaloid of the amplitude a7id prime normals of geodesics. 

20. We now shall prove that, at a point 0 on an amplitudinal geodesic, the 
direction of its prime normal coincides with the limiting position of a perpen- 
dicular drawn, from a contiguous point Q of the geodesic upon the tangential 
w-fold hornaloid of the amplitude at 0, the limit being attained as Q coincides 
with 0. In establishing the result, the magnitude as well as the spatial direction- 
cosines of the radius of circular curvature of the geodesic will be obtained. 

A line, drawn through the point 0 and touching the amplitude at 0, is repre- 
sented by the set of equations 


Ax/ + Ax/ + .. Ax/, 


for all the values 1, ... , w-f-n', corresponding to the dimensions of the 
homaloidal plenary space, the typical variable being current along the line 
while is the tyq^ical variable of the amplitudinal point 0. Hence all points on all 
such lines, and therefore all such lines themselves, are contained in the hornaloid 
represented by the n' independent equations in the set 




- „ 

axi’"' 



= 0 ; 


and this hornaloid manifestly is of n dimensions. Any point in the hornaloid can 
be represented by the equations 


^ym 


4-r, 


where aj, ... , can be regarded as the (linear) parameters of this w-fold hornaloid. 
Accordingly, these equations (in either of the two equivalent sets) are the equations 
of the w-fold hornaloid touching the amplitude at 0. 

Moreover, every direction, which passes through 0 and lies in the hornaloid, is 
given by the equations 


7 -A + 


+ 




for its spatial direction-cosines, where m=\, ... , n-\-n', and Aj, , A„, arc para- 
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meters. In particular, the tangent line to the curve OQ is given by the value 
Xi=^^^ = x/, thus providing the spatial direction-cosines of the tangent in the 


form 





for all the values of m. 

In the amplitude we take a point Q with space-coordinates 171, 772, 173, , 

contiguous to the point 0 with space-coordinates y^, ... , along the geodesic 
through 0 drawn in the direction specified by , x^ and we denote by t 

the small arc-distance OQ measured along that geodesic. From Q let a perpen- 
dicular be dropped upon the tangent n-fold homaloid ; let the intercept length of 
the perpendicular be denoted by P, its spatial direction-cosines by 
to be represented typically by Y ; and let the coordinates of the foot of the per- 
pendicular, in the n-fold homaloid, be y^, 1)2, y^^, . . . , where, as in general, 

w - n, _L 

the appropriate values of the 2)arameters a^, ... , in which have to be deter- 
mined. 

In order that the line joining rjo, 773, ... to y^, 1/2, y^, ... may be perpendicular 
to the tangent homaloid, the magnitude 




must be a minimum for all possible values of the parameters the 

critical conditions, necessary and sufficient to satisfy this demand, are 




for the values k=l, ... , n. 

These n equations of condition can be taken in the form 


But we have 


m 


Vm ym — 

for each of the values of m ; and therefore 


'dx, 




for the n values of k. Accordingly, the direction of the specified perpendicular is 
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at right angles to every direction in the tangent homaloid : it is therefore ortho- 
gonal to that homaloid. 

Returning to the first form of the critical equations, we can take the typical 
equation in the form 


that is, 


dy 

“t ^2-^2k H~ • • ■ “h ^n-^nk ^ j iVm ~~ ^/w)? 

m ^^k 


holding for k=l, ... , n. Now for any curve through 0, drawn in the amplitude 
through the direction x^, , x^, a point . . . contiguous to 0 at a small 

arc-distance t along the curve, we have 

Vm = ym + ym't + +••■ 

(up to the second power of the small quantity t inclusive), for all the space- 
coordinates. Hence, after substitution in the expression 

m ^'^'k 

on the right-hand side, the coefficient of the first power of t 


_ ... 9y«. (Syr. „.Sy„ dy^ \ 

- ^ dxl la*, + • • ■ + dx„ ) 


— ^Ik^l + ^2k^'2 + • ■ ■ + ^ nliP^n \ 

and therefore the critical equations, with the second power of t retained, become 

m 

still for the values A; -!, ... , n. Again, for the variation of space-coordinates 
along any curve in the amplitude, we have 




with the now customary double-summation range for i and j', the values of the 
quantities being settled by the law of the curve ; and therefore we have 


\^^ym un.un.,, 

Zj ~ Zj Zj a - ^ 


. Sym Sy , 
i m Sx„ dx, 


m ^ n . V . v-v V". Sym S^y^ 

SXi dXj ‘ 


^dx,dx, ifdx, dx,dx, 


Now 
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on the introduction of the Christoffel symbol [ah, c] \ and therefore the critical 
equations, still up to the second power of t inclusive, can be written 

(a^ — Xit~ fi) A-iJc "h ~h {cLn — Xjit — ‘2^n 

= S ^ IV. *] 

i j 

for k=l, ... , n. When these n equations are resolved to give the individual 
quantities - x/t - which occur linearly, we find 

ttr - x/t - ^ {ij, r}XiX-, 

i j 

on the introduction of the Christoffel symbol {ah, c}, the result holding for the 
values r=l, , n. 

Accordingly, we take 

^ Vm ~ ym 
-Vm Vm 

accurately up to the second power of the small quantity t inclusive. In this 
expression let the values of the quantities a,., which have just been obtained, be 
substituted. Then the total coefficient of the first power of t on the right-hand 
side 



which is equal to zero : that is, the term involving the first power of t disappears. 
Next, the total coefficient of on the right-hand side 


s (!■<') - s ^ s --I*.'”/ ; 

r ' ^'^'r ! r i j ^'*’r 

and, whatever be the curve, we have 




so that the total coefficient of on the right-hand side of the expression for Y^P, 

j 3x, 


We write 






for all admissible values of m and of i, j ; we use rjij to denote the typical member 
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of the set to be associated with the typical variable denoted by y ; and we 
now have 

i 3 

These quantities are the quantities used in § 14 for the expression there given 
for the Riemann four-index symbol. 

Now let a plane be drawn through the point 0, the point Q, and the foot of the 
perpendicular from Q on the homaloid, so that the plane contains a tangent line 
to the homaloid and a perpendicular upon that tangent line. It is (necessarily) 
the osculating plane of the element of curved section at 0 of the homaloid by the 
plane ; and if p denote the radius of circular curvature of that plane section at 
0, we have 

2Pp=t\ 

in the limit as Q draws to coincidence with 0 along the specified arc. Consequently, 
in that limit, we have 

P i j 

for all the n-{-n' values of m. 


21. Next, consider the radius of circular curvature p^ of the amplitudinal 
geodesic and its direction-cosines in the plenary space. The latter arc 

PlVm' 

for all the values of m. For any curve, we have 


Dm — Zj 

r 


+ Y Y dx,dx, ‘ ' 


also, along a geodesic of the amplitude, 

x/'= - 2 S »■}*/*/ 

i j 


for all the n values of r ; hence, along a geodesic in the amplitude in the direction 
Xi, , Xn, we have 


4" V Idu 




dXi dXj " dx, 




If then /j, I 2 , ^ 3 , ... denote the direction-cosines of the geodesic in the direction 
x^\ ... , Xn, so that lm — Piyin\ relations 




for all the n-fw' values of m, subsist between direction-cosines of the prime 
normal of the geodesic and the limiting position of the perpendicular from Q on 
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the tangent homaloid as Q tends to coincidence with 0 along the geodesic. 
Hence we have 

Pi ~ Rj 


the latter relation holding for all the values of m. These last equations establish 
the proposition, enunciated in § 8, concerning the coincidence of the directions, 
of the foregoing perpendicular and of the prime normal of the geodesic — a result 
that dominates the consideration of the further eurvaturcs of the geodesie. 

Moreover, we have pi = p ] or the circular curvature, at 0, of the section of 
the amplitude by the plane, through the tangent and the prime normal of the 
geodesic, is equal to the circular curvature of the geodesic. This normal section 
does not recur in investigations that follow : the only characteristic of importance, 
which it possesses, is its circular curvature, being the same as that of the geodesic ; 
all its other curvatures are zero, because it is a plane curve : and this circular 
curvature, as a property of the geodesic, remains. Accordingly, we pass from this 
section of the amplitude ; and there remain the results, relating to the spatial 
direction-cosines of the prime normal of the geodesic and to the circular curvature 
of the geodesic, as contained in the set of equations typified by 




together with the property that the prime normal is orthogonal to the tangent 
manifold of the amplitude, expressed by the relations 


holding for the values r=l, 


^ ”‘dxr ’ 


n. 


Note 1 . As already remarked (§§ 14, 15), these quantities rjij, occurring as 
coefficients of the parametric combinations x/x/ in the preceding equations, are 
subsidiary also to the expression of the various Riemann symbols according to 
the general law 

{ij, A:Z)= 

the summation on the right-hand side extending over the n + n' dimensions of the 
homaloidal plenary space. 

In particular, a surface has a single Riemann four-index symbol ; its value 
can be expressed in the form 

(12, 12)= 2('*7ii'*722~ 

A region has six (non-vanishing) and linearly independent Riemann four-index 
symbols ; their values can be expressed in the forms 

(23, 23)= ^(t722'>?33 “ '*723^)> ( 12 , 31)= ^('>]i2'>?13~ '^ll'’?23)| 

(31, 31)= ^(17331711- t73i^)j (23, 12)= ^(i723'*72i“ '*722'>73i) r • 

(12, 12)= ^(t7ii‘I722“ '*7i2^)> (^1> 23)= ^( 17311732 - 17331712 )] 
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Note 2. When the n-fold amplitude is primary, that is, such as to have its 
homaloidal plenary space of only one dimension greater than itself, then n' = \\ and 
the range of values of m is 1, ... , n+l. The quantities Yi, ... , are then 

proportional to the determinants in the array 



^ 2/2 


axi’ 

’ ■■■■ 

■■ ’ axi 

92/i 


Syn+1 

Bx^ 

dx^’ 

■■ ’ dx^ 



Syn+1 

dx„’ 

dx„’ - 

■■■ ’ dx„ 


in fact, 

^ {y2 y ••’9 Vn+l ) 

and so for the others. Consequently, the direction-cosines Y^, ... , Y^+j, of the 
prime normal of a geodesic in a primary n-fold amplitude, do not involve the 
parametric quantities x/, ... , x^y specifying the direction of the geodesic ; and 
so all the geodesics of a primary amplitude have a common prime normal. The 
simplest examples are provided by a surface in triple homaloidal space and by a 
region in quadruple homaloidal space. 

But the property is not possessed by geodesics of an amplitude when the 
homaloidal plenary space is of dimensions which exceed, by more than one unit, 
those of the amplitude. Thus the prime normals of a surface, in quadruple 
homaloidal space, merely lie in a. plane orthogonal to the surface ; and as will 
appear for a surface, in a plenary homaloidal space of more than four dimensions, 
the prime normals of superficial geodesics lie in a flat orthogonal to the surface 
(§ 105 ). 

It may be added that, for a primary n-fold amplitude, the aggregate, com- 
posed of any n guiding lines of the tangential n-fold homaloid of the amplitude 
(such as the directions of the parametric curves), together with the common 
direction of the prime normals of all amplitudinal geodesics through a point, 
constitute a set of axes of reference for the plenary homaloidal space ; these 
axes, however, are usually not orthogonal to one another, at least in the form 
initially suggested in relation to the tangent homaloid of the amplitude. But an 
orthogonal system of spatial axes is provided by the orthogonal organic frame of 
a geodesic. 


Derivatives of the quantities {ij, k} : quantities {ijk, /x}. 

22. The Christoffel symbols involve second-order derivatives of the space- 
coordinates with respect to the parameters of the amplitude ; and in § 14, during 
a construction of the Riemann four-index symbol, combinations were made which 
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removed all the third-order derivatives of those coordinates that occurred inci- 
dentally. Yet third-order derivatives must be taken into account. Thus they 
are involved implicitly in some of the expressions for the successive curvatures in 
the Frenet equations : they likewise are necessary for the discussion of ranges in 
the amplitude, not merely along characteristic curves such as geodesics, but in 
the immediate general vicinity of any point. For the present, it will suffice to 
consider them as arising, in certain combinations analogous in form to the Chris- 
tofFel symbols {ij^ i}, in relations deduced by differentiation from the intrinsic 
equations of geodesics, and in expressions for the grades of curvature of ampli- 
tudinal geodesics in the succession of curvatures established in the Frenet equa- 
tions. 


We begin with the definition of certain 
relations 


“ dx^ dXidXjdXj, 


symbols according to the general 


for all values i,j, k, fi, —I, ... , n, taken independently of I, the i-summation being 
for the same range, and the m-summation for m=l, ... , n + n\ Obviously the 
value of the symbol must be unaltered by the interchange of the indices i, j, k, 
in any expression obtained for that value. When we differentiate the analogous 
relation (§12) for the Christoffel symbols, in the form 


VA ^ym ^^ ym A r - 7^ 


with respect to a parameter Xj^, we have 

^ dx^dXf, dXidXj ^ dx^ dx^dXjdxjf. 


= ^ ^ ^ ^ fe'. o Mwl***. {H. !>)] 


by the formula in § 12. By a mere interchange of the equivalent indices I and p, 
we have 

S 2 p}= 2 2 {y. 0 ; 

I V pi 

when this is used, the right-hand side can be changed to 

o]+^ 2'^«i>(y> 0{V.p}- 

We have had (§ 14) the relation 


2 


02^ 3*2/ 


dx^dx^ dXfdXj 


2 0 {V. 2 ; 

P 
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and thus the foregoing derived equation becomes 


^ A ^ 1 


dy d^y 

dx^ dx^ dxj^ 




For the second summation on this left-hand side, let the preceding equivalent 
expression defining the quantities be substituted ; and then let the n such 


equations, for /Lt=l, n, be resolved so as to express the new magnitudes for 
the n values of 1. We thus find 


a relation holding for all the values i, j, k, I, chosen independently of one another 
from the set 1, ... , n. 

On the left-hand side, the three symbols i, j, k, can be interchanged without 
affecting the value of the symbol ; hence we have also 

[? ] ^ ^ ^ X] “/'i (S v^iVik), 

and also 

l}+ ^{ld,p}{jp, 

These distinct values of the third-order symbol provide relations between first 
lerivatives of the Christoflfel symbols {ab, c}. In particular, the equality of the 
second and the third expressions yields the relation 

^ {ki, 1} - {kj, + S [{**« P} {jP> 0 - {kj, p} {ip, 0] 

Q (^ 43 ^ 1 * “ VtiiVkj) 

)n introducing the Riemann four-index symbol. Sometimes in this connection a 
lymbol, called the Riemann four-iii:dex symbol of the second kind and denoted by 

ij), 

s introduced to represent the quantity on the left-hand side (and then the earlier 
our-index symbol is said to be of the first kind). For the two sets of symbols, w.e 
lave the relations 

{kl,ij}=j^ '^%i{kp.,ij), 

{kl, ij)= S -^i^ikp. ijl- 
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23] 

Whichever form be adopted, the relation gives a value of the difference between 
the first parametric derivatives of two Christoffel symbols requiring only four 
indices i,jy h, Z, in all : and the difference, thus expressed, will be found important 
in constructing a significance for the Riemann measure of curvature of an ampli- 
tude. 

It is to be noted that the relation 

{kl, ij) + {il, jh} +{jl, ki } = 0 

follows immediately from the corresponding relation (§ 16) for the symbol (afe, cd). 

For example, appertaining to a region with its arc-element represented in the form 
ds2 = (^, R, C, F, G, Hldj), dq, dr)\ 
we have quantities Fij, 0^^, sneh that (§ 16) 

■Tij ={»>'. 1}. 2}, ©ij={ij,d}. 

To compare with the general form, we take 

dp = dxi, dq = dx2j dr = dx2, 

and wo have 

^11 > ®12> ®13> “ 9 i 

^21> ®22» ®23» “ ft 

^31» ^32» ®33» “ 9i ft 

Then the general formula in the text provides the relations 

= m+Hv, k2)+g{y, A3)l, 

^ ^ ^2) +/(y . ^3)], 

Sf [<;(*>■. m+f(v, k2)+c{ij, k3)l 

where, on the right-hand sides, the symbols {ij, kl) which do not vanish are the six 
Riemann symbols 

(23,23), (31,31), (12,12), (12,31), (23,12), (31,23), 
of the region as stated in § 1 6. 

23. The preceding relations, however, only express the differences between 
derivatives of a couple of Christofifel symbols {ab, c}, while it is desirable to have 
the value of each such derivative by itself. These values can be established in 
connection with the expressions for the magnitudes ioi p,= l, ... , n, along a 
geodesic in the amplitude ; and they can be deduced from the relations 

i j 

being the intrinsic parametric equations of the geodesic. 
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When this typical relation is differentiated along the geodesic, we have 

<' = - ? [5 

+ ^ [S ^ Qa;aX'] 

+ 2 S [S S > 

i w ■- a ^ 

all the summations being for the range 1, ... , w, for each of the integers indepen- 
dently of the others. The right-hand side manifestly is a homogeneous expression, 
of the third combined order in the n variables x' \ we therefore write 

<”= - S S S {»y*. 

i j ic 

where the summation is for all the values 1, , ti, of i,j, k, independently of one 

another and where the symbol {ijk, ja} is unaltered by interchanges of j, k, 
among one another. Thus the total coefficient of is -{111,/x}; the total 
coefficient of is - 3(112, /x} ; the total coefficient of x^x^x^ is - 6(123, / jl ) ; 
and so for all the terms. 

Now consider the most general type of term, that which involves the com- 
bination x/x/xj^'. In the final expression, its coefficient is 

- Hijk, fi). 

In the derived value for the total coefficient is 

from the first line, 

2 s {v> p} {^P. m} + 2 S {jk, fi {ip, m} + 2 2 p) (j>> p} 

p p p 

from the second line, and this same quantity 

2 S iV’ p){^P’ p} + 2 S p} + 2 S p}{jP’ p-} 

P P P 

also from the third line. Now (§ 22) we had a magnitude 

^ {i>«. ^ {K p}{xp, ( X) '?<«’?(«), 

for all values of I, m, n, 9, as well as the usual summation 1, ... , n, for < ; when 
this magnitude is used to remove the derivatives of the symbols {ab, c} from the 
contribution of the first line, that contribution becomes 

- 6 1 + 2 s (V’ p) p} + 2 2 0 '^’ p) {^p. p} + 2 s p^ op> p} 

L /X -J p p p 

2 2 2 
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When this modified contribution is combined with the contributions of the second 
and third line, so as to obtain the total coefficient, and when this aggregate is 
equated to - fi}, we have 



+ S Ky > P} {^P’ p} + p} i'^P’ p} + P} p}^ 

P 

~ ^ 2 { S i’niiiik + vtiVki + 'ntkVii)}- 

Let the earlier value (p. 50) 

d 1 

{y. m}+ 2 p^~ %t(^vikVii) 

for the same third-order symbol be equated to the value, which has just been 
constructed ; then we find an expression for any first derivative of any Christoffel 
symbol (a6, c} in the form 

^ {y . p} = {ijh P) ^3P’ p) + P) ^^P’ 

“ ^ 2 ^t^EiivtiVik+vtiVik - ^tkfiii)}- 

The last summations on the right-hand side can be modified by the introduction 
of the Riemann symbol 

(y, ^l)= ^iVikVn-VnVik), 

so that the whole term becomes 

- ^ 2 jh) + {Ij, ifc)]. 

If the Riemann symbol of the second kind {aft, cd} be introduced (§ 22), this whole 
term becomes 

- WH', ki}~Ujp, ki). 

Hence, as final alternative expressions for any first derivative of a Christoffel 
symbol, in terms of the Riemann four-index symbols and of the coefficients in 
and xj' we have 

g 

{y > p} = {y*. m) + 2 p) {3P> p} + p) i‘^p> 

= {#» m ) + 2 [{**» p} {jp> p ) + {%> p) i^P’ p}] 

p 
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while the quantities {ijk, fj,} are the coefficients in the values of the magnitudes 
x^'", given by 

ijk 

taken along the amplitudinal geodesic. 

From the first form of expression for a derivative of in terms of the 

symbols (a6, cd), and noting that {ijk, is unaltered by interchange of the symbols 
h jj we easily derive the relation which led (p. 50) to the introduction of the 
Riemann four-index symbol of the second kind. 


24. Just as we have had the value of y " — it is Y/p — ^for the typical variable, 
it is convenient to have the value of y'", also for the typical variable. 

In the first place, on differentiating the relation 




dy 


with respect to Xjc, we have 




^Vh 

dx„ 


dXidXjdxjc “ 




Sy 

dXj. dxjc 


{y. 


The second term 

== ^ Vrk (V, »■} + S ^ If 

r TP 

= X) '^rk {ij, »■} + S XI If ’ P}- 

When this is substituted for the second term ; and when the values of the 
derivatives {ij, r), as given in § 23, are substituted in the third term ; a slight 
re-arrangement gives the result 


dXy, 


dy 

“ X X p^^^P’ »■}+(*'*> p){jP’ »■} + { 9 > p){^P’ »■}] 

T p 

+ ^ X X 0- + H^)l 


Next, differentiating the typical equation 
along the geodesic, we have 


i 


y"' = XX ^ 




- ^ X VlmX^l [X ^ 

- X rx X {“A ^ x:x;l . 

I m L a ^ J 
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On the right-hand side, we select the total coefficient of the combination x/x/a;*', 
as in § 23 ; it is 

dXfg ux^ dXj 

- 4 S [’?•» p ) + V/p p) + Vkp {ij, p}]- 

P 

Let this magnitude be denoted by 6'qijj , ; and, on the right-hand side, let sub- 
stitution of the values of the derivatives of 7/,^, rjij, be made. Then, after 
some arrangement, we find the right-hand side equal to 


- 6 S hip P} + Vip P)+Vicp {ij, P}] 

P 

dy 


~ ® S D af ^3^’ P^ + ^3P> »•} {**. P) + {*P. »■} {V> P}] 

r p 


2 ^ ^ % 


+ 3^3 2 2 ^ [ith jk) + (tj, ik) + (tj, hi) -h (tk, ji) -h (tk, ij) 4- (ti, kj)]. 


The group of terms in the last line vanishes identically, because of the relation 

{aby cd)= - {ab, dc ) ; 

and therefore we have 


' dxidxjdxjc ^ dXj. ^ 

- Yi blip Uh pi + Vip p) + Vkp {ij, p}] 

P 

~ S S gf {bP> P) + ^3P, »■} P) + {^P. f) {ij, P}\ 


With this value of the expression for y'" taken along the amplitudinal geodesic 
is 

y "= 222 

i j tc 

where y is the typical space-variable. 

We also note the relation 


= Viik + 2 blip O’*, p) + Vip {i^, p}] + 3^ S S ^ J*) + {fj> **)]» 


holding for all the values of i, j, k. 


25. Parametric derivatives of the quantity, denoted by the Riemann four- 
index symbol {ij, kl), are expressible in terms of these magnitudes We have 

(§ 14 ) 

{ij, Td)= '^(riikVn-ViiVik) 
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where the summation without any specified index implies the dimension-range of 
tho plenary space. Hence 


(*y. *0= D {vi 




When substitution is made for the derivatives of rj, as just obtained, all the terms 
on the right-hand side involving derivatives ^ vanish. The aggregate of terms 
involving the Christoffel symbols {ab, c) is 

= ^ S Vii hip p) + -nkp {im, p)] 

p 

+ 2 'nik hip {I'in, p} + 17, p {jm, p)] 

p 

- 2 Vil hip p) + Vkp 0 '»*. p}] 

P 

- 2 ^ik hip p}+'nip {*»«. ?}] 

P 

^ - 2 p) 3P ) + 2 p) w) 

p p 

- {km, p}{ij, Ip) + 2 pUijJcp)- 

P P 

The aggregate of terms involving quantities of the type is obvious ; we there- 
fore have 

iVikyUm Viiyjkm ^jl^ikn^ 

- ^ P} jp) + 2 P) 

P P 

- S p} ^p) + S p} {ij, fcp). 

p p 

It is convenient to use a symbol to denote the expression in the first line ; follow- 
ing Bianchi*, we define 

(ij, him) = 2 (Vik'nilm - VilVikm - VikVilm + Vn^ikm)- 
We at once have the identities 


(ij, klm)= (kl, ijm)= - (ji, klm)~ - (ij, Ikm), 

= (ji, Ikm) = (Ik, jim) = - (kl, jim) = - (Ik, ijm ) ; 

(ij, mkl)+ (ij, lmk)+ (ij, klm)=0, 

(ij, klm) -f- (ik, Ijm) -f- (il, jkm) = 0, 

(ij, klm) -I- (jk. Urn) -f (ki, jim) = 0, 

* Lezioni di geonietria differenziah, vol. i (1902), p. 351, with a correction noted in 
the list at the end of vol. ii. 
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representative of many others. When the symbol is introduced into the foregoing 
relation, we have 

■^(y. kl) = {ij,klm) 

- 2 p) 3 p) - 2 p) (^j> ^p) 

P P 

+ 2 p)i^^> w ) + 2 p)(v> ^p)’ 

P P 

as the expression for any parametric derivative of the quantity denoted by a 
Riemann four-index symbol. 

Ex. Verify the relation, due to Bianchi (l.c.), 

^{y, kl)+l^(ij,lM)+-^-(y,mk) 

= 2 OOX + W 00'<. km) +{im, ZA:)] 

t 

- 2 {{jk, Im) +{jl, t}{it, mk) +{jm; t){it, A:J)]. 


Derivatives of {ijk, /x} .• quantities {ijklj fx}. 
%ilc 

26. The magnitudes '' , defined (§ 22) by the relation 

L a J 


^ dXj, dXi dXj dx^ V * 


ijk' 


arc connected with the magnitudes {ijk, a} by the equation (§ 23) 


ijk' 


= {ijk, a) + 2 ^ ^ 2 ^oefiijkB), 

a Ola Q 


where 


and therefore 


^ = {i^, “} {jk, + [jP, a} {At, + {kp, a} {ij, 

f(ijkff)=^{-r}eirijk + VoiVki+Vsk‘nii) > 


s s -i- K* “) + X «■(». ft] - mm 

Again, we had (§ 24) 

T), = Tf)u{jk, X} + T)j),{ki, X} + r]u^{ij, A} ; 


where 

consequently 


^ dx, dXi dXi dxC S dx, + S 
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so that, comparing the two values of the left-hand side, 


Also, as 


we have 


^-£vvk= 


^ dx^ dx^ dXi dXj dxj^ 

= X’ 7 m(’?. 7 fc+ S S \jl^’ ( 'El^Viikj 

+ S »•}+ S ^)] 

r 8 A 

= '^VmtVnk+ ^ ^ (VmtT^) - i X s}f{ijks) 

+ S ^ s}[{^j■*, r}+ ^ «P(r, A)]. 

r 8 A 

Next, we differentiate the foregoing equation 

s a, [(* “1+ ? '*‘1-. ™ - */»*)') 

with respect to Xi ; and we have 

^ dXj, dXi dXj dxj, dxi ^ dXj, dxi dx^ dXj dx^ 

- S “} + S (“- ^)] - ^- 

+ ^ x: [{y*. “}+ x: Y}+Ay{ip, y}]- 

ay 

T/lfCv 

At this stage, we introduce a new symbol , on the analogy of [ij, fx] for 

rijkl ^ 

second point-derivatives and of for third point-derivatives, and defined by 
the equation ^ 


dy d^y 


■ V A 

■ / J ^J)0} 

^ L a> -J 


^ dXj, dXi dXj dxjf. dxi “ L a> J ‘ 

Inserting this value, and substituting for the sum of the products of second point- 
derivatives and third point-derivatives, we have 

+ 2:1: am a}+ 2: ^>(a. A)] 

8 a A 

^ [4, ? ax’ ^ 

+ S S «} + 2 ^)][A^{1<1, Y}+A„y{lp, y}]. 

ay ^ 
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Now the two aggregates 

S S s}[{vk, a}+X 0{a, A)], X S ^aAlp, 7}[{ijk, a) + 2 0{a, /3)], 

a a A ay ^ 

are the same in effect, the sole difference being in the use of equivalent symbols ; 
also, by a mere change of symbols, 

ay /9 

= S «}[{#> ^}+ S iS)] ; 

6 a P 

and therefore the equation can be written 

S (a) = - (^ Vvlluk) - S S + i s}AV^) - 3 

a X a 

where 

€ 3 

As regards the right-hand side of the equation, we require a simpler form of the 
terms 

- 3 - ^ {ph s]f(i3^^) - P)- 

In framing the derivative of /, we use the relations 


y 

+ 3^ S S 3^^ ®r‘ [ 

and 

V -a 

the latter for all values of A, ju, r, a relation which makes all the terms in - -- involv- 

uXi 

ing the Riemann four-index symbols disappear. When the terms are gathered 
together, the expression can be taken in the form 

- i S iVpiVm + VpiViki + Vpk-nai) - i '^{VikVvii + VkiVi>n+ VuVpki) 

- 3 2 y}fU^YP) + °-}f{kiyp) + {U, a.}J{ijyp)], 


which we shall denote by 


-IgAijh l)- 


Thus the right-hand side of the equation is - Up(ijky 1), where 

U„(ijk, 0= ^ T;,(ijk)]-yp{ijk, 1), 

now using T^{ijh) in place of the former 
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Thus the equation is 

1 ), 

a 

and therefore, resolving for the various quantities & for the different values of a, 
we have 

that is, 

= a}+ E ^ ^ a,^u,(ijk, 1) 

+ S S «> ^) + S av ^)> 

e J 3 P 

now inserting the characteristic numbers in the function 0 ; and this result we 
take in the form 

_ Ct J OXi 

where, in the function only known magnitudes occur. 

The left-hand side is unaltered by the interchange of the symbols i, j, k, I ; 
and the right-hand side is unaltered by the change of the symbols i, j, k, among 
themselves alone. We thus have 

~^Xi + 

= ^~{j^,o) + Pa{3M,i) 

= “} + Pa (kli, j) 

= -^^-^{^y=°} + PailV,k)- 

and we also have 



d d d 

■ {jkl, a} + --- {kli, a] + , - {lij, a} + - {ijk, a} 


+ Pa (M i) + Pa j) + Pa {^j, + Pa (*>'*. 0 - 


27. Thus there is a relation, equivalent to 

~ {ijk, a} - {ijl, a}= - P,,(ijk, 1) + {ijl, k), 

where, in the quantity Pa(ijh Oj value is unaltered for interchange of the 
numbers i, j, k, and no derivatives of higher than the third order occur implicitly : 
and likewise for the quantity Pa(ijl, k). Thus, from the quantity on the left-hand 
side of the relation, the aggregate of magnitudes involving fourth-order deriva- 
tives disappears. 
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Another (and equivalent) form for the quantity on the left-hand side can be 
obtained. We proceed from the relations (§ 23) 

{ijk, /x} = {ij, fi} + T (ij, k, fi) - P(ij, k, fj.). 


where 


{ifl, = ^ {y. m} + ^ /^) - I P)> 


T{ij, m, n) = 2 ^1‘t [ (**. 3^) + ((/. 

P{ij, [{mi, p) [jp, -f- {mj, p) [ip, ft}]. 


Thus 


3i; 


The expressions, in the two lines on the right-hand side, arc evaluated separately, 
(i) For the expression in the first line, we find that the first term - T {ijy k, /x) 

OXi 

is the sum, over the n values of < — 1, , w, of the quantity 0^, where 

&t^a,,,[{ti,jkl)+{tj, ikl)] 

- %i 1] [W !?} in, M - R ?} (<?. i*) + {jh !/} ikl, ti) - {kl, q) (jq, <t)] 

Q 

- S ?} (i'/> 9) {tq> ik) + {il, q} (kq, tj) - [kl, q} {iq, tj)] 

Q 

- [ {ti, jk) + (tj, ik)] 2 [a,,,{lq, t} + p}] 

Q 

by using the formula (§13) for the parametric derivative of and the formula 

(§ 25) for the parametric derivative of the four-index symbols which occur. A 
first simplification in ^ @t occurs ; for the aggregate 

t 

- S S ?} (*?> jk) + {tl, g} (jq, i*)] 

t q 

= - S S iilh t) (it, jk) + {ql, t} (jt, ii)], 

t q 

and therefore, owing to the property (oh, cd)= - (6a, cd), it cancels the aggregate 

- S X 0 [ (ti, jk) + (tj, ifc)] 

t q 

arising from the last line of 0^. 
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Similarly, for the expression of T(ij, I, jj), we obtain it as the sum, taken 

ox^ 

over the n values of t, of the quantity ^ 0^, where 

flk) + (<?, il^] 

- S ?} (^> fl) - ?} to. iO + {jk> ?} (^. li) - ?} (to. 

(/ 

- «,.< XI [to. y} (to. - {to. y} (<<?. *0 + {ih q) {h> (?) - {*^. ?) (to. (?')] 

Q 

-[(ihji)+(tj , »()] 2 [«»,.{%. 0+«</«{to. m)]. 

Q 

with properties similar to those of &t. 

When the terms are gathered together, various reductions are made. Thus 
by means of the identity (§ 26) 

(ij, mkl) + (ijy him) + {ij, Imk) = 0 

and the other identities affecting this five-letter symbol, the aggregate of the 
terms in the quantity 


becomes 




The remaining terms involve only the four-letter symbols ; and we find that, in 
the same quantity, their aggregate 

^ X) {^?. [^^. to) + ((?. ^0] 


where 


S XI {to. fA [ (<». to) + ((?’. ^’^)] 


U „ = {jl, q) [ {hq, ti) - (tq, i*)] + {il, q} [ (kq, tj) - (tq, jk)} 

- {to. q) [ (to. - (to. *()] - q) [ (to. (?) - (to. to)]- 

(ii) For the expression in the second line of the required quantity, we have 


^P{y,k,,.) = ^W,, = 

where 

= {jP> P} [{^*(. P)-T l> P) + ^(^*. (. PA 

+ {ip, p) [{to^. P) - T{jk, I, p) + P(to. I P)] 
+ {**. P} [{jlp, p} - T{jp, I, fi) + P{jp, I, /x)] 
+ {¥. P} [{Up, P}-^ {ip, I P)+P {ip, I, m)1, 
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= 0>. [ W W ^ hp) + P {il, k, p)] 

+ {ip,p}\.{jkl, p}-T{jl, k, p) + P{jl, k, p)] 

+ P) [.{jkp, p-)-T (jp, k, p) + P(jp, k, /i)] 

+ {?7> P) [{ikp, p} - T (ip, k,p) + P (ip, k, p)]. 

In the expression the aggregate of the terms involving magni- 

P 

tudes of the type {abc, d} is 

= 2 p) ijkp, p) - {ki, p} {jlp, p) - {kj, p) {Up, p} + {Ij, p) {ikp, p}]. 

P 

In the same expression, the aggregate of the terms arising out of the quantities 
T{aPj y, S) is the sum, for the index p, of the aggregate 

{jp, fi} [T (it, hp)-T {ik, I, p)] 

+ {ip, p} {fl, k, p) - T (jk, I, p)] 

+ {li, p} T (jp, k, p) - {ki, p} T (jp, I, p) 

+ {Ij, P) T (ip, k, p) - {kj, p) T (ip, I, p). 

Now 

T (ah, c, A) = ^ 

When this value is substituted, the first line 

=^^^a^t{jp,p}(ii, ik), 
after some reduction : and, similarly, the second line 

= ^Q'^°‘i>t{ip,p]{i3,ik). 

Similarly, after substitution, the aggregate of the third and fourth lines can be 
expressed in the form 

with the same significance for the symbols TJ as before. 

In the same expression, the aggregate of the terms arising out of the quantities 
P(aj8, y, 8), where 

p (a^> y. 8) = 2 [{“y> ?} S} + {^y, ?} {a?, 8}], 

, a 

IS equal to 

{jp, p}P(il, k, p) + {ip, p} P(jl, k, p) + {li, p) P(jp, k, p) + {Ij, p) P(ip, k, p) 

- {jp, P) P(ik, I, p) - {ip, p} P{jk, I, p} - {ki, p} P(jp, I, p) - {kj, p} P(ip, I, p) ; 

and this aggregate is to be summed for the values of the number p. When the 
substitution of the values of the various quantities P is made, and the double 
summation is effected, this aggregate is found to vanish. 
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(iii) Gathering together the various results in the relation 


we 


nj 


note that the quantity - ~ ^ \ 2 summation on the 

ight-haiid side cancels the term - ^ ^ ) l^om the second summation 

I \ p J 

) on the same side. We use a symbol S^{ijj Jc, 1), subject to necessary 

p 

identities 

^)~ ~ 9 h^) — ~ h ^)j 

and defined by the equation 

ii}{ti, lk) + Z{iq, iL}{tj, Ik) 

+ {My M} [ fl) + i^Jy - miy j^) + {tj, ik)] ] 

and the final result becomes 


= S t) - /^} {fl> p) - {j^P’ p} p) + {ji'P> p} i’)] 

p 

1 ^ .... 1 

g 


+ 3^ 2 - 3^ 2 2 “«( (y ’ 


An expression for xf” along a geodesic. 
28. Further, we have had (§ 23) the relation 




' = V 


i j k 


and therefore, differentiating once more along the geodesic, 


-X "" = 




+ 


{ijk, il}(x"x/x^,' + x-x!'x^ + Xi'Xj'x^"). 


As x/', x/', Xjc'\ are expressible as homogeneous quadratic functions of the 
variables x', the right-hand side is a homogeneous quartic function of these 
variables ; we therefore write 


- <"'= 22^9 H)y^/x;x^x{. 
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When we take the full coefficient of the combination in the two expres- 

sions for x^"", we find 

[ 9 9 9 9 ”1 

+ 3“ + 9^^ W, m} + 3- f^} J 

- 12 2 [{^^> «} f*} + «} h) + m} 

€ 

+ O^J e} {*. H-} + «} + {y > «} Mil- 

Let the quantity under the sign 2 1^® denoted by 0^ {ijkl, e), where 6 is unaffected 

e 

in value by interchange of the numbers i, j, k, 1. Also, for the summation in the 
right-hand side of the first line, let the value obtained in § 27 be substituted ; 
then 

4[ - i{ijki, m} - 2 x: e,(^u, €) 

1—^—1 ^ 

= -Pa {jkl, i) + P„ {Mi, j) + P„ {lij, k) + P„ {ijk, 1), 

where, now, both sides of the relation are unaffected by this interchange of tlie 
numbers i, j, k, 1. The magnitude of the coefficient {ijklj /x} in the expression for 
x^"" is therefore known in terms of magnitudes connected with the amplitude. 
Also, we have 

9 9 9 9 

d~x ^ ^ mI + 2 s ^)- 

29. The third geodesic-derivative of a point-variable y is given (§ 23) by 

y"'^'Ei S 2 V ; 

i j k 

and therefore, after another differentiation, 
y ” S ^ S S ^ (Vijk)^i 

ijkl 

+ S S 2 Viik (Xi'x/Xj,' + x/x/'xj/ -h x/x/xj,"). 

i j A- 

When the values of x/', x/\ x^\ are inserted, the right-hand side becomes a 
homogeneous quartic function of the variables x' \ consequently we may write 

«/'"' = S S S V- 

ijkl 

Let the full coefficient of the combination x^x^x^x^ be taken in the two expres- 
sions for y"" \ we then have 

[ 9 9 9 9 n 

- 12 2 [W + c}’?w. + W eiTjy. 

€ 

+ 0*. ^}Vik +{K e}r)f,,+{ij, ejry^fc]. 
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The quantity under the sign ^ will be denoted by 

€ 

a magnitude unaltered by interchange of the numbers i, j, A:, I ; and tlius 

d d d d 

4’7.rti+ 2 2 = 9^- -nm + 9^^ Vku + g- Vm + Vak- 


dxi 


Again, the value of in terms of known magnitudes connected with the 
amplitude was given (§ 26) by 

? H - ? ? I '• 

When this is differentiated with respect to a;,, it gives 


d 

dxi 


dx,dx,Lidx, ^ -to, ? Sji.to,*®*’ 




Now we have 


S ^ 1 1 nvX r, A) - V , A). 


d^y v> f , A 

~ \ dXf ’ 


and the magnitudes in the third line can be expressed in terms of known quantities, 
connected with the configuration. Also 

d d 

dxi + X} + r)^^{ij, A}] ; 


the derivatives 


drji^ 

dxi ’ dxi ’ Bxi 


are expressible by rjjca, and magnitudes connected with the configuration. 

We therefore take 


d 

dx 


dxidxjx^dxi 


dy 


where H is linear in the magnitudes of the types ^ , with coefficients 

OXf 

that are established magnitudes, and is unaffected by an interchange of the 
numbers i, j, Jc. 
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Similarly for the derivatives of ; and therefore 

c 


:=4 


d*y 


dxidxjdx^.dx 


- HUM, i)-H {Idi, j) - H {Uj, k) - U {ijk, 1} 


= 4:^- 


? 2; [i '> + L, + k '* k ** 

- mjkh r} + 2 V e^iijkl, c)J, 


^ dXj. V-dx^ 

dSj 


dx^ dXj dx^ dxi 


-H(ijkl)- 


where II is a function unaltered by interchanges of the numbers i,j, k, 1. 
ingly, the quantity 


dxt dXi alfc ^ dir 


Accord- 


is expressible in terms of known magnitudes, all of which are of orders of 
derivation less than four. 



CHAPTER III 


Curvatures of Geodesics in Free General Amplitudes 


Secondary magnitudes. 

30. Certain magnitudes, connected with the circular curvature of an ampli- 
tudinal geodesic, and denoted by L^j for all values 1, ... , ti, of ^ and^’ independent 
of one another, arc defined by the relation 


the summation being for the range of the homaloidal plenary space. Sometimes 
they are called the secondary rmgnitudes ; while they belong to the amplitude, 
they belong specially to any geodesic in the amplitude, because the direction- 
cosine Y of the prime normal involves the direction-variables of the geodesic 
itself. Owing to the equations 




for all the n values of r, the definition of may also be taken 




. 

dXidXj ’ 


in either form, these secondary magnitudes implicitly involve the direction- 
variables of the geodesic. 

The typical relation, for the circular curvature of a geodesic and for the direc- 
tion of the prime normal, is 

— • 

P i 3 

Let this relation be multiplied by its own Y, and let the product be summed for 
all the plenary range of values of m ; because ^Y^=l, we have 


1 

P 


r i 3 




a first expression for the circular curvature of the geodesic in the direction 
x/, ... , x„\ But the expression is not, ultimately, a bilinear polynomial in 
the variables x\ because they occur implicitly in the coefficients 

A different expression for the curvature comes as follows. We have 



^ v) =2 S S 
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the summation extending over the range i, j, k, I, =1, , n, independently of 

one another. It is more convenient to take the equation in the form 


S ^ E S + 6 S E ZmiXiV 

p ^ i ^ i T 

+12 E E E^.-.«<v<+24 2: E E 

i k l i j k 1 

where in ^ ^ , the wsummations are for values of i and I unequal to oiie another ; 

i I 

in ^ ^ the summation is for values of i, k, I, no two of which are to be 
equal ; and in ^ 2 summation is for values of i, j, ft, I, no two of 

i j k I 

which are to be equal : these said values being selected otherwise, unrestrictedly, 
from the range 1, 2, ... , n. In particular, the values of the coefficients Z, in 
terms of the coefficients rj, are 

z>nii= 

^iiil 'naVil'i 

^^ijkl ^ J iViiVkl ^ VilVik)} 

these summations being taken over the whole of the symbols rj corresponding to 
the m space-variables. 

Next, proceeding from the same t3rpical relation connecting the curvature and 
the direction of the prime normal of the geodesic, and multiplying throughout 
by the left-hand sides (after addition) give 


1 




At . 


and therefore, for all the values a, j8, =1, 2, ... , n, we have 


P i j 


On the right-hand side, only some of the coefficients of the quantities x/x/ are 
expressible in terms of the coefficients Zijki ; and, owing to the earlier value of 
p, this relation implicitly gives as an irrational homogeneous function of 
... , Xnf of degree zero. 

In certain investigations, connected with the later curvatures of an ampli- 
tudinal geodesic, these quantities Lij frequently occur in the linear combinations, 
given in denotation and significance by the relation 
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These combinations can be expressed simply in terms of derivatives of the curva- 
ture, taken with regard to the direction- variables x'. 

As l/p^ is a rational quartic polynomial in the direction- variables ... , x^', 

and usually is not a perfect square of a quadratic polynomial (the exceptional 
instance arising when the amplitude is primary to its plenary homaloidal space), 
the quantity 1/p is homogeneous of the second order in those direction -variables 
and usually not rational. Now 


r m ^ i i ' 


and therefore 
d: 


m ^ i j ' ' j 

m P ^ i t 


Hence 


r j 


2v. 




where, on the right-hand side, the quantity 1/p is a non-rational homogeneous 
function of the direction-variables of the geodesic. 

Manifestly 

i P 

whether we use the result for in terms of the quantities L^j or use its expression 
as a partial derivative of 1/p. 

As already stated, the forms 

n 

Vi= (i=l, ... , n), 

pi 

in association with the expression for 1/p, given by 

P i j 

and connected with that expression by relations 

will recur later. Moreover, there is a permanent equation 

v=y'. 
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arising out of the expression for the arc-element of the amplitude ; and we shall 
require forms, denoted by and bearing the same apparent relation to TJ as arc 
borne by the forms to 1/p, being defined by the equations 

Ui = ^ j ^^ 7 > 

for all the values of i=l, ... ,n. 


These values of arc the actual partial derivatives of U with regard to the 

direction- variables x\ The values of arc the apparent partial derivatives of 1 /p, 
for no account has been taken of the fact that the magnitudes L^j are implicit functions 
of the direction-variables ; on the other hand, these values of have proved actually 
equal to those partial derivatives. The explanation of the elusion is to be found, as 
follows. We have 


and therefore 


Ljcl / / 

P i j 


1 

P dx- 






Multiply throughout by the combination X//xi, and then take the sum of the products 
for all the values k,l, =1, ... , as usual. 

The left-hand side becomes 


2j 2j ^ ^ / ( )■ 

Pki oXi P dXi \pj 

The right-hand side becomes 

= 2 ^ X (Vkl^ic'Xi)) r]ijX/ 

’ ’ P P Sxf’ \pj 


Consequently we have the result 


V V ' 3- V '— ^‘-0 


for all the values i = l, ... , n. 

When we proceed from the relation 




and take into account the implicit occurrence of the direction-variables in Lj^i, we have 
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The s(3Cond term on the right-hand side is equal to zero, by the foregoing result ; the 
first term is 2^^- by definition ; and therefore we again find the earlier result, obtained 
by partial differentiation of 1/p, proper account having been taken of the inferred 
occurrence of the direction- variables of the geodesic in the magnitudes L^j. 


31. Connected with the directions of the tangent and the prime normal, and 
leading to these quantities Ui and v,-, for ^■ = 1 , , ti, these are sums, symmetric in 

space-magnitudes, of frequent occurrence. One of these is the quantity ^ j for 

all values of r : the other is ^ Y' - — , likewise for all values of r : the sum, in each 

€X^ 

expression, extending over the range of the plenary space. 

For the former, we have 




" dx^' ^ )dx. 


— Ur 


with the significance of the symbols u just assigned. 

For the latter, we differentiate the relation 

along the geodesic, so that 

^ ox^ — ' as \dx^J 

^ ( d^y , dhj , dhj A 

^ ^ ^ dx^dx, + ' ' ' + j 

~ ■l‘^2r^2 d" • ■ - ^ L^r^'n )> 

by the definitions of the quantities L^j in § 30 ; and the value of the right-hand 
side is - Vj.. Hence we have 






which arc the two results in question. 


32. It is convenient, at this stage, to consider the binormal and some of the 
other principal lines in the orthogonal frame of a geodesic. The n-fold homaloid, 
tangential to the amplitude, contains n independent directions which, in various 
aggregates, can constitute a completely orthogonal system within the range of the 
homaloid and at the same time can supply a set of guiding lines for the homaloid ; 
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and, in the latter service, they must he equivalent to the n parametrie lines with 
spatial direction-cosines proportional to 

9^1 9 ^ 9 ^ 

dXr^ dXr' dx/ ' ' 

for r=l, , n. 

An amplitudinal geodesic can be regarded, simultaneously with its geodesic 
quality in the amplitude, as a curve in the plenary homaloidal space within which 
the amplitude exists ; and when thus regarded, its orthogonal frame is built on 
its n-\-n' principal organic lines which themselves constitute a completely ortho- 
gonal system. The first of these principal lines in the march of the curve is the 
tangent to the curve ; and this tangent lies in the n-fold homaloid tangential to 
the amplitude. The second of the principal lines, however, is completely outside 
that tangential ^-fold homaloid ; this second principal line is the prime normal 
of the geodesic, and its direction has been proved to be orthogonal to the homaloid 
in question, being at right angles to every direction in the homaloid. It is there- 
fore natural to enquire whether any of the succeeding principal lines of tlie geodesic, 
and, if any, which of these lines, can have their directions lying within the n-fold 
tangent homaloid of the am])litude. 

Accordingly, consider the osculating plane of a geodesic. As the tangent and 
the prime normal of the geodesic determine the osculating plane, its space- 
equations can be taken in the form 

II y-y> y’’ ^ 

the direction- variables of the tangent being y-^, y./, ... , and those of the prime 

normal being Yg, Yg, ... , as in § 21. Any direction in the plane has spatial 
direction-cosines 

for all values of m, where a and j8 are parametric for the aggregate of directions ; 
and therefore any direction through the point, represented by the ratios of the 
quantities (jm-ym for all values of m, is at right angles to the selected planar 
direction if 

and consequently it is at right angles to every such direction, that is, it is ortho- 
gonal to the plane, if 

These two equations combined therefore are the space- equations of the 
(7i-hw'-2)-fold homaloid which is orthogonal to the osculating plane of the 
geodesic. The complete homaloid, orthogonal to the osculating plane of any 
curve, contains all the principal lines of the orthogonal frame of the curve which, 
in rank, are subsequent to the tangent and the prime normal ; and therefore all 
the principal lines of the geodesic, other than its tangent and its prime normal, lie 
within this homaloid. 
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Next, consider the (wH- l)-fold homaloid H, represented by the space-equations 

dy dy dy 


y-y^ a 


= 0 : 


dxy ’ dx^ ’ ’ dXn ' 

manifestly, it contains the n-fold homaloid tangential to the amplitude and also 
the prime normal of the geodesic. Its intersection with the (w + w' -2)-fold 
homaloid, ort,hogonal to the osculating plane, consists of all the points 

dy dy dy 


y-y~ 


(where, as usual, y is the typical space-coordinate), the parameters a^, , a„, a, of 

which are such as to satisfy the two equations 

Yd{y-y)y'=^y '£i(y-y)y=^- 


Now we have 






the former holding for all values of r=l, , n; the second equation of the 
orthogonal homaloid therefore requires the condition 

a=0. 

Again, we have 

dx^ ^dx\dx^ dx2 dx^ 

in the notation stated in § 31 ; and ^y'Y=^0 ; hence the first equation of the 
orthogonal homaloid requires the condition 

A return will be made later to the latter condition. The former condition shews 
that the intersection of the (?i -j-n' - 2)-fold homaloid with the (n + l)-fold homaloid 
is given by the points 

dy dy dy 

with a single relation between the parameters a^, . . . , : that is, the intersection 

in question lies in the homaloid 

!l 

-0, 

which is the n-fold homaloid tangential to the amplitude. Now the (n -f n' - 2)-fold 
homaloid contains all the principal lines of the geodesic, subsequent in rank to the 
tangent and the prime normal ; and therefore we may expect that, in the fore- 
going intersection, several of such principal lines will be found to exist in the 
n-fold tangent homaloid. 


dy 

dy 

y~y’ dx^’"' 
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P\ 


Binormal of a geodesic : the torsion. 

33 . In the first place, the (w+l)-fol(l homaloid H obviously contains the 
tangent to the geodesic, the equations of which are 

Vi y2 

for the coordinates of every point on the line satisfy the equations of the 
(wH-l)-fold homaloid. This is equally obvious from the fact that the (w4-l)-fold 
homaloid contains the tangent homaloid of the amplitude. 

In the next place, the (n+l)-fold homaloid H contains a second tangent of 
the geodesic : that is, it contains the tangent at a small arc-distance e along the 
curve from the initial point. For the equations of such a tangent are 

fh - (yi + m') Ji2- (y2 + ^ 

2/i'+^2/r' y2+^ih ■■■ 

and so the coordinates of any point on the line are 

.Vm ym ^ym d" Q ) ? 

that is, 

Vm - 2/ ^ (e + 6) Vm + -- Ym 
P 

which manifestly satisfy the equations of the (u- f l)-fold homaloid. Thus the 
(?H- l)-fold homaloid contains the direction of a second tangent, drawn at a con- 
secutive point, distinct from the tangent at the first point in the osculating plane, 
and not lying in the tangent homaloid ; hence the (n-f- l)-fold homaloid, contain- 
ing two consecutive tangents and the prime normal, contains the flat determined 
by those tangents and the prime normal, that is, it contains the osculating flat of 
the geodesic. The osculating flat at any point of a curve contains the binormal of 
the curve ; and therefore the binormal of the geodesic lies within the (n-f- l)-fold 
homaloid. The t)rpical spatial direction-cosine of the binormal, being denoted as 
usual (§ 8) by must therefore be such as to satisfy equations 

h = (^1)3 T- (^2)3 ^ + (^).3 y 7 

for appropriate values of the parameters (A2)3, ... , (A„)3, (A)3. But, because 
the binormal is always at right angles to the prime normal, given as to direction- 
cosines by the typical quantity Y, we have 

^kY = 0; 

and as 


for r=l, , n, it follows that 


(A)3 = 0. 
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Consequently 


'S/ ■•• + dl„ ’ 


for appropriate values of (A^) 3 , which will be determined later ; and therefore the 
binormal of a geodesic lies in the n-fold homaloid tangential to the amplitude. 

It is an immediate inference that, for a surface existing freely in multiple 
space, the binormal of any superficial geodesic lies in the tangent plane of the 
surface. When the homaloidal plenary space is triple, so that we have to deal with 
the customary theory of surfaces due to Gauss, this result follows at once from the 
consideration that, as the binormal is perpendicular to the prime normal, which itself 
is at right angles to the tangent plane, the binormal must lie in the tangent plane. 

34. It remains to find the values of the parametric coefficients in the expres- 
sion for /g, as a typical direction-cosine of the binormal. This typical direction- 
cosine, in the Kreiiet equations, is given by the relation 

^3 

da Pi p 2 ’ 

in general ; while, for a geodesic, we have 

aU associated with the typical variable y. Hence, using p and o instead of 
and p 2 , we have 

Y\ 




+ {KhZ~=-y’+oY'. 


Consequently the parameters must be such as to satisfy the set of equations 

dy_ 

'dxn~ p' 

There are only n parameters, while there are n h n' relations : the co-existence of 
all the relations is ensured by the property that, as the binormal lies in the tangent 
n-fold homaloid of the amplitude, its direction-cosines are expressible linearly in 
terms of the direction-parameters of leading lines in the homaloid. 

By 

Let the typical equation be multiplied by - , where r has any value 1, ... , n ; 

uX^ 

and then let the sum of the products.be taken over all the equations. The value 
of the left-hand side in this sum 

= -^lr(^l)3 + ^2r(^2)3+ ••• + -^nr(An)3 • 

while the value of the right-hand side in the same sum 
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by the results in § 31. Hence 

'^lr(Al)3"f"-^2r(^2)3'^ "1“'^ nr (^ 71 ) 3 “^ ^ “ j 

an equation holding for r = 1 , . . . , w, and therefore typical of an aggregate of n equa- 
tions, determining the n parameters. When these n equations are resolved, we have 

the summation being over the values r = l, ... , n. Now 

~ ^ j ■^2r^2 “t" ■ • • “H ^rnP^n ) 


because of the determinantal properties 

^ ^ fir — ^ J — ^5 

r r 

when, in the latter, A and [i are different. Thus, finally, 


( ^/i)3 p » 


equations which give the values of the parameters in the expressions for the 
direction-cosines of the binomial. 

One analytical result of importance can be deduced. When these values of 
(A ^)3 are inserted in the expression for Z 3 , the aggregate of terms involving the 
variables x' is 




^y.x']~-v' 

* 


and the aggregate of terms involving the magnitudes Vj. is 


Also we have 




(,=-!(' +«y'. 

P 

Consequently we have the result 

giving the arc-derivatives of the spatial direction-cosines of the prime normal of 
the geodesic. 

As an immediate corollary, we have the result 






already obtained in § 31. 
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35. Further inferences may be noted ; they will arise also in other associations. 
Hy the foregoing analysis, we have 

nr (^77)3“^ ^ ^ ~ ^r^ j 

for all values r = 1 , ... , n, and therefore 

Iv; 

^ jh 2 — ^r- 

a dXj. p 

Consequently for all directions in the arajditude, given by the n equations 

-iv=o, 

P 

which arc homogeneous in the direction- variables ... , x^', made specific by 

the permanent relation ^ we have 

i j 

~ >:<. *=o. 

o- ^ dXj. 

Now not all the magnitudes ^ for r— 1, can be zero ; the impliea- 

uX.j. 

tion would be that the line, with direction-cosines typified by l^, is orthogonal to 
the w-fold homaloid touching the amplitude w'hereas, in fact, it lies within that 
homaloid. Hence, for all the directions specified, we have 

U: 

cr 

that is, the torsion vanishes. Consequently, through any point in the amplitude, 
there are directions given by 


u 

— -v,.=0, (r=l, ... , n), 

P 


such that the torsion of the geodesic in those directions is zero. We shall find 
(§ 54) that this property is characteristic of the curves of circular curvature at 
any point in the amplitude. 

Next, it was noted (§ 8) that, for all geodesics in any amplitude, where direc- 
tion of the prime normal of the geodesic is denoted by Y as the typical direction- 
cosine, we have 




(the summation on the left-hand side extending over the space-range), as an 
immediate consequence of the Frenet equation 


h 



p 



35] TORSION OF A GEODESIC 

It has (p. 77) been proved that 
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and therefore, for any geodesic in the amplitude, 

It) 


m X tj, r t 

^ ^ 

A ti r t 

Now ^ is equal to zero when A and r are different, and is equal to Q when 

A and r are thf? same ; and therefore the right-hand side 

r t 

Conscqu(Mitly 

^ (^2+^2) = ^ <^rtVrVi, 

a relation which gives an expression for the torsion when the value of the circular 
curvature is suiistituted. 

A modified form can be given to the relation, so as to yield an explicit expres- 
sion for the torsion alone. We have 

+... + Ai„X„'.. 


and therefore 

^aiiUi=Qx/. 

Hence 

i 



Hence also, as (§ 30) 

1 j J 


1 , 

r j 

we have 



r j ' i ' 

Consequently 



^ ^ (s S wT 

^ T t ^ i j / 

"(s (d - (s 

\ i j ' ^ i j ' ^ i j ^ 


i 3 k 


^iky ^il 
djlci 


Ui, Ui Ui 
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the explicit expression indicated. It can also be stated in the form 



-4i2» •• 

■ j ^Im 

Wl, 


^21t 


■ j ^2nj 

U 2 , 

^^2 


‘^n2i 

■ j 

u„, 


Wl, 

^2, .. 

■ J 

0, 

0 

^1, 


• J '^nj 

0, 

0 


We may remark, in passing, that a similar equation for the circular curvature 
exists in the form 


yp^ 

^1, 

^^29 ■ 

■■ , 'i’n 

= 0 . 


^llJ 

^12» 

■ ■ j -^In \ 



^219 

^22» ■ 

■■ ■. A2n 



^nl9 

^n29 

j ^nn 



Note. In the course of § 32, it was shewn that, when any line in the n-fold 
tangent homaloid, which also lies in (w + n' — 2)-fold homaloid orthogonal to the 
osculating plane of the geodesic, has its t 3 rpical spatial direction-cosine given by 
an expression 


By dy 


dy 




where Uj, ... , are parameters, these parameters must satisfy the condition 


+ . . . + a^Un = 0. 

The binormal is such a line, and its parameters arc (A^) 3 , for /! = !, ... ,n, where 



and therefore the condition 


a 

Q 




should be satisfied. Now 

2 S {(QXr')Vr} = - 

T ti r P 


and therefore the required condition is, in fact, satisfied, so far as concerns the 
expressions for the direction-cosines of the binormal. 
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Expression for ^ along a geodesic. 


36. The earliest Frenet equations, being 


for any curve, become 


dl-^ ^2 dd^ l'^ ^ l^ 

ds p* ds p (j * 


k-~-y', h=py", ^^=^ + p'y"+py'’\ 

a p 

for a geodesic on the surface, while py" = Y. Now we have 


and tlierefore 


so that 


P:£^' + P^Yy’'' = 0, 
P 




The value of y'" has been obtained (§ 24) in the form 
where 


y'"='^ ^ 

i j k 


' dx, dxj dx„ ^ dx, 

_ % 


We have 


'Ll p} + Vip{^> p) + ’?fcp{y> p)] 

1> 

By 

^ ’’Hi*. P) + {3P> 'r}{ki, p) + {kp, r}{i^, p}]. 

T p 


for all values r, A, /x, — 1, ... , n ; and therefore 


y j ^Vtjk “ ^ ^ p} + 2^} + ^^kviVy p}] 

on introducing the symbol to denote the value obtained for Hence 

we have the arc-derivative, taken along the geodesic, of the circular curvature of 
the geodesic in the form 


d 

ds 



J 


k 


with the coefficients as defined, such coefficients being unaltered by inter- 
change of the integers i, j, h. 
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The result can be obtained in a different maimer, which leads incidentally to 
expressions for the arc-derivatives of the quantities From the definitions in 
§ 30, we have 




dXi dXj ’ 


and therefore, on differentiating along the geodesic, 




dx^dxjdxj, 

A value of Y' was obtained (§ 34) in the form 


hence 


+ y F' 


dXidXj 




dXi dXj Q 




Q H'] 

^•5 r 

~ Q f 0 J 

on the introduction of the Christoffel symbols. As usual, 

or i?, 

/* 

according as I and r are different, or are the same ; thus 




and so 




dXi dXj dxj^. 


- 2 r}. 


The circular curvature is given by the relation 

;=2 


\p/ i j as A #x 

= ^ (S ^ dx^dldx) ^ ^ S r} 

-2222 A} 

7 \ H p t 

-'El 'H i 'E l h)- 

\ n p i 


and therefore 



37] 


ALONG A GEODESIC 


83 


Also 

q 

and therefore 

where 


^«.= S ( r ') - ? w, A) - SMK, rt 


= ei, 


ijki 


with the former definition of the magnitudes 6^^ : that is, 

\p/ i j k 

the summation being taken for all the values i,jjk, =1, , n, independently of 

one another. 

Also, we have 


~ r^ijk "h J 

A; I— /I ti —I 

which is the general expression for the arc-derivative of the magnitude Lij taken 
along the geodesic. 

Just as it is convenient to have partial derivatives of ^ 2 A^fclx! and of 

i j 

y] y^LijX/x/ with regard to x^, x^', ... , a;,/, denoted by the special symbols u 
i j 

and V, so it is convenient to denote the like derivatives of 2 S S 

i j k 

by a special symbol. We write 

1 3 




for all the values fi-l, ... , n. Apparently, these quantities w^, ... , w^, are 
homogeneous quadratic forms in the variables x' ; the coefficients Cijj., however, 
involve those variables implicitly, through the occurrence of Y and of magnitudes 
K in their values as defined. 


37. In subsequent investigations, we shall require the values of arc-derivatives 
of the quantities u and v along the geodesic. 

Differentiating the value of u^., as given by the relation 

^ J f 
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we have 


dUr_ „ ; J /i 

~ ^ 2ij ^rv^v 


ds 


p 

,dAr 


But, by § 12, 
and 


rp{y, p}Xi'x;. 

ii t 

dA 


I j p 


.;-^=^[ArAlxt',p} + A,Art,p}]. 

p 


111 S S Arj,{pl, P}x-;/x/= S S S Ar^{ij, J^x/Xj', 

fi t p i J P 

on chanf^ing fi, I, on the left-hand side, into ^ and^'. Hence 

n t p 

= Iil 

t P 

by the definition of u^,. 

As the combination ^ {'rtj])}x/ is of frequent occurrence, we denote it by 


where convenient, so that 


9 vt~Yj{A, v)xi. 


where it should be noted that, in g^,^, the numbers r and p ar(i not interchangeable : 
and g^r has the same relation to - the value of which is 

S U K P}Xr'Xt', 

r t 

as Ui and have to ^ ^A,yX/x/ and ^ '^L^jX/x/ respectively. Then we 
liave ' 

du, 

^ j 9vr^^P 9lr^l 92r^2 9nr^ny 

which is the value of the derivative of ; and the result holds for r— 1 , ... , n. 
We proceed similarly to obtain the derivative of given by 

'^r~ ^ I ^^ru^’iL • 
p- 

On diflerentiating along the geodesic, we have 

dVjr_ V -V , V r 'r " 

ds~^ ’ 

which, on substitution of the derivatives of the successive quantities becomes 

(Iqj 

^ S ^ S 0 + XiJLt,,{lcr, <}] 

- ^ ^ P}Xi Xj'. 
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S ^ ?}«= S 2 vW'^k 

i 3 V n k p 

S S 0V^k'> 

p k t 

on first changing i and j into fj, and k, and afterwards changing p into t ; and 
therefore 

2 ^ +252 

Also 

2 ^ =l (2^2 = 


and therefore 






Wj. -{- - 1 g2r^2 ^~ ■ ■ ■ 0 tiT^ 11 1 

which is the value of the derivative of t\.. The result holds for r — 1, ... , n. 


38. Further, using the value 


we hav('. 


ds\dxj qW ‘ ^ jar,, * W,, 

\ V ^ - *.' 

^ dx„ (Is \dx I 2 ^ ^ ^nr. ?nr. ?'T.. * 


t' dx^ dXr dXi 


and therefore 


==2=^<'K H-] 

i 

= 22 

i k 

— ^yffkr^k/j > 


As usual, we have 


ovQ, 


according as k and t are different or are the same ; hence 


S^lg)=-S. 
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Earlier (§31), the relation 

was established ; therefore 

ST' v" 1 V' ^ ( ^y\ 


^ dXj. ^ ds \dxj 




and thus there follows the result 


Moreover, when second derivatives along the geodesic arc effected on the 
relation ^ Y have 

s{4(l.)}"^s{r^(^)}.Sr'£=o; 

and therefore, on substituting the values of the second and the third terms, it 
follows that 




This result can be otherwise established, by evaluating 

2i'[S5|rl-"+S? 

The foregoing relation 

yv"!^ = -w. 


can be deduced, by constructing an explicit expression for Y” in terms of magni- 
tudes belonging to the amplitude. Because 


•wf ^ V'' V'' ^y 


we have 


^ ~ \^ds \ ]Q7 ' dXi ‘ * dx,~dx„ 


Now, by § 13, 




d fan 
ds \jQ 




“ Q 2 ^3v9ip)> 
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so that the first term in the expression for Y" becomes 

1 di 

Q 2 S ^ ^ iP'i'pQo'D ^ivGiy) • 

In the second term of that expression, we substitute for 
relation 

That second term then consists of two parts. The first is 

1 


dXjdxj^ 


from the 


while the other part 




Vjk 5 


liS i j k r 

I ^ ^ ^ ^y 


I j P 

Thus the second term in the expression for Y‘ 


1 r f ^ ^ ^ ^y 

~ Q Vik ~~ Q ^ zL/ * 


i j k 

The third term in the expression for Y 


“ 13 ^ ^ ®"“'' dx] “ jQ ^ ^ 3 - ■ 

Gathering together the three terms thus modified, wc have an expression for Y' 
in the form 

5"'' = - ^ ^ ^ 9^, - 22 S S ^ 

The cited relation follows immediately. For all values of i, j, Jc, we have 


and therefore 




using the customary properties of the first minors of Q, 

A modified form of the second term in Y" will be obtained in § 40 ; and the 
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relation between the two forms of this second term will result from later equations 
to be established (§ 44) concerning the magnitudes rjjj,. 


Thnormal of a geodesic : the tilt. 

39. We next proceed to find the direction of the trinormal of a geodesic of 
the amplitude and the magnitude of the tilt. 

For the purpose, we return to the (n+l)-fol^ homaloid H 


y-y, 




It has been shewn to contain the tangent at the initial point 0 and the osculating 
|)lane of the geodesic at 0 in the direction xf, , xf. It was also shewn to 
contain the tangent at a point contiguous to O, by noting that the equations 
of such a tangent satisfy the equations of the homaloid ; and, for this purpose, 
the small arc to the contiguous point was, in magnitude, retained to the first 
order; and consequently the l)-fold homaloid contains the osculating flat 
of the amplitudinal geodesic. We now proceed to prove that the -f- l)-fold 
homaloid contains the tangent to the geodesic at a next consecutive point, thus 
containing a direction not lying in the osculating flat : and, for the purpose, it is 
suflici{‘nt to take the tangent at a point contiguous to 0, now retaining the second 
[)()wer of the small arc. The equations of this tangent now are 


Vi -(yi + eyi' + \ €^yi') ^ (y2±eyl+}^y«’) ^ 

yi+eyi"+h^yi" ' yi +m"+h^y2" 

where Q is parametric along the tangent ; and therefore any point on the tangent 
is given, as to its coordinates, by the typical relation 

y-y^ y' + Q) + y" + eQ) + y-'h^Q. 


It has been proved (§ 33) that the binormal of the geodesic lies in the w-fold 
homaloid touching the amplitude, its direction-cosines being such that 


^3— (^1)3^^ + ■•■ + (^n)3 



the coefficients being determinate! For the geodesic, we have 


and, as 




^^=y'" + 

up 




op p^ ’ 


always, so that 
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P" i^Xilap^ p“ 

Thus the t 3 ^ical coordinate of any point on the tangent acquires the form 




Y 

p 







and therefore the coordinates of any point on this new tangent satisfy the equa- 
tions of the (n f l)-fold homaloid H : that is, the tangent lies in the (?i-hl)-fold 
homaloid H. 

This tangent at a second consecutive point of the geodesic, and the osculating 
flat at the initial point 0, when they are combined, determine the osculating 
block of the amplitudinal geodesic at 0, which therefore lies in the (w+l)-fold 
homaloid H because it contains the new tangent and the osculating flat at (). 
This osculating block contains the trinormal of the geodesic at 0 ; and con- 
sequently the trinormal of the geodesic lies in the (/M- l)-fold homaloid. ])enoting 
a typical direction-cosine of the trinormal by in accordance with the notation 
used (§ 7) for the Krenet equations, we must have expressible in terms of the 
direction-parameters of the (n-f l)-fold homaloid, so that values of parameters 
pi must exist such that 






Again, the trinormal is perpendicular to the three principal lines of the ampli- 
tudinal geodesic which are of earlier rank, viz. the tangent, the prime normal, 
and the binomial, so that we must have the three relations 


v;y,=o, 


satisfied by the parameters in 
In the first place, as we have 


Vy 

^ dXr 


for all the n values of r, the relation ^¥1^=0 gives the condition 
Thus the typical direction-cosine of the trinormal is given by 

1 -R j. 4.ft 

where the magnitudes /3 are parametric : that is, the typical direction-cosine of 
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the trinormal is expressible linearly in terms of the direction-parameters of the 
n-fold homaloid of the amplitudinal geodesic. We therefore infer the property 
that the trinormal of an amplitudinal geodesic lies in the n-fold homaloid which 
is tangential to the amplitude. 

In the next place, as we have 

dx~ " 

the condition to be satisfied by the parameters of ^4 becomes 


In the third place, we have 


h=l+Y', 


and = so that the condition 2^4“^ becomes 

^Y\=0, 


that is, 




and therefore, by an earlier result (§31), this condition becomes 

PiVi+...+^„v„ = 0. 

These two conditions, however, merely secure that the line, specified by the 
parameters ... , is at right angles to the tangent and to the binormal ; its 
specific association with the curvatures still has to be secured. As regards the 
typical direction-cosine of the trinormal of the amplitudinal geodesic, it is given 
by the modified form (§ 8) of the Frenet equation 


(TT ^ ds \p/ ^ 




which is general for all such geodesics ; and now it is known to be given by 

7 -fl ^y--u ^y 

for our immediate representation, with the duly determinate values of j8. We 
therefore have to find the parameters such that the relation 






is satisfied for all the different space-coordinates and the associated magnitudes 

k, Y. Y". 
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The form of the relation, so far as the left-hand side is concerned, is justified 
by the theorem that the trinormal lies in the n-fold homaloid that touches the 
amplitude ; yet the expression on the right-hand side contains the typical direc- 
tion-cosine of the prime normal which is orthogonal to the homaloid. The explana- 
tion of the apparent paradox is that the later occurrence of Y” also is a corrective 
of this orthogonality to the tangent homaloid, as will appear from a later formula. 
Meanwhile, we note that, on multiplying the equation by Y, adding for all the 
products, and using the relations 

SW=o, 

we have 

which ultimately is an old relation : for ^ ^ therefore 


by the customary relation (§ 8). 

To determine the actual values of . . . , j8„, we multiply the relation through- 

dy 

out by , and sum the product over the spatial dimension-range. Then, as 

Sy|;=o, 

by relations already obtained, we have 

1 

<j as \p/ a 


Wr 


or 


-aWr. 


This relation holds for r = \, ... , n\ and therefore it gives n equations linear in 
the n parameters j8. When they are resolved for these parameters we find 




Now we have 
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and therefore 




^ V' 

^lir^r Vy X j 


SO that the values of the quantities ^ can be regarded as known. 

Ijct these values be substituted in the expression for as postulated initially 
in the form 


We have 


ion w(^ tiav(‘ 


that is, 


V'' t ^y r 

S 2= -«»•'= 




U ,, d(v\ , rf /i\ 1 


OT ds \p/ ' ds \(t/ Q *7 


rS ^ i J ^ur'^T 


40. One inference is immediate. When the former general expression and the 
later specific expression for are compared, we have 

an expression for Y" similar to the ex])ression for Y' in the form 


1 X'' V'' 
r fi 


Now ^ y y' = 0 because ^ y^ — 1 ; hence multiplying the left-hand sides of those 
e(j nations together, and adding for all the products, we have 






I ^ X) 

r p \ 


As usual, y]A,j_^a^r = ^ if ^ ^ different, and if A and r are the same ; 


and therefore 


^rY”=l^y,ar,v,w,.. 

T V 




Moreover, 
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and therefore we have 

-O (J^3 + -3) ' 

Further, a comparison of the foregoing value of Y" with the earlier value in 
§ 38 gives the relation 



and when a later value (§ 44) has been obtained for in terms of direction- 
cosines of princi])al lines of the geodesic, the relation will provide some covariantive 
properties of the amplitude. Meanwhile a critical verification may be noted ; for, 
on multiplying by Y and adding all the products, we have 



^ ^ ^ ^ ^ ^ aaViVj, 


a known result. 

It appeared (§ 39) that the parameters )3i, ... , in the expression for must 
satisfy the two conditions 


/I /i 

The verification, that the obtained values do satisfy the conditions, is simple. For 
the first of them, we have 



and 
so that 


Ufy' = 1 , -- 

/X jU 




Let these values be substituted ; then 
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For the second condition, we have 




and 


while (§ 35) 


and (p. 93) 


r /i \p u / 

E S • 

r n \p u / 


Let these values be substituted ; then 

EM.=o- 

Accordingly, the two required conditions are satisfied by the values of the para- 
meters j8. 

As a last inference at this stage, we form an expression giving the magnitude 
of the tilt 1/t. 

The typical direction-cosine of the trinormal is given (§ 39) by the equation 


(7T y (Is 



1 

Q 


^ j ^ I 

r ti 



Let both sides of the equation be squared, and the sums be taken for the dimension- 
range. We have 


so that the sum of the left-hand sides 


E^42/'=0. EVs-O, Ey'^a=0; 


I /O 

p ^ cr “ 

— lT ._j 

cr p^ (T^ 

The sum of the right-hand sides 

r p A 

Q , 

r p 




-o/ 


and therefore 
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For comparison, we may record the results of like form in the bilinear com- 
binations of Wf . : in addition to the result just stated, they are 

r p 

^ j ^TP^T^P ~ » 

r p P 

r p 'r ^ ' 

X, . ^ (i\ 

Expression JOT — - j . 

41. The first arc-derivative of the circular curvature of a geodesic has been 
obtained in the form 

where the expression of the coefficients in terms of earlier magnitudes, is (§ 36) 


+ + 

and where, for the aggregated product x/x/xj^', the full coefficient is For 

the determination of the parameters in the spatial direction-cosines of the quadri- 
normal, we shall require an expression for the second arc-derivative of the circular 
curvature. 

From the foregoing formula, we have 




(p) = S S ^ S '^e,M'x/x^+x/x/'x^ + x/x/xn ; 


and it is not difficult to see that, when the first derivatives of the coefficients e 
are substituted in the first summation and when the values of x/', x/', Xjt", 
have been substituted in the second summation, the whole right-hand side becomes 
a homogeneous quartic function of the variables x^', ... , x^. We shall write 






in which the full coefficient of the aggregated product x-x^x^x{ is ; and 

it will be found convenient to write 
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so that, for all values I, , n, the quantity denotes a homogeneous cubic 
function of the variables , ... , 

Taking the foregoing value of in the form 

we have 

\^ ( Y ^ r ' - V ^ y' ^ _ V 

(Is dxidxjdxj^dxj dx^dx^dxj " ds 

The value of Y' has been obtained in the form 


so that 


V' V'' N.'' 


V V' 


dXi dXj dxjc 


~ Q ^rO Q 


on using th(i symbol defined in § 22. But 


^ar^Aro=-0, or 

r 

according as fj, and d arc different, or are the same ; hence 




d^y 


dx^ dxj dxj, 




'ij¥ 


which is a linear expression in the variables x^\ ... , x,/. 

(10 

Further, as regards the quantities , we have 


^ ^0 [_^abc + ^ {Lao {be, 6} + {ac, d}) , 

= ^ {[°* J ' S W )>> f W' rt + ^ S ^ M j} ; 

d@ 

and the substitution of such values gives as an expression which formally is 
linear in the variables a;/, ... , a:^„^ 

Consequently, when the full values of the arc-derivatives of 6^,^ are substituted, 
we obtain the stated quartic form for the magnitude denoted by T. 
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42. The full typical term in T is 

dT 

so that the full typical term in is 

OXj. 

The full typical term in ^ ^ i® 


and therefore we have 


j k I 

^r= ^ S 

j k I 


The value of the quantity of § 36, is 


and therefore 


a 


dWr_ ^ dCraff , , 




As above, we have 


a 0 V 


+ E E E + X^X^X^'). 

a P V 

In forming the partial derivative of T with regard to any variable x^.', account 
must be taken of (i), the numerical coefficient of each term in the various summa- 

dT 

tioiis so as to secure the relation t^ = \ -- ; next, (ii), the occurrence of in the 

OXf 

term so that, in the typical term of the first summation, it will arise out of 
de . . 

, and likewise in the part of each term of the second triple summation other 

than the quantities x" ; and (iii), the occurrence of x/ in the quantities 
In particular, for (iii), we take the value - ^ ^^v'Xq'ipq, a} in place of x^" in the 
summation. Thus we shall have two kinds of contributions to tj.. One consists 
of the two double summations 

/Jp 

^ ^ ^ ^ ^Tpyk^P )l 

P y as P V 

that is, it is equal to 
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The other consists of the whole coefficient of Vin 
arising from the terms in that is, in a ^ v 


and therefore it is 


II P y T ^ 

- D S S “}• 

a p y fi 

But we have 

21^ S = «'a. S “} 

P y ft 

and therefore this contril)iition to the value of 

a 

Consequently, we have 


dwr 


tr- lj9.rH>a; 


and therefore 


dWr 


ds 


'i' ff2r^2 Onr^^n j 


for all values of r — 1 , . . . , /i, where 

The result is similar to the corresponding result 


dVj. 


ds ^ + 5 ^ 2 r ^2 + ■ ■ • +^7ir^M , 

obtained in § 37. 

Note. The main purpose of the preceding investigation is the determination 

of the value of . A fuller discussion, raising other issues also, will be found in 
ds ^2 / 1 \ 

a different method of proceeding to the value of j-i ] in connection with domainfil 

1 ■ /c V/ 

geodesics (§ 28/). 

43. Keturning to the expression for Y" in the form (§ 40) 

we multiply throughout by 

d I dy\ 
ds \dxj 


and sum the products for all the space-coordinates y and quantities connected 
with them. Now 


V - — \"' r ' i 'S^Y \ 

^ ds\dxj ^ ^ \Zj dXj.dxJ 


— ^ j ^rk — '^T 1 
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^ ^ \ f f ^y_ \ 

^ dx^ (Is \dxj k ^ SxrdxJ 

k 

■"S 

k 0 


and therefore 


As usual, 




^%iAo^=^0, or Q, 
according as I and 6 are different, or are the same ; hence the right-hand side 



~ - '^gir»>l, 

1 

and therefore 


VY" - fl+ M 

^ dsKdxJ \p^ aV 

But we had 

k. 

1 

II 

and therefore 

y'" .i. V' y" 

^ 5xv rf.5 \5x,. 

Consequently 


for all values r— - 1 , 

... , n. 


-ir- Yj git'll' I- 

I 


This result can be obtained also as follows. 

When the original equation for Y” is differentiated along the geodesic arc, 
we find 

= - ? ^ 1 fe) -".l-i ? («.+ ?.«».) 


1 

Q 


where the first term, on using the results of § 13, becomes 



100 


QUARTINORMAL OF AN 


[oh. III. 


By 

Now multiply throughout by --- and add all the products through the range of 

uXj. 

the plenary homaloidal space. On the left-hand side, we have 




On the right-hand side, the modified first term gives 


S S 


I q 


The second term gives 
1 


^ ^ ^Mr= - («r+^<7ArWA) ■ 

The third term gives 


“^222 - o 2 2 2 

I 0 


n I q 

After substitution and re-arrangement, the result provides the value of ^Y'" 
as already obtained. ^ 


Quartinormal of a geodesic ; the coil. 

44. The curvature of ah amplitudinal geodesic, next in rank after the circular 
curvature, the torsion, and the tilt, may be called the coil, being the fourth in 
this succession of curvatures. It is associated, analytically, with the next prin- 
cipal line of the geodesic which is the quartinormal, and is denoted by 1/k ; and 
the typical spatial direction-cosine of that principal line is denoted by l^ in the 
Frenet system of equations for the curve. To obtain the direction-cosines of this 
quartinormal and the magnitude of the coil of the geodesic, we proceed as before 
from the (n-\- l)-fold homaloid II represented by the equations 


y-y, 



dy 

dXn 



We have seen that the tangents at a first point, at a second point, and at a 
third point — or, what is the equivalent in the analytical limit, the tangent up to 
the second order of small quantities (inclusive) at the first consecutive point — all 
lie within this l)-fold homaloid and, as has been proved, within the n-fold 
homaloid touching the amplitude. As for the earlier instances of the binormal 
and the trinormal, the (n-f- l)-fold homaloid H is shewn to contain the tangent at 
a fourth point : or (as the analytical equivalent) to contain the tangent at the 
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first consecutive point up to the third order of small quantities. Such a tangent 
is represented by equations 


y. - {yi + -?// + U^yi' + h^yn _ _ ^ 


yi +^yi + 2 ^ 2/1 +- 8 ^% 


where R is parametric along the line, or typically by 


y-y=^y'-^ hY' + hY" R Y + Y' + hY" hY'"^ 


Now we have 



per^J 




as immediate derivatives from the Frenct equations applied to the amplitudinal 


geodesic. We have seen that y\ /g, are homogeneous linear combinations of the 
. . dy 

quantities - in the forms 




dy 

dXr 


^3 — ^ 


dy 

dx/ 


h=y^ 


A 


Sy . 

dXr ' 


and therefore any point on the foregoing new tangent has its space-coordinates 
represented by the typical equation 


y-y- 






where , 6^, 0, are magnitudes free from the direction-magnitudes of the 

lines in the {n-\- l)-fold homaloid H. This line is external to the osculating block ; 
being the next tangent in closeness of contact along the curve, it lies in the five- 
fold osculating homaloid of the geodesic, which contains the osculating block and 
this tangent, and the guiding lines of which are those of the block and this tangent, 
all included in the (n+l)-fold homaloid H. This (n+l)-fold homaloid therefore 
contains the five-fold osculating homaloid of the geodesic : that is, it contains 
the quartinormal of the geodesic. Consequently, the typical direction-cosine 
of the quartinormal can be expressed in the form 


k=y^. 



where y, y„, y, are parameters. 


+ yn 


Sy 

dx„ 


+ yY, 
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But all the principal lines of the geodesic constitute an orthogonal system, 
and the prime normal and the quartinormal arc at right angles. Thus = 0, 

that is, y = 0 ; and so the typical direction-cosine can be expressed in the form 

, dy dy dy 

involving the n parametric magnitudes y proper* to the line. Thus Zg is expressible 
in terms of the direction-variables of the 7i-fold homaloid which is tangential to 
the amplitudinal geodesic ; and we therefore infer that this tangent ^-fold homa- 
loid contains the quartinormal of the geodesic, just as it contains the tangent, the 
binormal, and the trinomial. 

Moreover, the quartinormal is at right angles to each of these three j)rincipal 
lines, so that we must have the three relations 

SVs-o. 

The condition — 0 is 

the summation being taken over the dimensions of the plenary space ; also (§31) 

so that the first condition leads to the relation 

r 

The second condition is of the form 

with the same summation as before ; also 




or having regard to the values of the parameters a for the binormal (§ 34), the 
right-hand side is 


so that the condition becomes 
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that is, when account is taken of the earlier condition, the second condition can 
be taken in the form 


^yr^V=Q- 


The third condition ^ Z 4/5 = 0 becomes 

again with the same space-summation ; also 



so that the condition becomes 


f i-(p)} yrVr)-Or(^^ y,W,)=-0 : 

that is, when account is taken of the two earlier conditions, the third condition 
can be taken in the form 

yr^T 

f 

Thus the parameters y in the expression of the typical direction-cosine of 
the qiiartinormal must satisfy the three conditions 

^yrMr = 0, 

r r r 

The conditions will not be used to determine ratios of the parameters ; but after 
the parameters have been determined, we shall prove that the three conditions 
are satisfied by the values then obtained. 


45. To determine the parameters in the postulated expression for Z 5 , which is 




we proceed from the relation (§ 39) 




f4 

ar 




There is an analytical advantage in having as many terms as possible involving 
Y and its derivatives on the right-hand side ; we therefore substitute 
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for /g, and, after a slight re-arrangement, we find 




The Frenet equation, determining /q, is 


dl^ Zg Z3 Z5 cr , ^ . 

— = X y ; 

as K T K T y pr 


hence, after substituting the last expression for Z 4 , and gathering terms, 


where 


h = Py' + QY^RY' + SY" +(7Tr", 




■■ *r Vf“’aVJ' 

«=|(aV)+ar (*,+ >+;<). 


.<!=^ f (A). 

(T tt.S 

Now, by earlier results, we have 

and with the postulated value of Zg, we have 


Hence on multiplying the equation for Zg by , and adding the products for all 
the spatial magnitudes, it follows that 

^ ^ ^ - R^r “ Su\ + (7T ( \ + - Grt^ 

K ^ \p G } 

— PUj. ~ "h ^ I* - StVj. - artj . , 

holding for r=l, ... , n. Let these linear equations be resolved for the quantities 
y ; the result is 


Qyi = P^ ariU, - ^ I + ^ a^iV, -S^ X (^ntr 
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for i=l, , n; and the first term simplifies, because ^ariUj.=Qx/. When 

r 

these values of the quantities y are substituted in the parametric expression for 
the result is 


But (§84) 




and (§ 88) 


and therefore 


SS (-.--at, 


SS =-^2 y''4 


cr^ 


h=Py' + \-^-Ao'r)'>r + SiY"+( ^ 




Of this form, we make two separate uses. In the first place, when it is com- 
pared with the form 


^ Py' +QY+R y ' -f .s y " + (7T y 


we infer the relation 


i ruf I 

+ (TT 




a t 


which, on actual substitution of the values of Q and S in the coefficient of y, 
leads to the modified relation 






*’ aV Q 


The other use results from transformation of the right-hand side. For this purpose, 
we use the relations 


„ /I 1\ k „,d (l\ , , d /I 


2^- 2F=---2/';r - 

o^J or as \p, 


^ds Vo, 


when these are inserted, and the coefficients are collected, we find 

h ..jrfvn i/i , iM o'\ 
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where, excejjt in the last term, the coeflicients, appertaining to the equation as a 
typical equation, are the typical direction -cosines of the ])rincipal lines that are 
antecedent to the quarti normal. In this respect, the form of the equation for is 
similar to that of the equation for as used in the preceding investigation, namely, 




1 1 Y 




indeed, the /--ecpiation is deducible immediately by direct differentiation of this 
/ 4 -cq nation. 


46. Some inferences, in the form of expressions for covariants of the whole 
system of forms, must be made from the relation 




P' , 1 


p'* (7^ 




before an expression can be constructed for the coil 1/k of the amplitudinal 
geodesic. 

In the first place, there are some universal relations * for any geodesic. We 
have, always. 


and therefore 


Hence 


Similarly, 






ds \pj p 




ds \pj' 


dsAp) dsAp) 


(l\ 1/1 1 


pj p \p^ 


Next, we have had the relations 

^ p^^ a^’ 




2 p'2 a'* 

+ 4+“4 • 

p* 


* That is, they hold for every amplitude ; they are derivable from Frenet’s equa- 
tions, with (§ 8 ) the formal assumption ^ 2 = 
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From the first of these, it follows that 

Hence, by another differentiation along the geodesic arc, 
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and therefore 


\ 


■* \p^ a^l \p'' a®/ \p^ a*/ 

_ 1 _/] I Y If/- 

cr‘“T‘^ \p^ ^ a^j * pds^ \p/ 


P 

1 (l^ /l^ 

p/ ^ cr ds^ IfTy/ 


Also, we have 
and therefore 


i;rr=o, 

and, also, by another differentiation, 

v;yy"'- - ;;^y'r' f 2 Kh'"-. 

\p^ 

As a final result for the present set of relations, we can obtain an expression for 
by differentiating the expression for it will be required later 

(p. 108). 

Further, we consider some inferences more special to the particular relation 

y'”+ r _;iy ^ ^ ' 

First, multiply by y', and add for all the space-dimensions. Because 


we have 




2(^r»,+ (i .i) j:,yy)-3 ^(y,'|= -f. (') , 


and so 
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a condition satisfied identically when the foregoing values of ^ TV , 

are inserted. 

Next, multiply by F, and add for all the space-dimensions. Because 


the relation becomes 


'^YY'=0, '£Y^=h 

i;Fr"-3(^;+“)=o, 


a condition satisfied identically. 

Next, multiply by Y\ and add for all the space-dimensions. Because (§ 31) 


V'' y' ,.®y_ S-'yy'^O Vy'2= ‘+ — 

V dXt ” ^ a^’ 

the resulting relation becomes 

and therefore, on the substitution of the value of ’^Y'Y"', we have 

1 „ 11 <P (\\ 1 

^ ^ L - „2^2 + p 0^2 [pj + ^ Jg2 j ’ 

thus providing the value of a co variant of the system of forms. 

Once more, miiltiply by Y", and add for all the space-dimensions. Because 

(§b2) 

the relation becomes 

and because the differentiation of the cx[}rcssion for ^ giv(*s 

^ or ds \ot) CT^/ \p^ o^J p-* o^ "" (7^ ’ 

the relation now becomes 

p2^s^[p) a^ds^[„)’ 


thus providing the value of another covariant in the system of simultaneous 
concomitants. 
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For the last among this group of concomitants, viz. 

Q 

an expression in terms of the curvatures will be obtained (§ 49) : the expression 
involves the coil of the geodesic. 


47. We now proceed to shew that the three conditions (p. 103) 

S ^ ^ ViWj = 0, 

i i i 

to which the parameters y must conform, are satisfied in fact by the values of 
these parameters 

~ - |- + 2 {a^iVr) - -S ^ (a^^Mv) - <TT 2 («„•<,.) 

K J. \T GfS j J. J. J. 

which were obtained in § 45. 

To establish the first of the three conditions, we note the results 
^ XI “riMrMi = .i? X ^'r'Ur = Q, 

r i r 

X X X ^r\ = -, 

T i T P 


and therefore 


X X = X = ^ Is Q ’ 

X X X ^ ^2 (“) ’ 


; S V.“. = ^- 0) (J) ■ 


Now 


P=- + 


d r d 


pr cZs \ (is \p) 

= U (»V +<,'V) ! + (Vr +„•) l(l)+y'r 0 . 


pr p 

S=^laT-\-crr' ; 


when these values are substituted, the right-hand side vanishes identically ; 
consequently 

XyiMi=o, 

i 

and the first condition is satisfied. 
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To establish the second of the three conditions, we note the results 


2jZj^ri'i^rVi=- , 

r i P 


1 CTT d'^ /i\ fl 


ar p \p/ ds^ \u) 

When the value of P is substituted, the right-hand side vanishes identically ; 
consequently 

i 

and the second condition is satisfied. 

To establish the remaining condition, we note the results 




/ /' 
/>* <7=* 


^ ^ Uri^rWi = ( “2 "2 + 4 + 4 

VT^ P* cr'^ 






P 


d / 1 \ p'cT d^ (\\ g't d^ (\ 


ds \gt/ p^ ds^ \p/ a ds^ \gJ ' 

When the value of P is substituted, this right-hand side also vanishes identically ; 
consequently 

^y,Wi = 0, 


and the third condition is satisfied. 
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Thus the three conditions, which are the analytical expression of the perpen- 
dicularity of the quadrinormal to the tangent, the binormal, and the trinomial, 
respectively, are satisfied. 


48. Two sets of relations, cognate with some of the preceding r(dations, may 
be noted at this stage : their utilisation will come later. 

(i) We have had the relations (§§ 31, 38) 




Let the ecjuation 


be multiplied throughout by f tiiid let the products on both sides be 

as \dXj./ 

summed through the ])leiiary s[)ace ; then, using the property 


we have 


V 

by the customary value of as equal to 0 or to 12, according as 9 

/* 

and p are different, or are the same ; that is. 

Proceeding similarly from the equation 

we find 

s ^ (23= ^ s (^.+33 - 3 

These relations are analogous to the relations 

sv|=o, 

and the two sets of relations can be combined, to lead to additional results. 
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(ii) When the equation 

is differentiated along the geodesic, we have 

X) S S ^ + Vy\<^ 

“ ^ ^ ^ ^ ^ (is (i) ■ 

On the right-hand side, the coefficient of double summation 

with regard to // and 'p, “ 

= - Qy^ from the second term 

+ y}^Qy froDi the first term 

Q 

for all values of a, y, /J. Also, the remaining coefficient of ^ a^pWp 


=-s».'[^-sf.{r.-)]=-s 




and therefore the right-hand side 


But we have the equation 


=-nS2;».A|^-5Sss 


dx^ ^ ^ p q 


Cl'fj,p^pT]fj_qXq , 


and therefore 




...X ?» : 


" dx: ’ 


M- 

' '\ 


^ X] S E %v»>pv^<i'= - (^3+J) 


a relation, in form analogous to that of the relation 

of §§ 38, 40. 

As an immediate verification, on multiplying by Y, and adding throughout 
the plenary space, there results the known relation 
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49. Proceeding from the typical Frenet equation 

y/_ \__y_ 

o p ’ 

after differentiation and substitution, we find successively 

the last of which accords with the formulae of § 45 ; and thus 
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"5 

OTK 




Let this equation be squared as to both sides, and let the sums of the squares 
be taken through the dimension-range : then, owing to the properties 

^^5=0, 

we have 

1 1 / / v2 1 (^\ (d^flW 

C7t2 ds^-j + (^(^)| +(;p(')) 

^2 ^ J ^ J ^ j j^rp 


r i p j 


— Q ^ 2 

T i 

which accordingly gives an expression for the coil of the amplitudinal geodesic in 
terms of magnitudes connected with the amplitude, the quantities p, cr, t, having 
already been obtained in terms of such magnitudes. 

Ex, It is easy to verify the relations 

which are derivable from the Frenet equations modified (§ 8) for the geodesic. 


F.I.G. 


H 



114 


COVARIANTIVE 


[CH. III. 


Some concomitants in the system for the amplitude. 

50. At this stage, it is convenient to use the expressions for the various 
combinations of curvatures that have been found, in order to obtain the geo- 
metrical interpretations of some types of covariants arising out of the system of 
homogeneous forms, which represent the analytical values of 


1 

> 

P 



together with the permanent form V which is equal to unity. For this purpose, 
we associate, with the foregoing expression for ^ ^ expressions 

r i 






r i 


"1 d 

~OT ds 



obtained in § 46 ; and we recall the six similar expressions collected at the end of 
§ 40. The covariants, of the indicated types, are analogous in formation to the 
covariant 


considered in § 35, the geometrical value of this determinant being 


=i32 


1 , 


1 

P 

I 1 

n H” n 


P P 


■ 


It can be represented in each of the equivalent forms 



Q 



^nlf 

Wi, 

^ 1 . 



Uii 

Ui, 

Ui 


Ui 


djl 


‘Oi 

Va:, 



• > 


Ml. 

Vl 

. 


’ ■ j 

■^2ni 


Vi 


■^n2» ■■ 

’ • > 

J 

■^nnj 

M„, 

V„ 


^2, .. 

' ■ j 

Wn, 

0, 

0 


i’2, .. 

■ 3 

Vn, 

0, 

: 0 
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(i). We have 


^ V ^ J d^p^T^P > ^ J ^ V d j-pUj-Vjy 



TV TV 


p 

^ y drpd^rd^pi ^ V ^ V dj.pV^Wjy 

TV TP 


r f f 

_p 

’ P^ (7^ 


= -£P- 


and the left-hand side can be represented in each of the equivalent forms 


ssss 

dilcy 


Ui, 

dj 

%7 

111 

1 J 

A- / 

djicy 


Vi, 

Vj 

^fc7 

Wi 


^llJ 

^12y 

■ ■ • J 

■^Iny 





^21y 

*^22» 

■ ■ ■ 5 

^ 2ny 

^2, 

V2 



nTy 


. . . , 

-^1 Tin? 

Itrn 

Vn 



Wl, 

^2, 

■ ■ ■ J 

^^717 

0, 

0 





■ • ■ y 

d^ny 

0, 

0 



Similarly, we have 


^ j ^ y dj-jp^r^'p j 


^ j ^ J 


^ J ^ i d>rpVj.Wj, , ^ J ^ J 


T p 




G^ ds^ 


\p) p^G ds^ \g) j 


and the left-hand side can be expressed in each of the equivalent forms 


SEES 

diJc, dii 

w,-. 

u,- 

1 J 

k 1 

djJc, djl 

Vi, 

Vi 

Q 

^ll7 

Al2y ... , 

‘^Iny 

Wl7 


-^217 

^227 ••■7 

2717 

^2, 


^nly 

■^n2y *■*7 

^nny 

Mn, 


Wly 

7 

^ny 

0, 


ky 

I 2 , , 

^ny 

0, 


Wj,, Wi 

hy h 


Likewise for all the analogous combinations, which can be constructed from 
determinants of two rows. 

(ii). We can construct, in the same fashion, other covariants by means of 
determinants of three rows. Thus the determinant 


^ J ^ J ^rv^T^py 


^ J ^ A ^rp^T^ py 


^ J ^ 1 d^rp^T^ p 


V TP TV 

^ ^ ^ J drp'd^fV p, ^ I ^ J dff.pVfVjfy ^ J ^ ^ dfpVfWp 

TV TV TV 

^ J drpd^W^y ^ ^ ^ J Of^pV^Wjyy ^ J dfpW^Wj, 

TV TP TP 
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in geometrical significance, has the value 



and it can be represented in the form 


a P y i j h 




^ak 





Uj, 

Uj, 


Cl'fij, 







Vjc 


dyj, 

^yk 



«v 

Wi, 

Wj, 

Wj, 


as also in the equivalent form 


^lU 

Ai2, ■■■ 

» -^In? 

?/l. 

^1, 

Wl 

^21> 

A 22, ■■■ 

J 

, ^ 2n, 

U2, 


W2 

-^1 nl? 

Ajj2^ ■ ■ ■ 

A 

’ ^ nn, 




^1, 

U2, ... 

, 

0, 

0, 

0 

Vl, 

V2, ... 

, Vn, 

0, 

0, 

0 


■■■ 


0, 

0, 

0 


Likewise for analogous combinations, by determinants of three rows, involving 
three of the four sets of quantities u,., t^. 

(iii). The results enable us to construct similar covariants of four rows. Thus 
we have the concomitant 




^ J ^rp^r^p, 

^ J ^ J p, 


^ J ^rp^^r^ p 

T p 

T 

V 

r V 

r 

P 

^ J ^ A v'i 

y 

^ i ^rp'^r^p, 

^ J ^ J ^Tp'^r^^p, 


y J ^rp^r^p 

T p 

T 

V 

T p 

r 

P 

^ J ^ J 


^ I ^rp'^r^^p. 

^ J ^ J py 


Q,.pWj.tp 

T p 

T 

V 

r p 

T 

P 

^ J ^ J (f'rp^T^'vy 


^ J ^rp^r^ pi 

^ J ^ J etj-pV^t J)., 

y 

^ J ^rp^r^p 

r p 

T 

V 

r p 

r 

P 


When we substitute the known geometrical values for the double sums in the 
various terms, and then subtract from the second, third, and fourth rows respec- 
tively, the product of the first row by 


1 

> 

P 
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1, 
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Q* 

^2 


d n 

ds \<T. 


1 

Ids \(r. 


d n 

ds vct/ ’ 
d 


G). 


where 


y._ ctt' + ct't d /1\ d® /1\ 
^ ds \cr) \ct/ ’ 


y, 


Y 

0 


j.- I I 1 1 AUK I'l 

^ 2 t 2^2 ^ 2^4 ^ 4^4 ^^2 ^^2 \cr. 


When the last determinant is evaluated, a final value of the original determinant 
is found to be 

- . V „ . 


The CO variant can be represented in the form 

a P y 6 i j k I 


and also in the form 




^aji 

®aA-3 

ff'al 

Ky ^py 

Wy3 

w, 

5 


Uj, 

y^ky 

yi 


^'pi3 




^’a, 'f’py 

’V. 


5 

^73 


^k, 



^yU 

^yj} 

^ykj 

^yl 

W'’a3 

WV 3 


5 


Wj, 

y’ky 




^8jj 

^6k3 


k, tff, 



5 

ti. 

h. 

hey 

h 

^115 ^ 

^123 

... , 

^Inj 

%, ^13 '^ly 

h 

, 





A2X, 

^225 

... , 

2»3 

U< 

2, '^23 ^’23 

^2 






^nl3 ‘'^n23 

... , 

71713 

Un, ^ 77 , ^^ 77 , 

<„ 






Wi, 

^23 

... , 

^^773 

0, 0 , 

0, 

0 






^ 1 . 

^23 

... , 

^ny 

P 

p 

0, 

0 






Wi, 

M'Z, 

■ ■ * 3 

^^773 

P 

p 

0, 

0 







^23 

... , 

tny 

p 

p 

0, 

0 







(iv). As corollaries from the foregoing results, their special forms in three 
special instances may be noted. 

When the amplitude is a surface, n=2 \ and we then have 


Q^_ 

A, 

H, 

Ml. 

Ml 

(T^ 

H, 

B, 

M 2 , 

M 2 



M 2 . 

0, 

0 



^2. 

0, 

0 
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with the modified notation A, H, B, ^ 22 * indicated (p. 31) for a surface : 

that is, ^ 

(7 

in accordance with the expression for the torsion in § 106. 

When the amplitude is a region, w=3 ; and then 






A, 

H, 

G, 

Ui, 

Vi, 



Wl, 

^1, 


H, 

B, 

F, 

^2, 

Vi, 

W 2 



V2, 

w. 

G, 

F, 


W3, 

V3, 

Ws 


^3, 

^3. 

V). 

Ml, 

M2, 


0 , 

0 , 

0 





Vi, 

^3, 

0 , 

0 , 

0 




U’l, 

^2, 


0 , 

0 , 

0 





Q 


a*T‘ 


Q 



^1, 

?6>1 

2 

^ 2 , 

V2, 

W?2 




W3 


r9. 

1, n= 

4 ; 

and we 

Wi, 


Wj, 

<1 

^^21 

'^2> 

W2, 



V3, 

^^ 3 » 

^3 

W4, 



/4 


with the modified notation indicated (p. 32) for a region : that is, 


in accordance with the result in § 288. 



CHAPTER IV 


Geodesic Properties relative to the Tangent Homaloid 


Principal lines of a geodesic within the tangent homaloid of the amplitude. 

51. Proceeding in a manner similar to that adopted for the determination of 
the respective directions of the binormal, the trinormal, and the quartinormal, 
we can obtain the principal lines of a geodesic in successive rank, so long as 
they are found to obey the same type of law in their analytical formation. In 
each such instance, a beginning has been made, through space-positions in the 
(n -h l)-fold homaloid 


y-y^ 


ay 

ax/ 


dy 

ax/ 


Y 


= 0 , 


which contains the ii-fold tangent homaloid of the amplitude and the prime 
normal of any geodesic, and so contains the osculating plane of the geodesic at 
the central point 0. The tangent at a second point of the geodesic was proved 
(§ 33) to lie within the (n-l- l)-fold homaloid which, because it contains the osculat- 
ing plane at 0 and the tangent at a second point, contains the osculating flat of 
the geodesic at 0. This osculating flat contains the binormal ; the typical direc- 
tion-cosines of the binormal are therefore linearly expressible in terms of the 
quantities 

y. 

dx^ ’ dx^’ ’ 


and, because the binormal is at right angles to the prime normal, the constituent 
Y does not enter into the expression of those typical direction-cosines ; that is, 
a typical direction -cosine of the binormal has the form 


^3 “ ^ 


dy ^ 
dXi ' 


Next, it was proved (§ 39) that the tangent at a third consecutive point of the 
geodesic lies within the (n-hl)-fold homaloid which accordingly, because it con- 
tains the osculating flat at 0 and a consecutive tangent not in that flat, contains 
the osculating block of the geodesic at 0. This osculating block contains the 
trinormal ; the typical direction-cosines of the trinormal are therefore linearly 
expressible in terms of the quantities 

^ ^y y. 

dxi’ ’ 
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and because the trinormal is at right angles to the prime normal, the constituent 
Y docs not enter into the expression of these typical direction-cosines ; that is, a 
typical direction-cosine of the trinormal has the form 



And so on, in succession. The proved inclusion, within the w-fold tangent 
homaloid of the amplitude, of the principal lihe of rank k in the orthogonal frame 
of the geodesic (where, for example, A =2 for the binormal, k=3 for the trinormal, 
A=4 for the quartinormal) secures that the tangent to the geodesic at a k-t\\ 
successive point lies within the (n + 1 )-fold homaloid 11. This homaloid, already 
containing the osculating homaloid of the geodesic of k dimensions and now con- 
taining also an additional tangent not lying in that homaloid, therefore contains 
the osculating homaloid of the geodesic of (A-hl) dimensions : that is, it contains 
the principal line of rank A; + 1 in the orthogonal frame of the geodesic. Thus the 
typical direction-cosines of the new principal line are expressible linearly in terms 
of the quantities 

iy y . 

dx^’ ’ 9a:„ ’ ’ 


and because this principal line is at right angles to the prime normal, the con- 
stituent Y does not enter into the expression of these direction-cosines, which 
therefore have the form 



i 


dXi ’ 


Consequently the principal line of rank A; -hi in the orthogonal frame of the 
geodesic lies within the n-fold tangent homaloid of the amplitude. 

But a limit to the number of principal lines, which can lie within this n-fold 
homaloid, is imposed by its dimensionality ; and the corresponding limit upon 
the expression of successive typical direction-cosines is imposed by the number 
of parametric magnitudes available. This limit is easily discerned, in both regards. 

The ^-fold tangent homaloid is anal5d;ically determinate, so far as concerns 
includible directions, by means of 7i leading lines : any set of n such lines can be 
substituted for an initially given set : in particular, any set of n such lines, ortho- 
gonal to one another, can be selected. It has been proved that the tangent to 
the curve lies within the homaloid. The prime normal is orthogonal to the 
homaloid, as being at right angles to every direction in it because of the relation 




dx^ 


=0, (r=l, ... , yi). 


and therefore the prime normal is external to the homaloid. The binormal, being 
of rank two, lies within it : likewise, the trinormal, being of rank three ; and so 
on in succession, up to (but not beyond) the principal line of rank n. Thus there 
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can be an aggregate, of n principal lines of the orthogonal frame of an amplitudinal 
geodesic, lying within the n-fold tangent homaloid of the amplitude at the point 
0 . 

Next, consider the analytical possibilities and limitations. Let an integer iV, 
where N is greater than n but otherwise is unrestricted, denote the number of 
dimensions in the plenary homaloidal space of the amplitude. Then, for the 
specification of any point in that plenary space, iV coordinates y are necessary and 
sufficient ; and, for the specification of any point in the amplitude, each of the 
N coordinates is a function of n parameters denoted hy Xy, the exclusive 

limitations on the forms of these functions being those stated in § 10. Hence, for 
the purpose of expressing directions lying within the n-fold tangent homaloid of 
the amplitude, there are Nn disposable quantities of the type 

~dx, ’ 


for m— 1, ... , N, and i=l, ... , n. When any spatial direction lies within the 
w-fold homaloid, its t 3 rpical direction-cosine is bound to be of the form 


ay 

dXy 


ay 

dx2 


Z=«:i^ + /C2-5+...+/c„ 


dy 


where the quantities Ky, ... , ic„, are magnitudes not explicitly involving any of 
dy 

the quantities - , and occur in the expression of each cosine of the whole set for 

OjC 

the postulated direction. Now there arc N such cosines for a direction, linearly 
independent of one another ; consequently, when the N direction-cosines of a 

dy 

line are assigned, N of the Nn disposable quantities ^ are required. Consequently 

ox 

when n such lines, constituting a leading set for any ?i-fold homaloid are assigned, so 
that their expressions are free from homogeneous linear relations, the total number 
dy 

of quantities thus required for their expression is Nn, the precise number of 

OX 

quantities that are available. The exclusive limitations in § 10, already cited, 
allow the Nn magnitudes adequate freedom for the expression of the n directions ; 
the absence of homogeneous linear relations among the directions of any n prin- 
cipal lines in the orthogonal frame of an amplitudinal geodesic precludes the 
possibility of their availability for the expression of more than n such directions. 

Two inferences follow, as immediate consequences. The first is : the {n -t- l)-fold 
homaloid H, represented by the equations 


y-y^ 


dy 

dXy' 


ay 

ax/ 


= 0 , 


contains the first n + 1 principal lines in the orthogonal frame of an amplitudinal 
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geodesic, and therefore is the osculating (n+l)-fold homaloid of that geodesic. 
The second is : the n-fold homaloid, which is represented by the equations 


dy dy 

dx^’ ■■•’ax. 


= 0 , 


and which therefore is tangent homaloid of the amplitude, contains the 
tangent and the normals of rank 2, rank 3, , rank n, of every geodesic in the 

amplitude through the point 0, 

As the directions of the tangent, the binormal, the trinormal, and all the 
succeeding principal lines as far as the (w 4 -l)th principal line inclusive, of every 
amplitudiiial geodesic through the point 0 , lie within the n-fold homaloid which 
touches the amplitude at 0 , these n directions will be called gremial ; and the 
curvatures, associated with the gremial directions of rank later than the tangent 
in the Frenet tableau, will be called the gremial curvatures. The n gremial 
directions of any geodesic, combined with its prime normal, can be taken as a 
complete set of guffling lines for the (n+l)-fold homaloid represented by the 
equations 


y-y. 


dy 

’ dx\ ’ 


dy 

dx'n 


this homaloid being, in fact, the (n+l)-fold osculating homaloid of the ampli- 
tudinal geodesic. When convenient for brevity, the remaining principal directions 
ill the orthogonal frame of the geodesic may be described as non-gremial. 


52. It has appeared that, because the gremial lines lie within the r^-fold tangent 
homaloid so that their direction-cosines are expressible in terms of the parameters 
of leading lines in that homaloid, the typical direction-cosines of the gremial lines 
are of the form 




- 




for i = l, 3, 4 , ... , w + l. To determine the various coefficients the equation 
which provides the value of li has been made to conform to the Frenet scheme. 
In this method, successive arc-derivatives of the circular curvature of the anipli- 
tudinal geodesic are required at the successive increases of i for each stage ; thus 


for Z 4 , the quantity ^ is required ; and for Jg, the quantity j is required. 


Incidentally in the process, the perpendicularity of each principal line to all the 
principal lines of earlier rank led to the requirement of linear conditions, to be 
satisfied by the coefficients Ci ^ ; and having forms of the type 


^ j ^ir^r — ^ j ^ir^r — ^ir^r 

r T T 


there being i -2 such conditions for the coefficients in /, where 3 ^i^w-|-l. 
These conditions, however, have been used for the verification of the values of 
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only after the values have been determined : the conditions have not been used to 
determine such values. 

The foregoing n equations express the typical quantities y', l^, ... , In+i, linearly 

dy 

in terms of the n t}rpical quantities ^ , for r=l, , w. These typical direction- 

cosines, belonging to a set of n directions which are orthogonal among themselves, 
are certainly free from any homogeneous linear relation with coefficients inde- 
pendent of the actual quantities I in the system. Consequently the set of n 

dy 

equations can be resolved, so as to express the set of quantities - - , for r = 1 , . . . , w, 

(jXj. 

in terms of the corresponding typical direction-cosines I ; and the resolved equa- 
tions are 


(i=l. 

the summation being for the values ^=1, 3, 4, ... , n-f 1. To determine the 
coefficients Ga, on the assumption that the coefficients are known, we have, 
on multiplying by and adding through the space-dimensionality. 


Cu='^lt 


Sy 

dXi 



^y\ 

dXfJ 


dy 

dXf 


^ j ^ir^trj 
T 


for the values i=\, . . 

. , n, and 1 


Ou=XA., 

r 

also, by § 3d, 

r 



by § 39, 

Cii — S ^4 

and by § 45, 



dXi 




But the set of gremial directions consists only of the aggregate Z3, 

hy ••• y ^n+iy Frenet system. There still remain the non-gremial directions 

l2( = Y)J n+ 2 i ••• J ^Ny System, the integer N denoting (as before) the order 
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of dimensionality of the plenary space : and each of these non-gremial directions 
K+2^ is orthogonal to the (n4-l)-fold osculating homaloid H of the ampli- 

tudinal geodesic as represented by the equations 


y-V'^ 


dy 


3y 

dx„ 


= 0 . 


Now every direction within that homaloid has its typical direction-cosine given 
by an expression 




where ... , are parameters appropriate to the direction. Hence every 

spatial direction, represented typically y-y when drawn through 0 , is ortho- 
gonal to that (n-h l)-fold homaloid if, and only if, the relation 

+|„|^)| = 0 

is satisfied for all possible values of the parameters ^1; ^ in : that is, if all 

the n + 1 relations 

D{(y-y)|5j=0, (r=l,...,n), 

arc satisfied. Accordingly, this set of relations constitutes the set oin + \ equations 
representing the {N -yi- l)-fold homaloid orthogonal to the {n \- l)-fold osculating 
homaloid of the geodesic. This orthogonal homaloid contains the N - n - 1 non- 
gremial directions ln+2, ■■■ , In \ these is orthogonal to the (n | l)-fold' 

osculating homaloid of the geodesic ; and wo therefore have the relations 

{r=l,—,n), 

for all the values ^ = n + 2, w + 3, ... , N. 


53. We now are in a position to obtain an expression of an entirely different 
character for the magnitude 17, y, already (§21) defined by the equation 

As was there remarked, all such quantities satisfy the relations 
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for all the values r=l, ... , n, in virtue of the relations (§ 21) 

[y. »■] - S h}Aric=0. 

k 

Consequently, because each member of the gremial set 1^, Z3, ... , ln^\, is expressible 

dy 

as a linear combination of the quantities - - in a form 

OX 


7 _ V C — 

the relations 

are satisfied for all the values i,j, =1, 2, , n, and 4=1, 3, 4, , n + 1. 

Now r]ij does not itself denote an intrinsic magnitude of the amplitude or of a 
geodesic in that amplitude ; and therefore it is not of an invariantive character. 
But, still being a magnitude in the system of the amplitudinal configuration, it 
is expressible by reference to any system of axes in the plenary homaloidal space 
of the amplitude ; and therefore, when we take the complete orthogonal frame of 
an amplitudinal geodesic as providing such a system of axes for the plenary space, 
there will be some relation of the type 

where the /x-summation is for the range 1, 2, ... , N, while the coefficients 
have to be determined. Owing to the conditions 

where p and q are different, and p, q, =1, ... , N, we have, for each value of p, 

the summation on the left-hand side extending through the plenary space. Now 
when p = l, 3, 4, ... , n + \, the left-hand side vanishes ; and therefore 

P.(p)=0 


for p=], 3, d, ... , n+l. Also, when p =2 so that /g becomes Y, we have 
where L^j denotes the typical secondary magnitude (§ 30) of the amplitude. 


Hence we have 


N 


Va— YLij^ ^ 


..M 


n 1-2 


for all the combinations i, =1, ... , n, the coefficients for p, = n-l-2, 

n 4 3, ... , N, being still undetermined. Consequently 

for all these combinations of i andj. These relations constitute a set of equations. 
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partly differential in form, satisfied by the space-coordinates of any point in the 
amplitude. 

Before passing to further investigations, it is worth noting one use of this 
result in connection with the relation 








of § 40, and with the relation 


( 3'^ 3} ^ O ^ ^ ^ Vik 

\p G / i j j. 

of § 48. When the foregoing values of the quantities 7;^^. are substituted in the 
first of these relations, we find 


(i +i) 1^= i s 1 : s 

'P ^ i j h L »i-l -2 


Now we have had the relation 


1 1 1 

2 + 2~‘ O ^ ^ J 

H ^ i j 

and as the lines represented by the typical direction-cosines ? ^Ny 

orthogonal to one another, so that no linear relation can exist among these direc- 
tion-cosines, we have 

i j k 

for all the values /x=wH-2, ... , N. 

Proceeding similarly from the second of the cited results, and using the . 
established relation 



1 

Q 


i j 


we are led to the relations 


i j k 

again for all the values /x=7i + 2, ... , iV. 

There are other relations of like character, the number of them depending on 
the dimensionality of the amplitude. 


Curves * of circular curvature, 

54. Curves of circular curvature are of fundamental organic importance on 
surfaces existing in triple homaloidal space ; and it will appear that they are of 

* The phrase curves of curvature in preference to the phrase “ fines of curva- 
ture ” customarily associated with surfaces in triple homaloidal space, is used because 
the word “ fine ’’ has been reserved (p. 1) to denote a straight fine. 
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similar organic importance in any n-fold amplitude which is primary *, that is, 
which exists in a plenary homaloidal space of in- 1 dimensions. But such curves 
of curvature neither possess the same kind of organic importance nor are char- 
acterised by a similar analytical simplicity of expression, when the amplitude is 
not primary to its plenary homaloidal space. 

The construction of curves of circular curvature in any configuration emerges 
from one or other of two properties, distinct in their geometrical bearing, the same 
in their analytical expression. By the one property, an amplitudinal curve of 
curvature is such that the prime normals of amplitudinal geodesic tangents at 
successive points of the curve intersect one another. By the other property, an 
amplitudinal curve of curvature has a direction such that the circular curvature 
of its amplitudinal geodesic tangent is a maximum or a minimum among the 
circular curvatures of all the amplitudinal geodesics which can be drawn through 
the point. We shall consider these implied definitions in turn, and shall j^rove 
that they lead to the same curves. 

The property, that the prime normals of consecutive geodesic tangents meet 
one another, can be expressed as follows. Let y denote (as usual) the ty|)ical 
space-coordinate at a point 0 of such a curve, and let Y denote the eorresponding 
typical direction-cosine of the prime normal of the tangential geodesic at 0 ; 
then a point, at a distance D along the normal measured from 0, has coordinates 
typified by y-y^YD. 

We take this point to be the intersection of this prime normal with the prime 
normal of the geodesic tangent at a consecutive point of the curve typified by a 
coordinate y-\-dy \ at that consecutive point, the prime normal of the new geodesic 
tangent has a typical direction-cosine Y + dY, and the distance from the con- 
secutive point along the new prime normal up to the supposed point of intersection 
can be represented by + dT). Then we have relations 

y-{y+dy) = (Y-\-dY){D-\-dD), 

as many in number as the number of point-coordinates. As the quantity typified 
by y is the same in both sets of equations, we have the set of conditions 

- dy=^D . dY+ Y . dD + dY . dD. 

Now for any set of direction-cosines, we have ^Y^=l ; and therefore 

^YdY=0. 

Also the prime normal of an amplitudinal geodesic is at right angles to every 
direction in the w-fold tangent homaloid of the region: so that, as dy=y'ds, 
where ds denotes the elementary arc of the curve, we have 

^Ydy={^Yy')ds=0. 

* As an example, we may cite regions in a plenary quadruple space : see G.F.D., 
vol. ii, chap. xvi. 
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Hence multiplying the foregoing tj^ical condition by Y, and adding for all the 
spacC'dimensions, we have 

dD=0. 

Thus -dy=D.dY, 

that is, -y’=DY'=D(^^-‘^y 

there being one such relation for each space-coordinate. 

Wc first multiply this relation by y\ and then add all the products for the 
space-dimensions ; and we find 

D=p, 

or the two normals intersect at the centre of curvature of the first, a geometrical 
result to be expected. 

We then have 

a 

or, as not all the quantities can vanish because 2 P vanish, 

we have 


that is, the torsion of the geodesic tangent vanishes. 

The property that the circular curvature of the geodesic tangent touching a 
curve of curvature through 0 is a maximum or a minimum among the circular 
curvatures of geodesics drawn in all possible directions through 0, can be expressed 
as follows. We have seen that the quantities denoted by Vi are such (p. 70) that 



for all the values of the secondary magnitudes themselves involving the 
direction- variables of the tangent to the curve. Now by § 30, the 

circular curvature of the geodesic in this direction can be expressed as a function 
of these direction-variables — the non-rational character of its form for a general 
amplitude having no bearing on the present issue ; and these variables x' are 
subject to the relation 

i j 

The symbol Ui has been defined (p. 71) by the equation 

Ui — ^ j Aj-jPOr . 
r 

The critical conditions that, among the values of 1/p arising from all the directions 
subject to the sole condition ^ '^AijX/x/=l, there shall be a maximum or a 

i j 

minimum for the curve of curvature, are 

a /r 
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where A is a multiplier left undetermined by the critical conditions : or the con- 
ditions are 

2vi= Aw„ 

fo)‘ i=l, , n. Let these equations be multiplied by x/ for the successive values 
of and the results be added : then, because 


we have 


i P 




or the critical conditions are 


^2 

-Vi=0, 

P 

for 1 = 1 , , n. 

But in connection with the binormal, we have proved (§ 35) that 

a^''^dx-p 

for all the specified values of i ; and therefore, in the present instance, we have 

‘ T,hp-=o. 

(T ^ ^ dXi 

It has been shewn that the binormal lies in the ri-fold tangent homaloid of the 
amplitude, so that it is not at right angles to every direction in that homaloid : 

the quantities ^ therefore caimot vanish simultaneously ; and therefore we 
must have ‘ 


1 


=0, 


or the torsion of the geodesic must vanish. 

Thus the two definitions lead to this same property of a vanishing torsion for 
the geodesic tangent to a curve of circular curvature : and the anal 3 diical equa- 
tions, which determine the direction of such a curve at a point, are 

U " 

--^2 = 0, ... , n). 

P 

One other fact must be noted. In the foregoing investigation, it was proved 
that 

dD=0, D= p ; 

and therefore we have 

p' = 0. 

But this property is not continuous along any geodesic : it is attached solely to 
the point of the geodesic where the geodesic touches a line of curvature of the 
region. In character, it is distinct from the property that the radius of circular 
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curvature of a geodesic tangent to a line of curvature is either a maximum or a 
minimum among the radii of circular curvature of all amplitudinal geodesics 
which can be drawn through the point. 

Thus, in connection with the curves of circular curvature at a point 0 in an 
amplitude, two questions emerge. One of these requires the equation determining 
the corresponding radii, which may be called the principal radii, of circular 
curvature. The other of them requires the equations determining the direction- 
variables of the curves of circular curviiture ■ and these can be taken in the form 


Wi ^2 

or in the equivalent form 

_a_ /1\ ^ M 

Wi dx^' \pV dX2 \pv ’ Un dXn \p^/ 

where we substitute for l/p^ the quartic homogeneous function of ... , xj, 
obtained in § 30. 

These equations lead to a simple determination of the curves of circular 
curvature, when the amplitude is primary, that is, when the plenary homaloidal 
space is of w + 1 dimensions. They will be discussed later for the primary ampli- 
tudes. For all other w-fold amplitudes, their simplicity is more formal than actual. 
Thus, in the quantity v^, which is equal to the quantities themselves 

T 

implicitly involve the direction- variables x ' ; and so the equation 



which undoubtedly is satisfied, is not essentially free from the direction- variables •: 
it does not determine the maximum and minimum values of p. 

The n equations, which determine the curves of circular curvature at any 
point of an amplitude, can be stated in a different analytical form. As we have 


while 




1. i * 


P i j k I i j 


the equations express the property that the discriminant of the quaternary form 


^^222 ”“2(2 2 ^3 ) 

i j k I P ^ i j / 


shall vanish. But, in the absence of any body of algebraical results appertaining to 
quaternary forms of n variables, such a statement is mainly descriptive : it will, 
however, prove useful in the discussion of surfaces existing freely in multiple space. 
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Locus of centres of circular curvature of concurrent geodesics. 

55. In connection with the curves of circular curvature, which provide the 
maximum and the minimum radii of circular curvature among all the amplitudinal 
geodesics concurrent in 0, a brief consideration may be given here to the locus 
(if any) of the centres of circular curvature. Fuller details are considered later 
when the amplitude is of specific (and not general) dimensions, whether the 
dimensionality of the plenary homaloidal space is, or is not, specific. Here, we 
shall consider only one or two instances, in which the non-gremial range (§ 51) 
is restricted. 

When the amplitude is primary, its plenary space is of w + 1 dimensions. For 
such an amplitude, some properties of which are considered hereafter (Chapter 
VII), no discussion of the locus of the centre of circular curvature of amplitudinal 
geodesics is necessary ; for the locus merely consists of portions of the prime 
normal which is common to all the geodesics. 

Accordingly, we assume that the number of dimensions of the plenary space 
is n + m, where m>l. The direction-cosines and the magnitude of the radius of 
circular curvature are given by the set of equations typified by 


Y 

P 


i j 


Let the typical space-coordinate of the centre of circular curvature be denoted by 
^Q, so that we have 

yo-y=Yp, 

and therefore 


yo-y ^Y^ 
p® p 



typical of n + m equations. 

Now for all indices i, j, A:, = 1, ... , n, we have 




the summation extending throughout the plenary space ; and therefore, for each 
of the n values of k, we have 

SO that the locus lies in the m-fold homaloid which is orthogonal to the amplitude. 
But it is not to be inferred that the locus in question has some m-fold range, its 
equations being the eliminant resulting from the removal of the direction- variables 
from the earlier equations ; for it can happen that, especially with a specific non- 
gremial range for the plenary space, even the number of equations can be 
restricted. 
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Thus consider the specific instance when the plenary space is of n + 2 dimen- 
sions, so that the foregoing homaloid orthogonal to the amplitude is a plane. A 
plane is determinate, as to orientation, by any two guiding lines ; and the direc- 
tion-cosines of every line in the plane are expressible linearly in terms of those 
of the two lines. Every line with the equations 

Mii 

for all the values of i and j, lies in the plane because of the relation 

and therefore every set of quantities t3q)ified by can be expressed in terms of 
two sets only. If the two sets, typified by and 1712, be chosen as the sets of 
reference, there is the aggregate of relations 

II Vii> Vii> V12 ||=0> 

for all combinations i, j, =1 , ... , ti, taken independently of one another. Let 
a= ^ 1711^, h= ^77^17712, b=^77i2^, (ab)® cos ai = h, 

_i_ _i 

so that a “7711, b “7712, are typical direction-cosines of two guiding lines in the 
orthogonal plane, while oj denotes the inclination of those lines. 

We require two coordinate axes in the orthogonal plane. At the cost of 
symmetry but with no loss of generality, we choose these two guiding lines as 
such axes. Denoting by z and t the coordinates of a centre of circular curvature, 
referred to them, we have 

2 + <cosoj = a"* 2 {’ 7 ii(yo-y)}. 2cosa> + < = b“^2{’?i2(yo-y)}; 

and there is the relation 

-f- 2 zt cos co-^L^ = p^. 

Because of the aggregate of relations || rjij, 77^^, 7712 1 | = 0, there are equations 

ViJ "i" Pi3Vl2y 

where the quantities being determined by the relations 

"1“ h^jj VllVijJ VlzVijJ 

are independent of the direction- variables ... , Xn- If then we take quantities 

P and Q according to the definitions 

P=x^'^ 4- a22a^2'^ + 2ai3x/x3' 4- ... 4- 2aijx/x/ + . . . + 

Q=2x^'X2 4- ^ 22 ^ 2 ^-^ 2^13Xi'x3' 4- ... 4- 2PijX/x/ 4- . . . H- 
the space-coordinates of the centre are given by 

~^=ViiP + Vi2Q’ 
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and the plane-coordinates of the centre are given by 

— ( 2 : -f- ^ cos a>) = aP + hQ, 

P 

- (2 cos aj-\-t) = hP + hQ. 

P 

Also 

and it is easy to verify the relation 

+ 2zt cos oj -f- 

Thus there are two equations, which involve the coordinates of a point on 
the centre-locus in the plane and which involve also the n direction-variables 
Xi, , X,/, the last being subject to the single permanent relation 

i j 

Consequently there are only three equations from which to eliminate n quantities. 
No eliminant free from the n variables, that is, no equation valid for all directions, 
is possible, if n is greater than 2. If, however, limitations were imposed on the 
directions of geodesics, implying a geometrical selection of geodesics and thereby 
imposing algebraical relations among the direction-variables, these imposed 
relations would provide additional equations which might render an elimination 
possible for the system. 

It is needless to dwell on the instance when n = 2 ; such a value implies that 
the configuration (in the case of the plenary space considered) is a surface existing 
freely in quadruple space. The centre-locus is known * to be a lemniscate curve 
lying in the orthogonal plane of the surface. 

As the alternative (it is not difficult to see that, for the n-fold configuration in 
a plenary space of w, -1-2 dimensions, there is only one alternative), consider the 
aggregate of geodesics the originating directions of which lie in an arbitrarily 
selected superficial orientation within the n-fold configuration. To specify 
such an orientation, take two arbitrary directions indicated by p^ , , pn \ 

Qi, > Qn \ f^hen the direction- variables of any geodesic originating in this 

superficial orientation arc such that the relations 

Xi, x^', ... , =0 

Pi\ ■■■ , Pn 

(Zl » ?2 J ■ ■■ J 


are satisfied. Hence 


^ir'=>^Pk+Mk, (*=1. ••• , n), 

* G.F.D.y vol. i, § 242. 
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where the range of variation is provided by the parameters A and /jl, the quantities 
p' and q' being constants for the range ; and, as there are equations 

i j i i i J 

where e denotes the inclination of the directions p' and we have 

A^ + 2AfjL cos€+fjfi=l, 

as a permanent condition to be satisfied by A, /x. 

Thus 

P X j 

and thus the equations determining the coordinates z and t in the orthogonal 
plane become 

' Z + ^COSOJ ... ci\ TT on 

2 = X^A 1 + 2 XfjiH^ + 


Z=3i." 


i=h^ 


Z^ + 2zt COS CxJ-{-t^ 
Z cos CO 
z^-\-2zt cos CO 


= X^A 2 + 2 XjJlH 2 + 


where 


Ai= s :^{^{viiVii)PiP/)> ^2= D '^{i>{vi2Vii)pi'p/}, 

i j i j 

with like values for //i, H 2 , B^, all these quantities being independent of A and 

p. Also there is the permanent condition affecting A and /x. The climinant is 

|2 


\ Ai-z, H^ — z cos e 

Hi~z cos 6, B^-z 

- 

A^-z, B^-z 

1 A^-i, H^-i cose 

H^-t cos e, 7?2 “ ^ 


A 2~ if B 2 ~ i 


a lemniscatc curve lying in the orthogonal plane. 

Hence the locus of the centre of circular curvature of geodesics, originating 
in a superficial orientation in any n-fold amplitude existing freely in a plenary 
space of 71 + 2 dimensions, is a lemniscate curve lying in the plane orthogonal to 
the amplitude. 


56. Next, consider the case when the 7i-fold configuration lies in a plenary 
homaloidal space of n + .‘3 dimensions. The orthogonal homaloid then is of three 
dimensions, that is, it is a flat ; and therefore any centre-locus of geodesics in the 
configuration must lie in the flat. 

Now a flat contains not more than three reciprocally independent directions. 
In the present instance, as always, all the directions typified by rji, lie in the 
orthogonal homaloid and consequently are directions in a flat ; hence the direction- 
cosines of any one such direction are expressible by means of three selected direc- 



56 ] 


CONCURRENT GEODESICS 


135 


tions. Accordingly, choosing the directions typified by ^22* leading 

lines for the flat, we have relations 

Vij ~ yt;^22i 

typical of the direction-cosines of any direction ; and the magnitudes aij, Pij, 
are non-directional magnitudes of position defined by the equations 

X aa.? + + gyii» 

S 

122 ^ 1 } ~ S^ij ^yijy 

where, as usual, 

X/^12^22» S— ^VllV22) ^VllVl2' 

Also we write 

f = (bc)“ cos a, g= (ca)“ cos j 3 , h= (ab)“ cos y. 

Let the three selected lines be taken as coordinate axes of reference in the flat ; 
and let z, t, u, denote the coordinates of the centre of circular curvature of the 
amplitudinal geodesic in the direction Xi, ... , a;/, so that 

a"( z-\-tcosy + uco^P)= ^{rjuiyo-y)}, 
h^z cos y-{-t -\-ucosa)= ^{rjuiyo- y)}, 
c“(zcos^-h^ cosa + w )= ^{r]22(yo-y)}y 

while 

p^=z^^t^-\-u^-\- 2 tu cosa-\- 2 uz cos p-\- 2 zt cos y. 

Using the relations which express the quantities 7 )ij in terms of r]^2y V22i 
have 

Y 

— =''711^ + ^126 + ^22^, 

P 

where P, Q, R, are homogeneous quadratic functions of a;i', ... , while 

U(a, b, c,f,g,MP, Q, R)\ 

P“ 

(It is easy to verify that the two values of are in accord.) Thus we have 

1. 

a* 

z = — (z-h^ cos y + w cos j8) = aP + hQ-fg/2, 

P 

i 

i— — (2 cos y Vf cos cl) ~ h/^ + bQ -H f 72 , 

P 

1 

c® 

u = — (^ cos j 3 -F ^ cos a -h w) = gP + f6 + cP, 
the n quantities x^, ... , being subject to the permanent relation 

1 j 
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Consequently we have four equations from which, at this stage, it is necessary 
to eliminate the n magnitudes x'. Such elimination is possible only if, either 3, 
or there are other conditions limiting the range of independence of the direction- 
variables x\ When n = 3, the amplitude becomes a region ; the subject will be dis- 
cussed in the investigations concerning regions (Chap. XXI). In the alternative 
possibility, there must be conditions which shall leave not more than three inde- 
pendent magnitudes to be eliminated ; and therefore the n direction- variables x' 
must be rendered equivalent either to two parameters or to three parameters. 

When the direction of the geodesic originates in a superficial orientation, made 
definite by the assignment of two directions, with sets of direction-variables 
Pi\ ■■■ j Pn'j and qi, ... , qn, there are two parameters k, A, and the direction- 
variables of any geodesic, originating in the superficial orientation, are given by 

^i' = KPi 

for i=i, , n. The permanent relation becomes of the form 

k^-\-2kX cos e-h X^=l. 


When the direction of the geodesic originates in a volumetric orientation, made 
definite by the assignment of three non-complanar directions with sets of direction- 
variables pi, ... , p,/ ; qi, ••• i qn \ ••• » there are three parameters /c. A, fi, 

and the direction- variables of any geodesic, originating in the volumetric oricnta- 
tion, are given by + Xq/ 

for i = 1 , ... , n. The permanent relation becomes of the form 

/c^+ X^ + fji^-\-2X[jL cos €i-\-2fiK cos 62 + 2 acA cos € 3 = 1 , 


where € 3 , € 3 , denote the inclinations of pairs of the three leading lines assigned 
for the orientation. 

We consider the alternatives in succession. 


I. When 
we have 


^i-xpi'+Xq/, 


P i 3 

= ^ ^ VijPi'p/) + X Vu (Pi'Qi + ^ X 

^ i j ' L i J J ' i j 



and therefore 

z=k^Ai +2kXIIi -h X^Bi, 
i = K^A 12 + 2k}JI^2 + 
u=k^A2 -\-2kXH2 -\-X^B2, 

with an obvious significance for the symbols A, H, B ; and there is the permanent 
relation 


1 = k^-\-2kX cos € + A^. 
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Thus there are four equations involving the two eliminable quantities k and 
A ; the eliminant, therefore, consists of two equations. One of these obviously is 


2 , 

Ai, 



= 0; 

i, 

Ai2j 




u, 

A 2 , 

Ih, 

B, 


1, 

1, 

cos 6, 

1 



when account is taken of the values of z, i, u, the equation represents a sphere 
lying in the flat of reference — that is, the flat orthogonal to the amplitude. Again, 
if A denote the determinant 

-^12* ^12j -^12 

B 2 

and if represent the minor of in A (for C=A, H, B, and for ^l= 1, 12, 2), 
we have 

K^A = a^z-\-a^2iA 
2kXA = h^z + Ai2^ + h2Uj 
X^A = bjZ + b^2^+b2U ; 

and therefore 

4 {a^z + ^ + ^ 2 ^) (^ 1 ^ 4- A] 2 ^+ ^ 2 ^^) = + A 12 ^ 

another eliminant equation. When the values of z, i, u, are inserted, the denom- 
inators disappear ; and the equation rejDrescnts a quadric cone in the flat 
with its vertex at the origin. 

Hence the locus of the centres of circular curvature of concurrent geodesics, 
originating in a superficial orientation, is the skew-quartic intersection of a sphere 
and a cone in a flat, the vertex of the cone being on the surface of the sphere. 


11. When 
we have 


x/ = Kp/ 4 Xq/ 


Y 


= K* ^ ’nuPi'p/ + S ^ Vij + Hi'n') 

t j i j 

+ A* ^ YjniiHi'<b' +H-X ^ '^Viiin'Pi' + r/pi') 

i j i j 

+p^^ +^^A V '^TjaiPi'q/ +Pi'qi') ; 


and therefore the equations for the flat-coordinates of the centre of curvature of 
an amplitudinal geodesic become 


z = {A„ A,/.)2, 

Mi2> Bi 2, Gi2i i 12j ^^12> 

U= (A 2 J ^ 2 > ^ 2 » ^ 2f ^2 j 
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with an obvious significance for the symbols A, B, C, F, G, H \ and there is also 
the permanent relation 

1 = (1, 1 , 1 , cos cos € 2 , cos A, /x)^. 

Thus there are four equations involving the three eliminable magnitudes k. A, /x ; 
the eliminant consists of a single equation in the coordinates z, t, u, and therefore 
the locus is a surface in the flat orthogonal to the amplitude. Later (§ 257) the 
same elimination has to be performed for the case n=3, that is, for a region in 
sextuple space, all the algebraic forms being the same ; and therefore, anticipating 
the later algebraic result, we infer that the surface is of degree eight and has, at 
the initial point 0, a (real or imaginary) conical point of order four. 


Curves of spherical curvature. 

57. Analogous to amplitudinal curves of circular curvature, which have been 
proved to be associated with centres of circular curvature of amplitudinal geodesic 
tangents of the curves, there exist curves of spherical curvature. These occur in 
the following manner. 

For brevity, we may call the line, which passes through the centre of circular 
curvature of any curve and is drawn parallel to the biiiormal of the curve, the 
binormal axis ; and we know, from the geometry of the curve, that the centre of 
spherical curvature lies along this binormal axis, at a distance ap from the centre 
of circular curvature. In general, consecutive normals of a skew curve do not 
meet : also the prime normals of consecutive geodesic tangents to a skew curve 
in an amplitude do not meet, the exception to this general property being pro- 
vided by the curves * of circular curvature. Similarly, the binormal axes belong- 
ing to consecutive points of a curve do not meet, in general : so also, in general, 
the binormal axes of consecutive geodesic tangents to a skew curve in an amplitude 
do not meet. The succeeding investigation shews that, here also, there are excep- 
tions to this general property. 

Accordingly, we consider the amplitudinal geodesic tangent at any point of a 
curve : along its prime normal, towards its centre of curvature, we measure a 
distance a ; and through the point thus obtained, we draw a line parallel to the 
binormal and measure a distance P along this line to a point S. Then the typical 
coordinate of the point S thus obtained is given by 

y-y=aY + ^l3. 

The laws, determining the organic magnitudes a and j3, are at our disposal : it is 
a question whether they can be assigned so that, when an amplitudinal geodesic 
tangent is drawn at a consecutive point of the curve and when a corresponding 

* Such curves are not always skew : thus we have families of surfaces in homaloidal 
triple space which have plane curves of curvature. 
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construction (with the duly modified values of a and jS) is made in connection 
with this consecutive geodesic tangent, the same point can be attained : in other 
words, are there curves such that the binormal axes of consecutive geodesic 
tangents intersect? The consecutive point on the curve we denote by y-^dy, 
that is, y-\-y'ds \ the consecutive values of a and will be denoted by a + a'ds, 
and j3+ j8'd5, respectively, the values of a and j3' being unformulated beforehand : 
the consecutive value of Y is Y + Y'ds, that is, 



and the consecutive value of is l^-^l^ds, that is, 



If then the two binormal axes meet, and if the foregoing value y is the ty})ical 
coordinate of their intersection, we have 

y-{y^-y'ds) = {a + a'ds) |y+ + O + dsj , 

where y is the same as before : hence, as ds tends to zero, in the limit we have, 
from the two equations together, the relation 

~y'=aY+a + (^-1) , 

t3rpical for each space-coordinate y. Hence, owing to the conditions attaching to 
the direction-cosines of the principal lines in the orthogonal frame of the geodesic 
tangent, we have the set of relations 

-l=-“, a'-^=0, -+i8'==0, ^=0. 

p G a T 

From the first two of these, we have 

a=p, j3=aa'=(jp' : 

that is, the point of intersection (or the aforesaid point S) is the centre of spherical 
curvature of the geodesic tangent at 0. 

The third equation now gives 

crp -f-o-p -|-- = 0. 

O’ 

But, always, 
so that 

RR' = p (p +a^p” -\-aa p) ] 

and therefore the value of 72' belonging to an amplitudinal geodesic, at a point on 
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a curve of spherical curvature where it touches the curve, is zero. This property 
is analogous to the property that the value of p belonging to an amplitudinal 
geodesic at a point on a curve of circular curvature where it touches the curve, is 
zero. 

Finally, the fourth equation gives P/r=0 : or, as j3 does not vanish, we must 
have 


1 

T 


= 0 . 


Hence the tilt of an amplitudinal geodesic, touching a curve of spherical curvature, 
vanishes at the point of contact with the curve. 

Moreover, this last property leads to equations satisfied by the direction- 
variables of a curve of spherical curvature. In § 39, it was proved that the direc- 
tion-cosines of the trinormal of any geodesic in the amplitude are such that 




dXj. [ds \p. 


Ur-OVr -- GWr 


for all the values r— 1 , ... , n. Now the direction of this trinormal lies within the 
n-fold tangent homaloid of the amplitude, so that the quantities do not 

u'X,j. 

all vanish, and at non-singularities of the amplitude no one of them can be infinite ; 
hence the vanishing of the tilt of a geodesic at a point, as characteristic of the 
direction of that particular geodesic, requires the equations 



Uj. — aVj. — au\. — 0, 


for r = I, ... , n. These, in effect, arc only n- i independent equations ; for when 
we multiply the equation of rank r in the succession by x^' , add the products, 
and use the relations 








1 

J 

p 




we obtain a mere identity. 

The equations for the direction- variables of the curves of spherical curvature 
passing through a point 0 of the amplitude can be expressed in a somewhat 
sim})ler form. If we denote by V the form ^ '^LijX/x/ which is the value of 

i j 

, and by W the form V V V which is the value of , the 

P X 3 V ds\pj 

foregoing equations become 


or, even more simply, 


a ( WUi - Wi) -f <t' ( VUi - Vi) = 0, 


Wj^-WUi W2-Wu2_ _Wn-WUn a' 
v^-Vui V2-VU2 Vn-y'u„~' a’ 
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The equalities of the first n fractions constitute only n - 2 equations, because 

'£t{Wi-Wui)Xi' =(\, '^{Vi-Vu,)Xi' = Q ; 

for a full complement of n- 1 equations to determine the ratios of , .r,/, 

the explicit value of — must be retained, in any of the forms already established 
(§ 35). 

Curves of globular curvature. 

58. Likewise there are amplitudinal curves of curvature of orbicular rank 
higher than spherical in the succession of orbicular curvatures (§ 9). After the 
preceding instances, it will suffice to add the initial results affecting curves of 
globular curvature, which prove to be associated with the centre of globular 
curvature in a manner analogous to the connection of curves of circular curvature 
with the centre of circular curvature of an amplitudinal geodesic, and of curves 
of spherical curvature with its centre of spherical curvature. 

The trinormal axis of a curve may be defined (similarly to the binormal axis 
of § 57) as a line through the centre of spherical curvature of a curve parallel 
to the trinormal of the curve : and we know, from the geometry of a curve, that 
the centre of globular curvature lies along the trinormal axis, at a distance * 

RR' 

T 

op 

from the centre of spherical curvature, R denoting the radius of spherical curvature. 
Just as prime normals of consecutive geodesic tangents to a curve usually do not 
meet (the exception occurring when the curve is a curve of circular curvature of 
the amplitude), and as their binormal axes usually do nqt meet (the exception 
occurring when the curve is a curve of spherical curvature of the amplitude), so 
also their trinormal axes usually do not meet (it being assumed that the plenary 
homaloidal space is of more than four dimensions). But here also there are curves 
in the amplitude such that the trinormal axes of their successive amplitudinal 
geodesic tangents do intersect. 

Accordingly, along the prime normal of the amplitudinal geodesic tangent of 
a curve we measure a distance a ; from the point so obtained, we measure a 
distance along a direction parallel to the binormal of the geodesic ; and from 
this point so obtained, we measure a distance y along a direction parallel to the 
trinormal of the geodesic. The typical coordinate of this final point is given by 
the equation 

y-y = aY 4-^/3 + 7/4. 

For the present purpose, we have to determine a, j3, y, as to their law of existence, 
so that, if possible, the same final point can be attained when a similar construc- 


* G.F.D., vol. i, p. 246. 
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tion (with the duly modified values of a, j8, y) is made in connection with the 
amplitudinal geodesic at a consecutive point of the specified curve. The possibility 
will be realised if the quantities a, j3, y, are such that 


dy 

ds 


ds ds " ds * 




a relation to hold for each of the set of quantities associated with y, the typical 
space-coordinate of the point on the curve. Necessary and sufficient conditions 
are provided by the equations 


and 


a da P dp ^ _^y — ^ 

p* ds ds G ds t ’ 

^=0. 

K 


From the first of these relations, we have 


a = p ; 

and from the second, we then have 
The third equation now gives 


y^p 
T G 


I " I f f . 

+Gp -fa p : 


or, because R^= p^-\-G^p^, so that 

RR' = (p-\-Gy'Wp)p\ 

we have 

RR' 

y=^ f • 

Gp 

It therefore appears, from these values for a, j8, y, respectively, that the point 
attained in the construction is the centre of globular curvature of the ampli- 
tudinal geodesic tangent of the curve. 

The fourth equation now becomes 

Ur‘‘^V-'^=0. 

ds \ Gp / T 

But the radius of globular curvature, denoted by P, is given * by 

*G.F.D., vol. i, p. 246. 
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always ; 


rr=RR+T 
hence, in the present case. 


RR d 
ap' ds 



r=0; 


that is, at a point of contact between an amplitudinal geodesic and the curve 
(which will be called a curve of globular curvature of the amplitude), the globular 
curvature of the geodesic itself is either a maximum or a minimum along the 
geodesic. 

Finally, as the quantity y is not zero, the fifth equation gives the relation 


1 

K 


= 0 ; 


that is, at a point on a curve of globular curvature, the coil of the amplitudinal 
geodesic tangent vanishes. 

The last property makes it possible to frame equations for the ratios of the 
direction- variables x^', ... , x^, these being rendered actually determinate by the 
permanent equation ^ ^ AijX/x/=l. In §45, it was proved that the para- 

i j 

meters y, in the expression of the direction-cosines of the quartinormal in terms of 
the parameters of the tangent homaloid, are given by equations which give the 
quantities 

~ ^ j 5 

in terms of known magnitudes. These parameters y are finite ; and therefore, 
at any direction on an amplitudinal geodesic where the coil vanishes, each such 
expression must vanish. Hence we have 


Pu^ ~ "I” ~ ~ 


for the values r = 1 , 

... , n, where 


cr d { d 


pr ^ dyS [ ds 

Now 



ds\p) 

so that 





^'tV + otW, 


ds\ds 




Consequently, the foregoing equation can be taken in the form 




Id 

a ds 



-Wr)+ar(Tu^-tr) = 0 



144 


CURVES OP GLOBULAR CURVATURE 


[CH. IV. 


and this relation is valid for r = 1 , . . . , n. But in the aggregate of these relations 
there are only n- \ members, linearly independent of one another, because the 
equations 

= '^x/(Wu,-w,) = 0, = 


are satisfied identically. 
Manifestly, the relations 

mf ^ 



Ui, 




Vi, 



Wi, 

Wj, 

Wj,, 

Wi 

ti. 

ti. 


h 


are satisfied for all the combinations i, j, k, I, = 1 , , n, for a direction on an 

amplitudinal geodesic at which the coil vanishes : the result is in accordance 
with the expression (p. 118) obtained for the magnitude But this set 

of relations contains only n-\ linearly independent members. 

Similarly, the relations 


VUi - Vi, 

Fm,- - Vj, 
Vu„-v,„ 


Wui-Wi, 7'Ui-ti 
Wuj-Wj, Tuj-ti 



or, what is the equivalent, 


Ui, 

'Wi, 

ti 

-W 

Ui, 


ti 

+ T 

Ui, 


Uh 

- 


Wi, 

ti 

Wy, 


ti 


i/y. 


ti 


Uj, 


Wj 



Wj, 

ti 



tk 




tk 


Uk, 


U^k 



U'k, 

tk 


are satisfied for all the combinations i, j, k, =1, ... , w, for such a direction on an 
amplitudinal geodesic ; but this set of relations contains only n - 3 linearly inde- 
pendent members. 

In order to have the complement of equations, adequate to determine the 
ratios of the direction- variables x', we retain the first set of n - 1 eejuations. 
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Riemann’s Measure of Curvature of an Amplitude 

Small geodesic triangles, 

59. The preceding investigations have been concerned with tlie values of 
various magnitudes at any arbitrary point in the amplitude. Occasionally, the 
immediate vicinity of such a point has been considered, almost entirely for the 
purpose of proceeding to limiting results which ensue when the vicinity is reduced 
so as to be negligible. In the present chapter, we shall discuss a matter that is 
concerned with a non-evanesccnt range in the amplitude. Lengths measured 
along geodesics will be taken into account ; but, owing to the (implicitly assumed) 
complete generality of the amplitude, we shall proceed by approximations in 
])Owers of small quantities. The aim of the investigation is the construction of 
the Ricmann measure of curvature of an amplitude in a superficial or plane 
orientation and the derivation of a geometrical significance of the measure. As 
will appear from brief historical notes hereafter * inserted, Riemann himself left 
no recoverable interpretation of the measure ; and subsequent investigators have 
usually had recourse to geodesic surfaces, in order to initiate the calculations. 
But it will be seen that the investigation can be completed without the assistance 
of such surfaces : and, indeed, their consideration is rather a sequel, than an 
introduction, to the construction of the measure as obtained in what follows. 

Let 0 be any point in the amplitude, OPX and OQY two amplitudinal geodesics 
drawn in any assigned directions at 0, the march of OPX 
and of OQY being definite because (§ 1 9) of the assignment 
of directions at 0. Let a small length OP, denoted by x, 
be taken along the arc of the geodesic OX : and a small 
length OQy denoted by y, be taken along the arc of the 
geodesic OY, Let the points P and Q be joined by an 
amplitudinal geodesic PQ ; as the arc PQ is small, there 
can be no question of the Jacobian conjugates f of P 
and of Q along the geodesic, so that PQ is possible and unique. Thus there is 
a triangle OPQ, with geodesic sides ; the internal angles OPQ and OQP will be 
denoted by P and Q respectively. 

The direction-variables at 0 of the geodesic OPX will be denoted by 

*See, in particular, §§74, 108. 

t In the customary sense associated with the Jacobi test for the maximum or the 
minimum of an integral ; see e.g. my Calculus of Variations^ § 173. 

F.T.O. 
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Tl’Piy those at 0 of the geodesic OQY will be denoted by 

'h'y yin \ differentiations along OPX and along OQY will be denoted by 
and by ds 2 respectively. Thus, at P, the parametric variable corresponding 
to p,. is equal to 

Pr + xpr + ix^p," + i^Pr" + • • • J 

it will be found sufficient, when dealing with parameters, to neglect powers 
and products of the small quantities x and y that are of net order higher 
than three. Similarly, at P, for the geodesic OPX in the direction PX, when 
the direction- variable corresponding to pr is denoted by Pr, for r=i, , n, 
we have 

P;=Pr'^Xpr"-\-Wp;"+...\ 

it will be found sufficient, when dealing with direction-variables, to neglect small 
quantities of net order higher than two. 

But at P, we shall require the direction- variables of the geodesic PQ in the 
direction PQ ; these will be denoted by z^, ... , z^!,. As they will be obtained 

by approximations, we shall take 

= + ... , 

where ir is finite, Tr is of the first order of small quantities, &r is of the second 
order, and higher orders are neglected. Also, at P, we shall require magnitudes 
such as Zr* connected with the geodesic PQ ; and therefore 

Zr"= - 2 'EliVy 

t j 

where the symbol {ij, r}p denotes the value at P (and not at 0) of the implied 
magnitude. Again, at P, we shall require the values of the primary magnitudes 
which, at 0, are denoted by Aij ; for, there, we shall have the permanent 
relation 

i 3 

and, there, we shall have the equation 

- cos i> = C08 XPQ= S D 
i 5 


In each instance we use approximations. Now 

i A \ A dA Ij 1 o d^A jj 

(An)p=An + X -^+ -- y 

there being no necessity to retain higher powers of x ; and thus we shall require 
combinations 

^ ^ / dAjj „ - , d^Ajj 

Accordingly, we proceed to construct these combinations. We shall also evaluate 
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z /' ; the value (as will be seen) is required only up to the first order of small 
quantities inclusive. 

60. As regards the quantity ar/' at P for the direction PQ along the geodesic 
PQ, the value of which is required up to the first order of small quantities, we have 

{ij, r]p={ij, r} + x {ij, r}, 

z/z/ = i/l/ + t/Tj + f/Ti, 

quantities of higher orders being negligible for this approximation. Also (§ 23) 

-- {ij, r} + ]^ | {Ai, a}{ya, r} + {kj, a} {m, r}J 

a 

+ ik)]: 

and therefore, up to the first order inclusive in the approximation, 
i j 

y^iti Ti+h'r,){ij, r] 

i 3 i 3 

% j 
i 3 

^ ^ “Hi®. »■} + {%'. ^]iih'Plr' 

a i 3 k 

- 4 S ^ S + iPj> im/t/p.', 

OixS ^ i j 

which is the required value, so far as it can be developer! at this stage. Later 
(p. 154), the quantities Ti and Tj will be found ; anticipating them, so that the 
fully explicit value of Zr' may be known, we take 

Thus " " 

- r} 

S S S S {V. Q{*y. 

i j A #1 

^ ^ ^ ^ ^)^i'h'Pk, 


and 
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and therefore vre can take, as the value of z/', 

z/'=tr''-x ^ S r)ti%'Pk 

i j k 

“ ^ S S S 

Next, in connection with the desired combinations involving the first arc- 
derivatives and the second arc-derivatives of the primary magnitudes A if, we 
shall require certain combinations connected with the Christoffel symbols {hk, 1}. 
We define them by the relations 


Q i.^v) — f! (yt) — 
i/fi 


i m i m 


^ P)yi ^rn' ; 

i m 


and we shall also use the extended definition of in the form 


m 

for all the values ii,m, — 1, , n. Manifestly 




'^'^{im,ii}yi'yj= -yj', 

i m 


for any set of direction-variables * ... , y^'. 

Further, the direction- variables p/, ... , are associated with an arc- 
differentiation ds^ along the geodesic OPX, and the direction- variables q^', ... , 
with an arc -differentiation ds.^ along the geodesic OQY ; we shall associate 
Vii ■■■ J Vn with any (unspecified) arc-differentiation dsj. along an amplitudinal 
geodesic through 0. In particular, if dsj^=ds^, then y'=p' ; and if dsk=ds 2 , then 

We have (§ 12) 

9 4 

and therefore 

yA dxi 

d/Sj^ dxi dsj^ 


Consequently 





i n 

j 


* These symbols y, for temporary use only, are of course distinct from the space 
coordinates. 



DERIVATIVES OF PRIMARY MAGNITUDES 


>14 

S S Vi'q/ = s : 

i j /I 

and a particular instance of the last of these results is 


i:2:w^=2 2:vv'. 

i j u. 


Next, we have 


d^A ■ d 

dxidx^r^ ? 


= ^ 2 A}+ A}] 

M A 

+S S A}+^,{»w/i, A}] 

n A 

+ ^ m}+ S S /"}+ /^}] 

#x A /X 

“ 3^ S S jm) + (0y, Zm)] 

+ S m}+ S X A}{a, /t} + {OTi:, A}{ZA, /Li}] 

fi A /I 

“ 3^ S 5^ ^ HI- 

The aggregate of all the terms containing the Eiemann four-index symbols 


Hence 


~ V 9a:, ds/ V ^ dxidx„ ds^ ds„ 

= - N" V^. V. . ^ \^ef, Viv.'vn+y. ' 


= - i:; s s v' [w ^ i: 

I n f I m OJyiOXjn 

= - 3 [ {ih >0 + UK im)]yiym' 

+ X [^^{H'. fijjyi’yj 

+2>: 

A fi 


/ « / 


Denoting by ajj', ... , a;„', and ... , 2 ;^', two sets of direction- variables at 0 which 
later will be made to be ... , simultaneously for one application, and to be 
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Pi', ••• , pn'i ••• , f-n, respectively for a second application, we find, when 

x' and z' denote different variables, 

W ' ' ds/ 

~ “ fX/ ^ ^ S + 

a p y . s 

+ ^ S S S {*)’*> t^)yi'yi'^k] 

4 i j k 

+ ^ p}y/y,V] 

4 i j k 

A #1 

A 


where 


SaP = ^‘a yp -'^'pya, ^yB = ^y ^5 - 2^5 i 
but when x' and z' denote the same variables, the first term in 


is equal to 



Xi X, 


dsk^ 


2 

3 


S ^ ^ y8)«npV> 

a p y d 


the remaining terms changing solely by making z! the same as x\ 

Moreover, if the variables sc' should belong to ds^, then vanishes for all 
values of a and j3 ; and all the terms, involving the four-index symbols, disappear. 
Those terms also disappear from the former expression if the variables z' should 
belong to ds^., because the quantities (for all values of y and 8) then vanish. 


iMoffnilude and direction of the third side of a geodesic triangle. 

61. In obtaining the unknown elements of the geodesic triangle OPQ, namely 
the length of the small arc PQ, the direction- variables of the geodesic PQ in the 
direction PQ at P leading to the value of the fingle OPQ, and the direction - 
variables of the same geodesic QP in the direction QP at Q leading to the value 
of the angle OQP, we denote the length of the arc PQ by the quantity 

W=W-\- 1^2+ 

where w is of the first order, denotes the aggregate of terms of the second 
order (it will be found that is zero), and W denotes the aggregate of terms of 
the third order, terms of higher order being negligible for the present aim. 

The ])osition Q can be attained from 0 in two difl'erent diagrammatic paths : 
(i), by proceeding directly along the geodesic OQ : and (ii), by proceeding along 
the geodesic OX up to P, and thence along the geodesic PQ up to Q. When the 
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changes in the parametric variables are traced, the values at Q must be the same, 
by the one path as by the other. Consider the amplitudinal parameter denoted 
by Xj. at 0. At Q, after the geodesic path OQ has been described, its value is 

+ yqr + ly?/' + 

up to the third order of small quantities. At the same point Q, after the combined 
path OP, PQ has been described, its value is 

Xr + Xpr + 

accurately up to the third order, though it will appear that some portions of the 
last two terms in the expression are negligible. The equality of these two values 
gives the relation 

=yq; - xpr ' + V' - + Ky V" - 

accurate (or, so far as concerns parts of the left-hand side, to be made accurate) 
up to the third order of small quantities. And there is one such relation for each 
of the n values of r, connected with the aggregate of parameters. 

Moreover, for the determination of the direction- variables z-/ at P in the 
direction PQ along the geodesic PQ, there is the permanent arc-relation for any 
direction at P, being 

X) S(^«)p2iV=i. 

I j 

We proceed to the specified approximations, taking successive orders in the small 
quantities ; and we begin with the first two orders of approximation in the 
parametric relations. 

In the foregoing typical relation, terms of the first order can arise only out of 
idZr which is equal to 

{W+W^+ + 

and therefore, in order that terms of the first order may balance, we must have 

tvt;=yq;-x'p;. 

As regards terms of the second order, as is equal to up to the second order, 
we need take only the finite part of z/' in the term ; thus the terms of the 

second order contributed b}’’ this term 

= iw%" 

^ i ^ iV’ »■} (yq* - ^Pi) iyqi - ■^ps) 

i j 

i j 

As is of the third order at least, no second-order terms are contributed by 
The terms of the second order contributed from wz/ 
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Hence, in order that terms of the second order in the relation may balance, there 
is a residuary condition 

W 2 «/ + wT,= - xV' »■} 

I i 

On the right-hand side, the coefficient of - x{ijy r} 

=y{pt<ii' +Pi'qi) - ‘^xpip/ 

^^{Pih'+Pi'ti')] 

and therefore the residuary condition is 

Wztr' + wTr= -XW S X 
i j 

the summation on the right-hand side being for i and j as a completed com- 
bination. But that right-hand side, with the notation of p. 148, can be taken in 
the form 

I 

and thus a form, final at this stage, for the condition is 


that is, 

W^tr + 0, 

holding for r=l, ... , w. 

Before proceeding to the third-order terms, it is desirable to consider the 
residuary conditions (if any) arising from the first two approximations in con- 
nection with the permanent relation 


U S(^»)p2:iV = l 

% j 


at the point P. We have 

and 


/. V . dAij , 

{Aii)p-A„ + x-^+^x 


2, V-(C + T, + 0, )(</ + ?’, ■ + ©,), 


all the portions being accurate up to the stated terms. • Thus the residuary 
condition from the finite terms is 

t 3 

that is, the quantities ... , are the direction- variables of a direction through 
0. (It could be regarded as “ parallel ” to the direction PQ at P.) 

The terms, of the first order of small quantities in the permanent relation, 
must balance ; and this requirement leaves the residuary condition 


X 



dA^ 

dsi 
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When the values of the coefficients of are inserted in the first summation, 
and when the second summation is re-arranged, this condition becomes 

2x[^ + 2 M.tor J = 0, 

/i i 

that is, 

Some simplifying inferences can be made at once from these residuary con- 
ditions. 

The relations 

Wt; = yqr - xpr', ^ ^ ^ ijt/h' = 1 > 

i j 

the former holding for r=l, , n, shew that a plane triangle OPqQq can be 
constructed, such that the lengths of the linear sides 
OPq, OQq, PqQoj are x, y, w, and that the angles 
PoOQ^—€, OP^Q^-Pq, OQ^q=Qq, there being relations 

It’ sin Pq= 2 / sine, cos Pq= a; - 2 / cose, 
w sin Qq=x sin e, w sin Pq = ^ - a; cos e, 
x^ - 2xy cos e -f y‘^=iu^, 

€ + Pq-YQq = 7T. 

Moreover, Pq is the finite part in the measure of the geodesic angle OPQ, and is 
the finite part in the measure of the geodesic angle OQP, so that P - Pq, Q - are 
small quantities. They will be foimd to be of the second order. 

In the next place, let the second-order residuary relation 

W^tr 

be multiplied by and let the products for all the values of r be summed. 
Then, as 

and as there is a residuary condition 

2KW{7'^+aj7^('")}]=0 
from the arc-relation, we have 

that is, the second-order part of the length of the geodesic arc id vanishes, and we 
have 

w=w+ W, 

where W is of the third order of small quantities. 

Further, because W2=0, we have 

Tr-\-xgr^^*^=0, 
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for all the values of r, where 

I j 

and thus the direction- variable 2 / at P for the geodesic arc PQ in the direction 
PQ is given by 

Zr=tr-Xg,^^^H©r, ^=1, 

where 0^ is the second-order portion of 2 ^'. 

Accordingly, we now have to determine the third-order magnitude W and the 
second-order quantities ©i, , 0„. For this purpose, we have to consider the 

third-order terms in the n relations (p. 151) which arise out of the values of the 
parameters, and the second-order terms which arise out of the permanent arc- 
relation (p. 152) at P. 


62. For the third-order terms in the n parametric relations, we note that, as 
w=w-{-W, where W is of the third order, we can take 

w^=w^, iP=w^, 

accurately up to the third order inclusive. Hence, in the term we shall 

require only the finite parts (not involving small quantities) in 2 '", so that its 
contribution is 

>V". 

Also, in the term we shall require only the first-order terms in 2 /' ; and 

therefore its contribution 


i j k 

- ^ ^ ^ ^ jk) + m ikm/r,'. 

The total contribution of the third order from the term wz/ 

= w©j.+ Wtr'. 

Thus the residuary condition from the third-order terms in the typical parametric 
relation is 

W&r + Wt/ + Wtr" + - Wx S ^ S {yk, 

i j k 

"" S D X) <^rp\{Pi,jk) + (^j, ik)]li't/p^'. 

Oil/ ^ i j 

Now 

= - '^{ijk, r} {yq- - xpi') {yq^ - xp/) (yq^ - xp^') 

=-- y%"' - + 3 ^^ '^{yk, rjp^q/ (yq^' - xpi’) 

=fqr'" - ^^P,'" + ‘ixyw X X] {yk, r}pk<b'ti- 

i j k 
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2^2/“' ^ ^ {#. r}pkqiti~\ - ^ ^ ^ {ijh 

= ocM) ^ ^ 2 {ijk, r}ti'p„'(yq/ - wt/) 

i j k 

= xhv'>^'^ ’^{ijk, r}ttp/pk' 

i j k 

= 3:V S ^ S {#> ‘>)'PiVih’ ; 

ijk 

and therefore the residuary condition becomes 
w [ 0 , + ^** ^ ^ + 

holding for r--!, ... , n. 

For the second-order terms which arise out of the permanent arc-relation at 
P, we have, up to this order, 


and so for other combinations of the direction -variables z' at P for the geodesic 
PQ ; also, to the same order. 




_u 1 -.2 

dsi ‘ ^ 


for all values of t and^'. Hence the residuary condition, arising from these second- 
order terms, can be taken in the form 


t j I J 

i j I i j 

The first term is equal to 

As regards the third term, we have, from the result in § 60, 


j W'*! n 

because the direction- variables p' are connected with the arc dsj ; and therefore 
the whole third term 

i 

= -2a:* D ^[yJ,-,<7/'’‘V»’‘>]-2x* 

i i M 

As regards the fourth term, we use the result on p. 150, making x' = t', z' = t', and 
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and note that, because x' and z' are made the same, the second result 
must be used ; thus 

S a '.V - * 2 S S S 

i j a P Y d 


+ 2 S ^ ^ {#> l^}Pi'Viik~\ 

A |X 

+4 s 

A H 

When these values are inserted, and when cancelling terms are removed, the 
residuary condition from the second-order terms in the arc-relation at P can be 
expressed in the form 

[20, + a;* ^ ^ y8)s„^^, 

r i 3 ic a p Y 6 

where, for all values of A, /i, 

This single residuary condition must now be combined with the 7t residuary 
conditions from the parametric relations. Let the latter be multiplied by 

, Un^^\ and let the results be added ; then, on using the single residuary 
condition and also the pro])crty 

T 

we have 

W + i-wx^ V ^ yS) 

a /3 y 6 
W^X 


])ut 


= [(i8iii) + (i3i, iA:)] 


r 

SO that the right-hand side 

= ^ ^ y liPi, jk) + {^j, iA:)] t^l/t/p^, 

P i j k 

and therefore, owing to the relations 

jk) jk), i^j, ik) = - (j^, ik), 

the right-hand side vanishes. Consequently 


Now we have 


y v; y y yS) 5^5,,. 

a p Y d 


M'SAm = 


wh', p/ 

Wtj, pj 


-yip>!<i^ -p^9a'). 
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s ^ S D (“A y8)(PaV- V?<.')(PvV-PaV)- 

^ a 3 V a 

Also, as the angle XOY between the directions j)^, , p,/, and ... , is 

denoted by €, we have 

sin* e= ^ S 2 ^iiPiP/) ( ^ ^ “ ( S S 

a P Y 8 

Riemann postulated *, as his measure of curvature of the w-fold amplitude in the 
superficial orientation at 0, defined by the two directions OPX and OQY at 0, the 
quantity 

S S S S y8)(p.V -y^V)(PvV -Ps'q.') 

a /3 y a 

^ S '^(.AyAfi6-^asA^y){P«qD' -P?'qJ)(Py'qa -Ps'fjy) 

tt /3 y a 

Denoting this Riemann measure by K, we have 

- l^**^*sin*e 

W 


\K 


sin^ € 


{x^ - 'Ixy cos € -h 

and the length of the small geodesic PQ, accurately up to the third order of small 
quantities inclusive, is 

(X* - 2 X 2 , cos c H- fr - \K , . 


sin^ ( 

(x^ - Ixy cos € + y'^Y 


Also, the value of now is given by 




^\K- 


{ijh‘r)Pi'Pilk~\ 


x^y’^ sin^ e 


wx 


O 2 S S 2 + i^Vi'tiPk ; 

fl » i h 


x^ - 2xy cos e-\-y^ — r ^ ~r 

and the value of the direction- variable of the geodesic PQ at P in the direction 

PQ is 

2/ = </ - X [ 2 2 fe’> 7’.'*/] + ®r- 


t J 


63. The direction- variables, which may be denoted by ^i', ... , l^n, of the 
geodesic PQ at the point Q in the direction QP, can be derived from the values of 
Si', ... , Zn , by an interchange of the points P and Q, with a simultaneous inter- 
change of the sets and ... , q^, and of the magnitudes x and y ; and, 

* References will be found later ; see p. 192. 
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as the direction QP is opposite in sense to the direction PQ along the geodesic, 
the signs of , </, must be changed. The values of w and W are unaffected ; 
and we have 

^ / = - </ + y ^ 2 iV’ 

whore 


- 2 y’® ^ ^ iijh r) qi'qjtu~\ 




e ^ ^ A S S ^ + (iSj, imw- 


- 2xy cos e + 


p i j k 


Angles of the geodesic triangle. 

64. To complete the elements of the geodesic triangle OPQ, we need the 
internal angles P and Q, the known angle 0 being denoted by c, connected with 
the orientation at 0. The typical directi on- variable at P for the geodesic OPX 
in the direction PX 

and a typical direction- variable at P for the geodesic PQ in the direction PQ 
the value of 0j being known up to the second order of small quantities. Hence 


and 


-cosP=cos XPQ 

- S X) + heW) W - &iil 

i j 


dA .. 

{Aij)p^An + X 


d^A„ 

ds^ 


up to the second order of small quantities inclusive ; and our approximation is to 
be taken to this order on the right-hand side of the expression for - cos P. 

The finite terms on the right-hand side 

= ^ '^■AiiPi'h'= - cos Po- 

i j 

Thus P and Pq differ by small quantities, whatever be their order : retaining only 
the most significant part, we have 

- cos - cos Pq -h (P - Pq) sin Pq. 

The aggregate of terms of the first order in the expression for - cos P 


= * S ^ p# J’lV] + » [s S ■<<*'?'"] - S ■ 

I j 1 ~ i J i J 


Here, the term with the first summation 
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as 'Pi' = the second term 


and the third term 


-a: 

i 

■ X ^ 


Accordingly, the aggregate of terms of the first order in the expression on the 
right-hand side for - cos P vanishes. We therefore have 

(P - Pq) sin Po= aggregate of terms of the second order, 

this order being the limit of approximation sought. 

The aggregate of these second-order terms 

=1: D ^ x: ^ 

i j i j \ ' i j 






In this aggregate, the first term 




For the second term, the expression on p. 150 is used for the cited instance when the 
variables x' (here p') belong to the element dsj^ (here ; and the second term 

II i j k 

+ ia:* 2 [s Z/ S Pi'Pi'Pl^'^ 

i 3 k 

i j 
A ti 

The third term 

^ - i®* D r s s s m) Vi'pspk^ 

^ i j k 

The fourth term 
The fifth term 

j A 

The sixth term 


The fourth term 


The fifth term 


The sixth term 


Let the cancelling terms in this aggregate be removed ; then the equation for 


P - Pq becomes 


(P- Po) sin Po= + D s p}PiW\ 

i j k 
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The values of the quantities, of which are the coefficients in the summation, 

have been obtained in § 62. The sum of the parts involving K 


sin^e 

— 6^ 2 


[EV’-v]; 


but 

while 


^ - cos Po. 

A 


X sin € -- w sin Qq, y sin e = w sin Pq ; 
and therefore the aggregate of these parts 

= - \Kxy sin Pq sin Qq cos Pq. 

The sum of the parts involving the four-index symbols in the summation, 
when the values for 0^ have been substituted, 

wx 


or, as 
this sum 

But 


=-« S S 2 5 

=iwx S S S + ^’^)] h'tj'Vk'Vi- 

i j k I 

S ^ ^{{iiJk)ti%'Pkri}= D S S yS) 

i j k I a 0 Y 3 


i j k I 

where 

for all values. Also 
and therefore the sum 


a 0 V 8 

~ Pm > 

wsim=y[p{qm -Pm'qi ) ; 


1’ 


i V D S S S yS)(/).V -PaV)] 


a 0 y 8 


A'sin*. 

w 

= I xy K sin e sin Pq. 

Thus the equation for P-Pq is 

(P - Pq) sin Pq= - \K xy sin Pq sin Qq cos Pq -f \xy K sin e sin Pq, 
and therefore 

P-PQ=\xyK (sin e - -|sin Qq cos Pq), 

which accordingly gives the approximation for the angle P up to the second order 
of small quantities. 
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Manifestly the corresponding analysis would lead to the same degree of 
approximation for the angle Q, with the result 


Q - (sin € - \ sin Pq cos 

Thus all the required elements of the geodesic triangle OPQ, initially determined 
by a small arc OP equal to x along a geodesic OPX and a small arc OQ equal to y 
along a geodesic OQY, are known, the length of the third side PQ being 


(*■ - 2«3, cos . + s^)* |l - iK 


up to the third order of small quantities inclusive, and the other two angles at 
P and Q being given by the foregoing values up to the second order inclusive. 


65. On the basis of these analytical results, it is possible to establish a geo- 
metrical significance for the analytical measure denoted by K. 

From the values of P and Q, it follows that 

P - -Po + 0 - Qo= l^yK {2 sin e - J sin (Pq + Qo)}. 

But (p. 153) 

Pq Qo + ^ = “tt ; 

and therefore 

P + Q-\-€ -7T—^yK sine. 

Now P-\-Q^€ is the sum of the three angles of the geodesic triangle, while tt is 
the sum for a plane triangle ; the magnitude on the left side of the equation may 
be called the angular excess of the geodesic triangle. Again, the quantity \xy sin € 
is the area of the triangle up to the second order of small quantities ; so that, 
for the small geodesic triangle, the result can be stated 

area of geodesic triangle = (angular excess of the triangle). 

A 

When, on the surface of a sphere of radius P, a triangle is drawn having arcs of 
great circles for its sides (that is, having geodesic sides, so that there is a geodesic 
triangle), the area and the spherical excess are connected by the equation 

area of triangle (spherical excess of the triangle). 

On the analogy of the meaning of curvature for a circle as being equal to 1/r 
where r is the radius of the circle, we may call l/P^ the sphericity of a sphere of 
radius P. We therefore are in a position to call K the sphericity of the amplitude 
at the point 0 in the superficial orientation defined by the two geodesics drawn 
through the point 0. For a general amplitude, the quantity K varies not merely 
with the orientation at 0 but also with the point 0 itself ; and therefore the 
sphericity is defined for a superficial orientation at a point. But there are ampb- 
tudes for which K is ever3rwhere constant. If K vanishes for all orientations 
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everywhere, the amplitude is a homaloid. An orb, in a space of w + 1 dimensions, 
represented by the equation in space-coordinates 


n+1 



1 = 1 


is a primary w-fold amplitude of constant sphericity 1/c^. Riemann himself 
propounded an amplitude, of constant sphericity l/zc^ for all superficial orienta- 
tions at any point, having its arc-element represented by the equation 


+ dx^ + . . . + dxj‘ 


but such an amplitude is only one of an unlimited set with the same character of 
constant sphericity for all superficial orientations at any point. 


66. In connection with the preceding results, two matters may receive a brief 
mention : later, both of them will be considered in fuller detail for specific types 
of amplitudes, such as surfaces, regions, domains, the initial significance of the 
implied limitations being clearer for such types than for a general amplitude. 
One relates to geodesic surfaces, and demands consideration for amplitudes of 
more than two dimensions : such surfaces originated with Riemann *. The other 
relates to the theory of parallelism as associated with geodesics in any amplitude, 
the earliest investigations having originated with Levi-Civita *. 

I. At the point 0 in the amplitude, two geodesics OPX and OQY are drawn in 
arbitrarily selected directions at 0 which, for brevity of description, may be called 
the linear directions OP and OQ. As these linear directions are distinct, they 
determine a plane QOP ; and through the point 0, any number of directions can 
be taken, all lying in the plane. Through 0, in each such assumed direction, an 
amplitudinal geodesic can be drawn and it touches the plane ; the aggregate of 
all these geodesics is defined to be a geodesic surface of the amplitude. Such a 
surface touches the plane at 0, and it is said to be geodesic to the amplitude at 0. 

The point P on the amplitudinal geodesic OPX, and the point Q on the ampli- 
tudinal geodesic OQY, are points on this geodesic surface. But the amplitudinal 
geodesic joining P and Q does not lie in the surface that is geodesic at 0 to the 
amplitude f . There is a geodesic which lies in the surface and joins the two points 
P and Q ; the direction- variables at P of the amplitudinal geodesic and those at 
P of the superficial geodesic are found to differ by small quantities of the second 
(and higher) orders even when the amplitude is only a region. 

* Full references will be given later, during the detailed consideration of both 
subjects (Chaps, xvii, xxix, for geodesic surfaces ; Chaps, x, xviii, xxxii, for parallels). 

t Unless the amplitude is of constant sphericity — an exceptional and particular 
type that, throughout the argument, is implicitly excluded. 
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II. In the discussion of parallel geodesics, an essential property (arising as an 
inference from the definitions) is the equality of the angles made by two such 
geodesics where they meet a common basic geodesic. Thus if, in the figure on 
p. 145, a geodesic PT through P were declared parallel to 07 (the parallelism 
being relative to OPX as a basic geodesic), the angle XPT would be equal to the 
angle XOY. When the amplitude is a surface, existing freely in a plenary homa- 
loidal space and not regarded as geodesic to some containing amplitude of greater 
extent, the selection of a geodesic through P parallel to 07 is definite and unique. 
But for all amplitudes more extensive than surfaces, there is an initial difficulty 
in selecting a single one, out of an unlimited number, of the directions through P 
satisfying this requirement of equal angles. Levi-Civita made a selection * by 
reference to the plenary homaloidal space : Seven made a selection f by reference 
to the surface which is geodesic to the amplitude at 0 ; and the two selections give 
two sets of direction- variables which, agreeing up to the included first order of small 
quantities, differ \ in the second order of small quantities. But calculations shew 
that if, by either selection, a geodesic PT be drawn through P parallel to 07 and 
a geodesic QR be drawn through Q jmrallel to OX, the geodesics PT and QR do 
not meet ; and a geodesic parallelogram cannot thus be completed. 

Other selections of parallel geodesics arc possible. Thus, as the definition of a 
geodesic PT through P parallel to 07, the initiating direction at P might be 
made to lie in the plane orientation determined by the directions at P of the 
geodesics PX and PQ ; but again there is a difficulty, for if a different point Q* 
on 07 be taken, the direction at P of the amplitudinal geodesic PQ' does not lie 
in that plane orientation, for only the finite parts of its direction- variables give a 
line in that plane — a statement that can be established by simple calculations. 
Still another selection ** is possible : a geodesic PT can be taken so that, up to 
the first order inclusive, its direction- variables satisfy the requirement of equal 
angles TPX and YOX, and another geodesic QR can be drawn parallel to OX 
with the like requirement, leaving the terms of the second order to be determined 
so that PT and QR shall meet and thus form a geodesic parallelogram. 

A discussion of the alternatives is reserved until the properties of regions are 
under consideration. 

*§§119, 221, 377. 

t§§222, 380. 

J Again on an assumption that the amplitude is not of constant sphericity. 

** Sec, in particular, §§ 232, 233. 
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Sub-amplitudes in a General Amplitude 
Parametric definition : am/plitudinal normals. 

67. Within an amplitude, configurations of various types may exist ; they 
may be called sub-amplitudes, for brevity of general description. Each sub- 
amplitude necessarily is contained in the homaloidal space which is plenary to 
the amplitude ; and it will have its aggregate of properties, characteristic of itself, 
determined in relation to that space. It is, however, to be observed that the 
plenary homaloidal space of an included configuration is not necessarily as exten- 
sive as the plenary space of the including amplitude though, when less extensive, 
it will be contained in the amplitudinal space. Thus a small circle, on a sphere in 
triple space, has a plane for its plenary space, the plane lying in the triple space 
that contains the sphere ; but flexure of a small circle (sometimes called its 
geodesic curvature) of angular radius B on a unit sphere is equal to cot B, this 
flexure being extrinsic to the plane. 

As a sub -amplitude exists within an amplitude, which stands to it as a non- 
homaloidal plenary space, it has a set of properties characteristic solely of its 
relations to that amplitude. The amplitude itself has properties, which must 
affect and may limit those relations ; and thus there will be a geometrical fusion 
of some properties of the amplitude, determined by its plenary homaloidal space, 
with some properties of the sub-amplitude relative solely to the amplitude. It is 
necessary to investigate these influences, to note the specially amplitudinal 
properties of a sub-amplitude, and to set out the relations between such properties 
and what may be called the spatial properties of the sub-amplitude and of the 
amplitude. 

The simplest representation of sub-amplitudes, when they are completely con- 
tained ill an amplitude of n dimensions, is effected by means of analytical relations, 
one or more than one, among the parameters characteristic of the amplitude. 
When m such independent relations are postulated, the sub-amplitude so defined 
is of w - m dimensions. 

Two lemmas may be proved at once. Let a sub-amplitude, of /i - 1 dimensions, 
be defined by a single parametric relation 

€(XijX 2 , , Xn)=0, or constant, 

so that every direction x^\ ... , x^, in the sub-amplitude satisfies the equation 

ei^i' + €2X2 + . . . + e^Xn - 0 . 
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Consider an elementary arc dp within the amplitude, orthogonal to the sub- 
amplitude and therefore at right angles to every direction Xg', \ and 

let its direction- variables in the amplitude be denoted by 

dx-y dx^ diXy^ 

dp' dp' ' ' dp' 


then the condition 




I J 


must be satisfied for all values of Xy\ ... , x„', which are subject to the single con- 
dition 

€iXi' -h €2X2 H- . - . + €nXn = 0 . 

Consequently 


1 


dx, 


dx„ 


dx„ 


v> A ^ V' ^ A 


and therefore 


dxy 


dXn 


dXr, 




Thus the amplitudinal normal to the (n- l)-fold subnormal is unique in direction. 
Let IjT denote the common value of these fractions ; and let rfc denote the 
increment of the magnitude e(Xi, Xg, ... , x^) for the variation dp along the normal 

to the sub-amplitude, so that ^ may be regarded as the normal enlargement (or the 

dp 

dilatation) of the sub-amplitude, its value being 

de _ dxy dx2 dx^ 

dp dp dp^ ••• + ^7* 


Also we have 


— rp ^ ^ 

i j 




J 


Hence we have 




and therefore the unique amplitudinal direction, orthogonal to the (ii-l)-fold 
sub-amplitude e(Xi, ... , x,i) = 0, is given by the equations 

de dx^ 
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for r—\, ... , n. We write 

Next, let a sub-amplitude, of n-2 dimensions, be defined by a couple of 
parametric relations 


The relation aj=0, taken alone, defines a sub-amplitude of n-1 dimensions 
similar to the sub-amplitude defined by the relation € = 0, taken alone. For this 
sub-amplitude oj = 0, let dq be an orthogonal amplitudinal elementary arc, and 
write 


Then the normal enlargement 


i j 

doj . . , 

]s given by 



and the direction-cosines of the amplitudinal normal arc dq arc given by the 
equations 




for 1, , n. 

We define the inclination of the two sub-amplitudes of n - 1 dimensions, given 
by €-— 0 and by ai = 0 respectively, and lying within the plenary amj)litude of n 
dimensions, to be equal to the angle between the directions of the elementary arcs 
dp and dq, drawn in the amplitude normal to the respective sub-amplitudes of 
dimensions n-l. When this angle is denoted by we have 


and therefore 


cos 

i j 


dXf dxj 
dp dq 


i j 

We write 

Aai= ^ 

% T 

a new concomitant intermediate between A and ; and now we have 


cos4 = — ,, 

A“A" 


giving the inclination of the two sub-amplitudes of dimensions n-l, while the 
interpretation of the concomitant is 


de doj 


I T\ VW 
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Equations of geodesics in a sub-amplitude. 

68. An initial form of the characteristic intrinsic equations of geodesics 
belonging to a sub -amplitude of n-m dimensions, which exists within the general 
amplitude and is defined by a set of m independent parametric equations 

...,x^) = 0, (/x=I, 

has already (§ 17) been obtained. We denote by x/' the second arc-derivative of 
Xi along the geodesic in the sub-amplitude, reserving the former symbol cc/' for 
the second arc-derivative of the same parameter along the amplitudinal geodesic. 
The intrinsic equations of geodesics in the sub-amplitude are 


3 i j 


('“I 


~dx„’ 


for A = I, ... j n ; the magnitudes A are multipliers left undetermined in the con- 
struction of the intrinsic equations. 

We resolve these equations for ... , xj' ; we multiply the foregoing 
typical equation by aj,i, the k being the same as for the typical equation ; and 
we add for k=^l, ... , n. Then 


i j 





holding for each of the values l—l, , n. Multiply this typical equation for the 
dd 

value I by --- , where t is any one of the numbers I, ... , m, in the set of parametric 

OXi 

equations for the sub-amplitude ; and add for all the values of 1. Then 


'V' " " _L X'' s ' l\ ' ' ^ ^ X^ 


Now for any of the equations 6,=0, repeated differentiation along any arc in the 
direction x^', ... , x^, gives 


V V 

dx, ds^ ^ 


^ dXfdXj 


a-/x/=0 ; 


and therefore, for repeated differentiation along the geodesic, 




1 



dd, ddA 

dx]) ■ 


The concomitants on the right-hand side have occurred (§ 67) in the lemma deal- 
ing with the inclination of two sub-amplitudes of dimension m- I. For two such 
sub-amplitudes, given by 

-••,aJn) = 0, dp(x^, ... ,x^)=0, 
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we write 


dd, de^ 


de„ de„ 


dd„ de„ 


n V'' N.'' „ “ ^ p n „ ""p ''"p n ^ _ ''"p "''p . 

'^dXidx/ ^^dx^dx^’ 

and wc denote their inclination (measured by the inclination of their amplitudinal 
normals) by Ca/ 3 > SO that 

(Z)„Z)p)^coa Cap=D^. 

Again, we write (for reasons set out later, in § 70) 

When the various substitutions are used, the foregoing relation is expressible in 
the form 

Q* ^ I 

— = ^ cos ^^ 0 . 

Vt e=i 

As the relation holds for ^ = 1, ... , m, there are m such relations sufficient for the 
determination of the m multipliers A^, in terms of these magnitudes y^. 

The equations can be simplified in form. We Avrite 




thus taking new quantities c instead of the multipliers A. Again, the direction- 
cosines of the element of amplitudinal arc, orthogonal to the sub-amplitude 
0^=0 of m - 1 dimensions, are given by 

^ dO., dx- . ^ d 0 „ 


dVp k 


SO that 


^ ^^^dpjp, V^dp, 


Thus the intrinsic equations of the geodesics are 

m ,7/y. 

i j .r/^ 

while the coefficients on the right-hand sides are determinable by the equations 


Ct coa CtT=— , 

t=\ Vt 

the former equations holding for Z=l, ... , n, and the latter equations holding for 
r=l, ... ,m. 
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Thus when m = 1, there is only one coefficient c, and it is equal to 1/y ; there- 
fore the intrinsic equations of geodesics, in the sub-amplitude , a;„) = 0 of 

n-1 dimensions, existing in the plenary amplitude, are 

holding for Z = 1, ... ,n \ the value of is given by 

where 

and the quantities are given by the equations 


for 1=1, , n. 


de ^ d€ dxi 

dp^dp/ 


Similarly, when m=2, and there is a sub-amplitude of n-2 dimensions given 
by the two parametric relations 

€{Xi, ... , a^7i) = 0, ... , = 

there are two coefficients and given by the relations 

Ce + C^COS4 = — 

\ 

r M’ 

c^cos4-f-c^= 

y<o I 

where the value of y^ is as before : the value of is given by 

- (£)’ ? ? [^r ^ 


and also 


cos 5 = 




n _ V' x-* 

Ao,- g--' 

The intrinsic equations of the geodesic in this sub-amplitude of w - 2 dimensions, 
defined by the two relations e=0 and 6u=0, are 
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dx dx 

for Z= I, , n, while the values of and are given bv 

dp, dp^ 

_ de dxi_ ^ de _ dm dxi _ dm 

dp, dp, ~ ’ dp^ dp^ dx^ ' 

The values of and can be taken in the equivalent forms 

Sin* ^ \ y,, yj 

sin* ^ \ y, yJ ) 

Before proceeding to determine the significance of the quantities and y^ 
in this case, and all the quantities y for the general sub-amplitude, we establish 
the due relation between the prime normal of the geodesic of the sub-amplitude 
and the tangent homaloid of the sub-amplitude. As the sub-amphtude exists in 
the plenary homaloidal space of the amplitude, being a configuration in that 
space, the relation indicated must agree with the general relation in § 20. 


Tangent homaloid of the sub-amplitude : relation to geodesic prime normal. 

69. The Cartesian equations, relative to the ultimate homaloidal plenary 
space, which represent the homaloid tangential to a sub -amplitude of n~m 
dimensions existing in a given plenary amplitude of n dimensions, are constructed 
in the manner (§ 20) used for the tangent homaloid of the amplitude. A line 


yi-yi_^y2_ 

2/1 2/2 

which can be typified by the equation 

y-y=^\ 

touches the sub -amplitude, provided the direction- variables xf, ... , xf, occurring 
in the quantities yf, yf, ... , in the form 


satisfy the m equations 




Hence every point on such a line satisfies the equations 

dy dy dy 

where Oi=Aa:i', 02 = AiCj', , a„=Aa:„', provided all the relations 


dSi ddi 
ai-.;- + a2 5--+. 

dx2 


^^'dxi 


■ n 


>■= 1 , ... ,m), 
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are satisfied by the quantities a : that is, the homaloid oin-m dimensions touch- 
ing the sub-amplitude in question is represented through the equations typified 


NT* 


provided the parameters a^, ... , a„, satisfy the m relations 


s 


dOi 


0 , 


(i=l, ... , m). 


We shall require the conditions necessary to secure that a spatial direction, 
with spatial direction-cosines Zi, Zg, ... , shall be orthogonal to this tangent 
homaloid : that is, shall be at right angles to every direction in the homaloid. 
The requirement will be met, and will be secured, if, and only if, the relation 



„ 4-n 


=0 


be satisfied for all admissible values of the parameters a. These parameters must 
themselves obey the m conditions 


S 


dd^ o 


(i=], ... , m), 


associated with the y)arametric equations of the sub-amplitude. The necessary 
and sufficient conditions for this purpose are that the equations 



ddi 
■ dx. 


dds 


^dx,’ 


for 1, ... , w, be satisfied for general values of the set of quantities ... , 

Km‘ 

Moreover, for any point on a line through the point , drawn in such 

a direction Zj, Zg, ... , the n-m equations 




dx^ 



arising from the array for ^ = 1 , . . . , n, are satisfied. Thus these equations represent 
a homaloid ; it is orthogonal to the tangent homaloid of the sub-amplitude ; and 
it is called the orthogonal homaloid of the sub-amplitude. 

Let rji, T/gj ••• 3, point in the sub-amplitude contiguous to y^, y^, ... , and 

from it let a perpendicular be drawn to the foregoing tangent homaloid ; let 11 
denote the length of this perpendicular, let Yg* denote its direction-cosines, 
and let space-coordinates of its foot in the homaloid, so that we have 


YjU^rjj-yj 
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for all the values j=l, ... , N, corresponding to the dimensions of the plenary 
homaloidal space of the whole amplitude. Because TI is the length of the per- 
pendicular, the magnitude 

must be a minimum among all the values that can be acquired for values of the 
parameters a^, ... , which satisfy the m relations 

dO 

(i=l, ... ,m). 


The equations, critical for this minimum, are the set 




-A ^^‘+A ^^*4- +A 


for all the values t=l, 2j , n, the quantities A being multipliers that are left 
undetermined in the construction of the critical equations. 

In the first place, these n equations may be written 




adi , de. 


dzt’ 


and it therefore follows that (as is to be expected) the perpendicular 77 is ortho- 
gonal to the homaloid touching the sub-amplitude, that is, it is orthogonal to the 
sub-amplitude. 

In the next place, the n equations may also be written in the different form 


that is, 






^Ai^a^ + 




for all the n values ^=1, ... , n ; and the right-hand sides must be evaluated. 
Now, for each of the quantities rjj - we have 


where 8 denotes an arc-distance in the sub-amplitude between the points 7 J 2 , 
... and 1 / 1 , yzy ... , in the direction y/, yz, ; and the symbols y” are typical of 
second differentiation along some curve, touching that direction but otherwise 
remaining unspecified as yet. Now 




s 



dxtdx^ “ 


— ^ At^x^ . 


and therefore 
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where denotes the second variation along the unspecified curve touching 

the direction ; and therefore 

"= V ^ ^ ") 4- V V V X 'x ' 

^axy° ^ ax. ax^ y dxt dxfdx, ' ’ 


^dxt^‘ ^^dxtdx,, 

= S^*4(V')»+ ^ S[y> 

n t j 

= S ^ J «)c+ S S {y. 


i j 


When these relations are used, the foregoing typical equation can be transformed 
to 

^ A,>,- V8-i{«')c + ^ 2 {V,H-Wx/}8^]= - ^ 

powers of 8 higher than the second being neglected, and the equation holding for 
t=l, , n. Thus there are n equations to determine the n quantities a^, . . . , ; 

resolved for these quantities, they give 

1 SB 

% - - lii <’ )■= + ^ ^ ^ 3 > 

for the n values of 

SB 

Let these quantities be multiplied by where j8 is any one of the integers 

ax^ 

1,2, . . . , m ; and let the results be summed for the n values of (jl. We have 

for each value of j8, because of the relations satisfied by the parameters ; and 

SV3-'=0. 

because the direction x^, ... , lies in the sub-amplitude. Also 


V' V' n 


kfi } 


and thus the relation becomes 

. dd 


S |^[«')c+ 5 5 {ij, 5 KD,,. 


But second differentiation of the equation B^ix^, ... , x^^) = 0 gives an equation 
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and therefore the foregoing relation becomes 

On the left-hand side, the coefficient of has been denoted by the symbol 

yfl W/ 

I 

where the significance of has yet to be foimd ; we also have 


and we shall write 




for the values 1, , m, of A;. With these postulations, we have 

— ='^c*cos 
yp k 

for j3=r], ... , m, as the m relations for the determination of the m quantities 
which take the place of the m quantities A*. 

We now return to the consideration of the magnitude TI and its direction- 
cosines Yj, Yg, ... , as given by the typical equation 

H 

=y'S+-|yc"8^-Va,|'. 

accurately up to the second power of 8 inclusive. Further, with the foregoing 
determination of the quantities a^, we have 

^ V V A n 


The last term, being a triple summation. 


— _ ^ V' > % Iddj. dx^ 


after the expressions (p. 165) for an amplitudinal direction orthogonal to the sub- 
amplitude d^ = 0 ; and this expression, in its turn, 

- A 
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when we use the value of from p. 166. Also 

aVk 

V '—v' ■ 

and 

Hence the equation for YTI gives 






We write 


r' 


1 2/7 


and we have 


2 S 




where 1 /p is the circular curvature of the amplitudinal geodesic in the direction 
x^, ... , Xn'. Hence, in the limiting position of 77 as S tends to zero, we have 

P P k ^ ^Pk 

for each of the space-coordinates y and the associated spatial direction-cosine Y ; 
and the m quantities c in this equation satisfy (or are determined by) the m 
equations 

cos ^jcp=- , (p=l, ... , m). 

k yp 

Now consider the circular curvature and the spatial direction-cosines of the 
prime normal of a geodesic belonging to the sub -amplitude of n-m dimensions. 
Denoting the circular curvature of the geodesic by 1/po, the typical direction- 
cosine of its prime normal by Yq (that is, the direction-cosines are Yoi, ^ 02 ? ••• )» 
and second variations of the space-coordinates along the geodesic by y^", y^' , ... 
in full, and by y" as t}rpical of all these quantities, we have 

while 
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Hence 


-n V'' 

S' -S' > 

— V' V' ^ 


where the quantities c are determined by the m equations 

m 2 

D c^cosf^,=-, 

*x=l Yr 

and therefore are identical with the quantities c on p. 174. Now 

. Y r„. 


and therefore 


Y^Yo 

P Po 


a result typical of the N results corresponding to the full tale of dimensions of 
the plenary space. Hence 

P Poj 

and, for all the direction-cosines, 

y=y„. 

Hence, as S tends to vanish, the limiting position of the perpendicular drawn 
upon the tangent homaloid of the sub-amplitude at y^, y^, ... from a contiguous 
point of the sub-amplitude at a small arc-distance S from y^, y^, ... in the direction 
iTj', ... , is the prime normal of the geodesic of that sub-amplitude drawn in 
the specified direction. Further, when Yq denotes the typical direction-cosine of 
the prime normal of the geodesic of the sub-amplitude corresponding to the typical 
direction-cosine Y of the prime normal of the geodesic of the plenary amplitude 
with the same initial direction, this typical direction-cosine Yq and the circular 
curvature 1/po of the geodesic of the sub-amplitude are given by the equation 

p. '‘dp,: 

dn 

where ^ - is the typical direction -variable of the amplitudinal normal to the 

simjJe sub-amplitude ... , ir„) = 0, and where the magnitudes Cj, ... , c^, are 

determined by the m equations 


1 rr 
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the quantity being the inclination of the two simple sub-amplitudes 0^=0 and 
0^=0 to one another. 

It remains to identify the quantities denoted by the symbols yi, ... , 


Arnplitudinal flexure of a geodesic in a sub-amplitude. 

70. The relative march of any geodesic curve can be estimated in two ways. 
In one of these ways, it is regarded mainly as a curve in a plenary homaloidal 
space : the march is influenced by properties of multiple non-homaloidal spaces 
in which its own amplitude may lie : its variations are estimated, ultimately, by 
reference to the plenary homaloidal space. In the other way, the variations of 
the curve are estimated by reference to any plenary non-homaloidal space which, 
containing the amplitude of the geodesic, therefore contains the geodesic. In both 
of them, the variations are measured as arc-rates of deviation from geodesics in the 
manifold of reference : when this manifold is a plenary homaloidal space, the 
geodesics of reference are straight lines : when the manifold is a plenary non- 
homaloidal amplitude, the geodesics of reference are the geodesics of that con- 
taining amjilitude. The measures, thus obtained in the first description, are in 
effect the successive curvatures of a curve in some homaloidal space : they are 
mathematically expressed in the Frenet equations of a curve, referred to its 
orthogonal frame in the homaloidal space ; and they constitute what may be 
called a canonical description of the curve — canonical, that is, for purposes of 
central reference. The measures, obtained in the second description, are estimated 
relative to the geodesics of the plenary amplitude : but those amplitudinal 
geodesics, being curves, have curvatures of their own ; and therefore the second 
description has a somewhat relative and local character, undoubtedly significant 
and informing, yet varying from one amplitude to another when there are distinct 
plenary manifolds each completely containing the sub-amplitude to which the 
geodesic belongs. 

It is to the second range of description that the magnitudes ... , y^, belong ; 
they arise in the following manner. Consider, initially, a geodesic belonging to 
any (n - l)-fold sub-amplitude e (iri, ... , a ;„)=0 contained in the general amplitude 
of n dimensions. We take two geodesics through 0, the initial point y^, ... , in 
the direction x^\ ... , one of them belonging to the general amplitude, the 
other to the sub-amplitude ; and, on these respectively, we take contiguous 
points P and Q at the same small arc-distance 8 from 0. The representative 
variable 17 of the point P on the amplitudinal geodesic is 

while the corresponding variable ij of the point Q on the geodesic in the simple 
sub-amplitude is 


F.I.G. 


M 
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the coefficients of S in 77 and in rj being the same, because the geodesics are drawn 
in the same direction. Hence, when we neglect powers of 8 higher than the 
second, we have 

The magnitude rj-r) is the projection, upon the t)q)ical axis in the plenary homa- 
loidal space, of the distance J between the points on the two geodesics — that is, 
of the deviation of the geodesic in the sub-amplitude € = 0 from the amplitudinal 
geodesic. Moreover, we have 

- r])y'=h {( Dy'y") - ( ^y’y")) s===o, 

because ^y'^=l along both geodesics, and therefore 

V:2/y'=o, ^yY=o, 

along the respective geodesics ; hence the foregoing deviation A is at right angles 
to the common direction of the two geodesics. Accordingly, we take a quantity 
such that 

and then we have 


^-rj I 




But {ij - 7 j)/A is the direction-cosine of the deviation with respect to the tyy)ical 
axis : denoting it momentarily by I, we have 


I 


=?/"-?/'■ 


Now for the simple sub-amplitude €=0, we have 




N’ 1 % 

T' d'-r,, dp, y, dp, ’ 


where dp^ denotes an elementary amplitudinal arc normal to the sub-amplitude. 
Hence we have 


dp/ 




the first relation being typical of all the direction-cosines of the deviation. It 
follows that, in the limiting position as 8 leads to zero, the direction of the devia- 
tion is in the line of the amplitudinal normal to the simple sub-amplitude, the 
direction-cosines of which are 


dlY dp/"' 
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Also, because the deviation J and the arc-distance 8 are connected by the relation 
2Ay^=8^, the magnitude is a radius of curvature or flexure; and ye=7€- 
Hence the quantity y^ also is a radius of curvature or flexure ; we shall call 1 /y^ 
the amplitudinal flexure of the geodesic of the sub-amplitude e = 0. Moreover, 
the deviation has been estimated along the positive direction of the prime normal 
of the ampUtudinal geodesic, whereas the amplitudinal normal has been drawn in 
the opposite sense ; and we therefore can expect the analytical measure of the 
amplitudinal flexure of a simple sub-amplitude to have formally a negative sign. 
In fact, we have taken (p. 168) 




Xi X, 


The foregoing result, in its initial form 


I 


-y . 


can be obtained simply by a different (but equivalent) consideration. An estimate 
of the flexure of a geodesic in a simple (or in any) sub-amplitude can be framed, by 
regarding the flexure as the arc-rate of angular deviation of that geodesic from 
the geodesic of the plenary amplitude in the same direction : so that, if dO be 
this angular deviation between the next succeeding tangents of the respective 
geodesics, we have 

1 iie 

yrds' 

Now the typical direction-cosines, in the plenary homaloidal space, of these 
respective consecutive tangents are 


y' \ f’ds+... , y' + y”ds+... . 

Let an orb of reference be taken for the representation of directions in that 
homaloidal space, such that its equation becomes 

In this orb, the consecutive tangents are represented by two points ; there, the 
distance between the two points is the foregoing angular deviation dd, while the 
direction-cosines of this distance (defining the earlier direction of the distance- 
displacement) are typified by the quantity 1. Consequently, 

lde={y"ds-\-...)-{y''ds^...), 

that is, in the limit as ds tends to zero. 


confirming the former result. 
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The quantities thus measure the amplitudinal flexure of the geodesics 
in the respective simple sub-amplitudes , U5„) = 0, contained in the 

plenary amplitude, all the individual geodesics being drawn in the same direction 
... , Xn. We proceed to the discussion of the same matter in connection with 
geodesics in the more restricted m-fold sub-amplitude represented by the set of 
m parametric equations 

e^{x^, ... , X„)^i}, ... , m). 

As before, we take two geodesics drawn in the direction Xy^, ••• , through 0, 
the point y 2 > ■ ■ ■ 5 of them is the geodesic in the amplitude, the other is 
the geodesic in the restricted m-fold sub-amplitude. Whether we take contiguous 
points P and Q along these two geodesies respectively at the same arc-distance 8 
from 0, according to the first mode of estimating the flexure ; or we consider the 
angular deviation between the tangents to the respective geodesies at these con- 
secutive points ; by both modes, we are led to the relation 


where now l/y is the measure of the arc-rate of deviation, I is the tyjucal spatial 
direction-cosine to be associated with the direction of this flexural deviation, y" 
belongs to the amplitudinal geodesic, and y'' belongs to the geodesic in the general 
sub-amplitude. Now, as before, we have 

where the m quantities c,, are determined, by the m equations 

m 2 ^ 

^c^cos^^,.= , (r^l, ... , m), 

= ^ Yr 

in terms of the amplitudinal flexures of the respective geodesics belonging to the 
several simple sub-amplitudes 6^(Xy^, ... , Xn) = 0. Consequently, the equations 
determining the magnitude and the direction of the amplitudinal flexure of 
geodesics, in a restricted (n - m)-fold sub-amplitude represented by the equations 

e^{xy, ... , = (/i.-l, ... , m), 

are the set symbolised by the typical equation 

V % . 

y 

the m quantities in these equations are determined by means of the m equations 
^C^,COsC^,r = - f (^= 1 . ••• . 

V' Yr 
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and the spatial direction-cosines typified by are those of the respective ampli- 


tudinal normals to the simple sub-amplitudes 0^ = 0, for fjL=l, , m ; and in the 
latter set of equations, the quantities 1/y,. denote the respective amplitudinal 


flexures of geodesics in those simple sub-amplitudes, while denotes the inclina- 


tion of the two simple sub-amplitudes 0^=0, 0j.=0, as measured by the inclination 
of their unique amplitudinal normals. 


Relations between radii of flexure and 'prime normahi. 

71. Further, the circular curvature of the geodesic in the restricted (n - m)-fold 
sub-amplitude, the circular curvature being always a measure of the deviation of 
the geodesic from the tangent line in the plenary homaloidal space of the sub- 
amplitude, has been given (§ 09), as to magnitude 1/po and spatial direction- 
cosines Fq, in the aggregate of equations symbolised by 

YoY^\ 

• — ^ 1 J 

Po P ^ 

where 1/p and Y denote the corresponding quantities for the amplitudinal geodesic 
in the same direction ... , xf. Hence 


Po p y' 


Manifestly, the three lines, the spatial direction-cosines of which are typified by 
Yq, Y, I, lie in one plane, because the relations 

II Yo. Y, I IhO 

are satisfied : and therefore the prime normal of the geodesic in the restricted 
(w-m)-fold sub-amplitude in the direction xf, ... , xf, the radius of flexure of 
that geodesic, and the prime normal of the amphtudinal geodesic in the same 
direction, lie in one plane. 

Let ifj denote the angle between the two prime normals of the respective 
geodesics in the amplitude and in the {n - m)-fold sub-amplitude, so that 

cos0=2YYo, 


the summation being taken over all the spatial direction-cosines. Also, each of 

the directions typified by -f— is a direction in the amplitude, to which the prime 

dp^ 

normal of the amplitudinal geodesic is orthogonal, so that 
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for /u,= ], ... ,m\ and therefore 

or, on the cO-ssumption that the flexure 1/y is not zero (we then should have a 
geodesically restricted sub-amplitude), we infer that the radius of flexure is at 
right angles to the prime normal of the amplitudinal geodesic. We therefore have 

sin^=: 

Now multiply the equation 

1^0 y I 

Po P y 

by Y, and add for all the equations ; then 

cos l/j 1 
Po p' 

Multiply the same equation by Z, and add for all the equations ; then 

sini/f l 
Po y' 

When these equations are combined, we have the following relations between 
the circular curvature of the geodesic in the restricted (n - m)-fold sub-amplitude, 
the flexure of that geodesic, and the circular curvature of the amplitudinal geodesic 
in the same spatial direction : 

yo^y^[ 

Po p y' 

Yq=Y cos ifj -f I sin 0, 

1 } 

1 cos iff I sin 0 
P Po ' y Po ' 

These equations persistently recur for any sub-amplitude completel}^ contained 
in a plenary amplitude. 

The aggregate of equations 

y ^ ^ yr 

gives the analytical relations between the composite flexure (in magnitude and 
direction) of the geodesic in the restricted sub-amplitude 

e^{Xi, ... , x„)=0, (/!=!, ..., m), 

and the individual flexures (in magnitude and direction) of the respective geodesics 



71 ] 


GEODESIC IN A SUB-AMPLITUDE 


183 


drawn, in the common direction , x^', in each of the several simple sub- 

amplitudes 0^=0. The relations can be exhibited in a more direct geometrical 
description. 

Through 0, the point , draw the m directions which are the respective 

amplitudinal normals to the several simple sub-amplitudes 0^=0 ; and let 
denote a typical spatial direction-cosine of the radius of flexure for a geodesic in 
the same simple sub-amplitude. Along the direction, typified by l^, measure a 
length from 0 ; and let such a measurement be made for each of the m simple 
sub-amplitudes 0^=0. The m points so selected determine a homaloid of m- 1 
dimensions, which passes through them all, its equations being typified by the 
relation 

y - 2/ = • kVl + h-2 ■ hY2 + • • • + ■ ImYrn, 

with the parameters subject to the single condition 

Let a perpendicular from 0 be drawn upon this (w- l)-fold homaloid, its length 
being denoted by and its typical direction-cosine by A, so that, as it lies in the 
m-fold homaloid, with its vertex at 0 and with Zj, ... . for its leading lines, we 
have relations 

II ■■■ » ^in 11“^^- 

Let the foot of this perpendicular be the foregoing point y, so that 

^Po^y-y^l^f^ThYT- 

r 

In order that the line may be a perpendicular to the homaloid, the quantity 

=v;(^MyO'’ 

T 

(the external summation ^ being for all the space-dimensions), must be a mini- 
mum, for all possible values of the parameters /x that are subject to the relation 
1. The equations, critical for this minimum, are 

S ( S PrKyr') } = ^. (« = 1 , ■ • • , »«■), 

where 6 is undetermined in forming these equations ; and the external summation 
y] extends over all the space-dimensions, as before. 

In the first place, these equations can be written 

'^LYa^Po=6, (a=l. ••• , »»)• 

Let Xa denote the angle between the direction and the perpendicular, so that 

COS^fl — ^ j 
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thus the critical equations become 

0 

yi cos A:i == y2 cos X2 — Vm cos = — . 

Fo 

In the second place, multiply the original typical critical equation by and add 
for all the values of a ; then 

S ( S ( 2 l^rhyr) = 6 

that is, ^ Apo . XpQ-- d, 

or 

Thus the aggregate of resulting equations can be typified by 


Xpo=tti . ?iyi + ^2 • ^2y2 + + ■ I' my mi 



-^tiyiCOS Cja+ + /i„,ymCOS Cma 

= X/MrrrCOS Cra- 
r 

Take new quantities g^, . . . , c^, such that 

^ryr = C,.po^ (»^=1, ; 

these new quantities are determined by the relations 


— ^ ^CyCOS ^rai 
Ya T 

that is, they are the same as the quantities c in § 69. Also 

A^O ^ j F'T^tY T 

= ^Po\lr, 


and 

II 

1 

hence 



ro ^ 


'dj,r 


I 

" ~ J 

y 


in the former investigation. As the quantities I and A are t}q)ical, we have 

A=i, y=po: 

that is, the radius of flexure y of the general sub-amplitude is the length of the 
perpendicular from the central point 0 on the foregoing (m-l)-fold homaloid, 
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and the direction of that radius lies along the perpendicular. Moreover, we now 
have 

e 

yi cos X 1 = 72 cos X 2 = • • • = ym cos Xm = - = y , 

a set of results obvious from the properties just established concerning the per- 
pendicular upon the (m- l)-fold homaloid through the m centres of flexure of the 
simple homaloids. 

These last results follow at once from the equations 


For we have 


and therefore 


^ Y ^ 


dy dy 


cosx, 


.= y.i 


dpr’ 


1 1 


= ^C,.COS 


dy dy 
dp^ dpr 


typifying the relations in question. They admit an obvious interpretation 
affecting flexures alone, viz. the centres of amplitudinal flexure of the geodesics 
of the several simple sub-amplitudes 0^ = 0 all project into the centre of ampli- 
tudinal flexure of the geodesic of the restricted sub -amplitude. 

When we square the tyq)ical equation 


y ^ •‘dp. 


and add for all the equations typified, we have 


1 

y* 


y X tj. 



dy 


= S ^^/.CaCos iii,, 

A n 



We obtain the same result after multiplying the equation by I, and adding for all 
the equations ; for then 


1 

y 




dy^ 

dp. 


= ^C^C 08 X^=S< 


y^ 
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which is the same result. We retain both the forms 


f 1 V"' 


When the relations 


Vc^cos Ci,r=- , (#■= I, — , m), 

Vr 


are used to eliminate the quantities c, we have the two equations 

■ 


J 

y 

COSXi, 

COSX 2 , 

cosx,„ 

1 

’ ’ j 

yi 

1, 

cos ^225 

. .. , cos 

1 

72 ’ 

cos ^ 21 , 

1, 

. . . , cos 

1 

Vm’ 

COS 

COS 

1 , 

1 

1 

] 

1 

2 ’ 
y 

71 ’ 

Y 2 ’ 

7 m 

1 

j 

yi 

1, 

COS C 12 , 

. .. , cos ^ 2 ,,^ 

1 

j 

72 

COS ^21, 

h 

> . . , cos ^2m 

1 

~ ' J 

cos 

cos4„2, . 

1 


= 0 , 


each providing an expression for the magnitude of the flexure of a geodesic of the 
restricted sub-amplitude, in terms of the known flexures of the several simple 
sub-amplitudes. 


72. A comparatively simple geometrical construction for the prime normal of 
any geodesic in a restricted sub-amplitude can be framed, on the foundation of 
the foregoing geometrical statement of the analytical results. 

For any simple sub-amplitude 0t=O, let OFi represent the actual radius of 
flexure of its geodesic through 0 in a direction x^, ... , ; and let OY represent 

the radius of circular curvature of the araplitudinal geodesic in the same direction, 
OY and OF^ being at right angles. The centre of circular curvature of the geodesic 
of the simple sub-amplitude 0^=0 is Cf, the foot of the perpendicular from 0 upon 
the line YF^. And t can have the values 1, ... , m. 
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In the restricted sub-amplitude, the direction of the prime normal of its 
geodesic through 0 in the direction , a;,/, its circular curvature l/pg, ii<nd 

its flexure 1 /y, arc connected by relations typified by the single equation 

Po p y' 

Let OF represent its actual radius of flexure, so that OF — y. Then I denotes the 
typical direction-cosine ; also, OF and OY are at right angles. Hence the centre 
of circular curvature of the specified geodesic of the general sub-amplitude is C, 
the foot of the perpendicular from 0 upon the line YF. Moreover, the line 
YF is perpendicular to the (m-l)-fold homaloid through the flexural centres 
Fi, --,F^ ; and the prime normal OY of the amplitudinal geodesic, being at right 
angles to all the lines OFt, is also at right angles to that (m- l)-fold homaloid ; 
that is, the plane YOF is orthogonal to that homaloid. 

We have seen the point Cf lies on the line YF^, for t~\, , m. Take all the 

points Cl, ... , C\,i, C ; as these are the feet of the perpendiculars from 0 upon the 
respective lines YF^, ... , YF„^, YF, all these (m+l) points, together with 0 and 
Y, lie on an orbicular ///-fold configuration on the line OY as diameter ; and the 
mH- 2 ])oints Ci, ... ,C^, C, Y, lie on an orbicular configuration of m - 1 dimensions. 
We therefore postulate aii orbicular configuratioii of m - i dimensions through 
the point Y, and the m points Ci, ... , C^, the centres of circular curvature of the 
geodesics belonging to the respective simple sub-amplitudes ^i = 0, ... , 

The centre of circular curvature C of the geodesic in the general sub-amplitude, 
in the same initial direction ... , is the intersection of this orbicular 
configuration of nt- I dimensions by the line drawn from Y perpendicular 
to the (m-l)-fold homaloid through the m centres F^, ... , F,,^, of flexure of 
geodesics in that same direction belonging to the w respective simple sub- 
amplitudes. 

Thus in the case of a secondary sub-amplitude, defined by two parametric 
equations di=i), — let OF^ and OF 2 be the radii of flexure of geodesics in the 
direction 'J\', ... , belonging to the simple sub- 
amplitudes 01—0 and 02 — 0 respectively. Let OF be 
the pcr2)endicular from 0 on the line F 1 F 2 ; then OF, 
ill magnitude and in direction, is the radius of flexure 
of the geodesic of the secondary sub-amplitude in the 
same direction. The line OY, in magnitude and 
direction, represents the radius of circular curvature 
of the amplitudinal geodesic ; and OC^, OC 2 , OC, are 
the perpendiculars from 0 on the respective lines 
YF^, YF 2 , YF. The points C\ and C 2 are the centres 
of circular curvature of geodesics of the simple sub- 
amplitudes 01=0 and 02=0 respectively ; and the point C is the centre of circular 
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curvature of the geodesic of the secondary sub-amplitude, all the geodesics being 
drawn in the same direction , x^. The five points, 0, Cj, C, Cg, F, lie 

on a sphere on OY as diameter. The four points F, Cj, C, C2, lie on a circle in the 
plane YF^F ^ ; and the point C is the intersection of the circle through F, C^, Cg, 
by the line YF drawn perpendicular to the line joining the centres of 

flexure of the geodesics belonging to the two simple sub-amplitudes respectively. 
The aggregate of analytical relations is 

Po p y' pi p yi' P2 p 72' 

~~ ^2^2^ ~~ ^1 ^2008 — Cj COS ^ "f- C 2 , 

y y\ 72 

yiCosxi=y2C08Xs=y, Xi+X2^^. 

COS l/fg COS 01 COS 02 _ 1 
Po Pi p2 P 
sin 00 1 sin 0i 1 sin 02 1 

Po y’ Pi yi’ p2 y2’ 

where FOF^=x^, FOF2=--X2, YOC^=iP„ YOC=ifjo. 

Similarly for a tertiary sub-amplitude, defined by three equations 0i=O, 62=0, 
03=0, collectively. The six points 0, F, 6\, C2, C^, C, lie on a globe ; the five 
points F, Cl, C2, C3, C, lie on a sphere ; and the point C is the intersection of a 
sphere through the points F, C^, Cg, C3, by a line Y^F drawn perpendicular to the 
plane F1F2F2, through the centres of flexure of geodesics belonging respectively 
to the three simple sub-amplitudes 0i=O, 60=0, 6^ = 0, all the geodesics being 
drawn in the same direction. 


73. When a configuration of n - r dimensions is given in the n-fold amplitude 
by T parametric equations 

••• * ^n) — — Ij ••• j ^)j 

the curvature of a geodesic in the configuration is given, in direction and in 
magnitude, by the typical equation 

Fp^F^I 

Po p y’ 


where 1/p is the circular curvature of an amplitudinal geodesic in the same direc- 
tion, and where 


-=Te 

y 


+ ^2 



K 


dy 
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dv 

while is a typical spatial direction-cosine of the amplitudinal normal to the 

sub-amplitude 0^ = 0, and 

^i + ZcaCOS 12 + ... + ArCOS lr= ^ , 

yi 

A^iCos 21 -l-ko-h ...-hJc^cos 2r— - , 

72 


Z:, cos rJ + /locos r2 + . . . + Z;, - - , 

rr 

the quantities being the radii of amplitudinal flexure of geodesics in the 

respective sub-amplitudes 0, ... , 0^=0. 

In the configuration oi m{ = n- r) dimensions, let the parametric variables be 
taken to be ... , x^, so that the quantities , Xn, are then given by the 

r parametric equations defining the configuration. With the customary expres- 
sions for the radii of amplitudinal flexure, we shall have expressions of the form 


1 

71 


n n 



(lijXi Xj 






1 

72 


n n 


m m 


'\ n n mm 

Vr i j i j 


with the customary relations of the t5rpe 


dXi 3^ 


z — a.+ Vffl ^•*'”‘+“ 4- 


dx„_ 
dx~ 


VT 9a;.. dxj ’ 


LiA-i.- 9;^‘.n 1 (1 


while the quantities ^re given hy the equations 


dxi ~dXi 


for the values p=l, ... , r, and 1, ... , m. Also we take 

y n n 

P i j 
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wii}h the same law of relation for the quantities in terms of as connects 
a^j with the magnitudes Further, we write 


m m 

t j 
m m 


I J 




so that the coefficients in for p= 1, , r, are given by relations 

+ Pij 1 2 + . . . + /c, J cos Ir = d^j, 
a^j cos 21+ pij -\ ... -j- K^j cos 2r — b^j, 


Let 


a^j cos rl + 13 ij cos r2 + ... -\- K^j 

1 ” 7n m 
0 


— ^ij‘ 


Po 




and, for all values of i and j, let 


so that 






+ ... +/C,-; 



7 m m 

y i j 


As the only relation affecting the magnitudes 'j\', ... , is the permanent arc- 
relation which now has the form 


i j 

where the magnitudes Aij bear to the primary magnitudes of the whole amplitude 
the same algebraical relation as the magnitudes d^j in l/y^ bear to the magnitudes 
(lij, there is no homogeneous relation of the second order among the magnitudes 
r,', ... , Hence a comparison of the coefficients of the various terms in the 

equation 

po p y’ 

after substitution for the members in terms of x^, ... , a:^', leads to an aggregate 
of relations 


^13 Va "b 
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for j, =1, , m, taken independently of one another. Moreover, as is a 

homogeneous linear combination of quantities and as (p. 29) 


for all values of h, k, I, we have 






Tlie quantities 
therefore 


dy 

are linear combinations of all the n quantities ; and 

^ J ^hk'yij ^^5 


for all the combinations h, /r, i, j, ~i, , m, independently of one another, the 

summation being over the dimension-range of the plenary homaloidal space. 


Geodesic surfaces of an amplitude. 

74. The least extensive sub-amplitude contained in any n-fold amplitude is a 
curve, as given by n - 1 equations 

••• , (/x-^1, ... , ^-1), 

among the n parameters of the amplitude. The relations of a curve, thus defined, 
to the characteristic magnitudes of the containing amplitude will be sufficiently 
illustrated later, by considering the properties of a curve in specific amplitudes 
such as a surface and a region. 

The next most restricted sub-amplitudes tlius contained in any n-fold amplitude 
constitute surfaces. In the general aspect, they can be regarded as given by 
n-2 relations affecting the n parameters of the amj)litude. Viewed in this 
analytical aspect, their relations to the characteristic magnitudes of the contain- 
ing amplitude will be illustrated later, when we consider jjarametric surfaces in a 
free region and parametric surfaces in a free domain. 

But there is one aggregate of contained surfaces which have a special organic 
relation to the containing amplitude ; usually, they are styled geodesic surfaces, 
and they occur in the following manner. Within the amplitude, we select any 
arbitrary superficial orientation at O, the central point y^, , of reference : 

the orientation can be regarded as determined by two different directions with 
sets of direction-variables , ... , xf , and ... , zf , so that all directions in the 
orientation have direction- variables included in the set 

aXi -f ^z^ , ( 1 X 2 + ^2^2 j • • • , ax,fi -j- ^z^ , 

where a and j3 are arbitrary parameters. Amplitudinal geodesics are drawn 
through all these directions in the orientation ; and they generate a surface. 
Every geodesic of the surface through 0 is a geodesic of the amplitude, and each 
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amplitiidinal geodesic through 0, with a direction originating in the orientation, 
is a superficial geodesic ; the surface is geodesic to the amplitude at 0. Such a 
surface, however, is not necessarily (nor is it generally) geodesic to the amplitude 
over its whole extent ; thus, if P and Q be two points on geodesics through O, so 
that OP and OQ are alike superficial geodesics and amplitudinal geodesics, the 
superficial geodesic PQ is not necessarily (nor is it generally) an amplitudinal 
geodesic, though of course there will be amplitudinal geodesic tangents to PQ at 
every point of its course on the surface. If, however, the superficial geodesic PQ 
is also an amplitudinal geodesic, for all choices of P and Q, the surface is said to 
be everywhere geodesic to the amplitude. It will appear that, even in the least 
extensive amplitudes such as regions and domains, the equations of surfaces 
everywhere geodesic are bound to satisfy a number of simultaneous partial dif- 
ferential equations of the second order ; and it is a matter of investigation to 
determine the geodesic surfaces which an amplitude does contain and which of 
these surfaces are everywhere geodesic to the amplitude. 

Surfaces, geodesic to the amplitude at a point, can be drawn through any 
orientation at the point ; and their importance lies in the fiict that a certain 
measure, often called the Riemann measure, of curvature of the surface so 
constructed is taken to be the measure of curvature of the amplitude in that 
orientation. The measure in question was propounded *, without proof, by 
Riemann in the form 


SEES 

i j k l 

(2 


{ij, U) - x/Zi) (x„'zi - a-('zt') 

fc j i 3 


and in a note by Dedekind and Weber, based upon manuscript fragments of 
Riemann’s, it is shewn f that the measure bears the same relation to the geodesic 
surface of the amplitude as does its simplest form 


( 12 , 12 ) 

^ 22 \2 

to a surface in free space. The significance of the measure in the last instance, 
when the free homaloidal space is triple, is what sometimes is calk'd the Gauss 
measure, being the product of the t.wo principal circular curvatures of the surface. 
But surfaces, existing only in more extensive plenary spaces, do not admit this 
particular interpretation : for instance, all such surfaces have four principal 
circular curvatures, and there is no obvious relation between these circular 
curvatures and the Riemann measure. 

A discussion of the matter, and in particular the derivation of a geometrical 
significance for the Riemann measure, will be deferred until the measure is 

* Ges. math. (1892), p. 403. 

t l.c. pp. 405-412. 
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considered for its simplest form, this arising in the instance of a free surface 
(Chap. IX), where it will be proved that the magnitude, obviously of dimensions 
minus two in length, is the same, at the point, as the measure for a sphere, being 
the reciprocal of the square of the radius ; and, because of the relation to the 
area of a small geodesic triangle on the surface, the measure is called the sphericity. 
Meanwhile, one property (based upon the analysis of § 73) may be noted. With 
that notation (p. 190), we have 

when the circular curvature of a geodesic in a sub-amplitude and the direction of 
its prime norma] are given by 

Pq i j 

Accordingly, we denote the value of the four-index symbol for the sub-amplitude 
itself, relative to the plenary homaloidal space of the whole configuration, by 
(ij, kl)s ; its value for the amplitude, of course relative to that plenary space, by 
(ij, \ its value for the sub-amplitude, relative to the amplitude solely, hy 
{ij, M)f. Thus {ij, M)s is related to the circular curvature of a geodesic in the sub- 
amj)litude, (ij, kl)f to the amplitudinal flexure of that geodesic, and (ij, kl)^ to the 
circular curvature of the amplitudinal geodesic. The corresponding Riemanii 
measures are denoted by R^, Rf. Now we have 

{ij, A'/.),= 

= S ^ (Vikin - ViiVik), 

because of the relations 

^vJki=o 

for all combinations of i, j, k, I : that is, 

{ij, kl),={ij, kl)a+{ij, kl),. 

The direction- variables in all the Riemann measures arc the same for the geodesic of 
the sub-amplitude as for the geodesic of the amplitude, because the originating 
direction is common to the two geodesics ; and the denominator in the expression 
for the Riemann measures R^, Ra, Rf, is therefore the same for all three. Hence 
we have 

Rs — Ra'^ Rf- 

Two simple instances may be adduced. The simplest of all occurs, when we 
have to deal with a surface in a triple plenary space, being the customary Gauss 
surface. We may regard the triple space as a section of a quadruple space. Then 
72^ vanishes, and therefore 

Rs^Rj ; 

that is, the measure relative to the triple space is the measure relative to the 
quadruple space. 

N 


F.I.O. 
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The other example occurs when a surface exists in a region for which the 
plenary homaloidal space is quadruple. We now have 2?^ as the Ricmann measure 
of curvature of the region in the orientation ; and, in fact, Ra is equal to the pro- 
duct of the two principal circular curvatures of regional geodesics originating in 
that orientation, so that we can take 


in this instance. 



PiPi 


Also, it is found that 



being the Gauss (or Riemann) measure of regional flexure of the surface ; and so 
we have 

p\p2 7x72 


as an interpretation of the measure of curvature of the specified surface *. 


Minimal surfaces in an amplitude. 

75. The intrinsic equations, characteristic of minimal surfaces in an amplitude, 
are obtainable in a manner similar to that which is used for the formation of the 
intrinsic equations of geodesic curves. Any surface in an amplitude can be repre- 
sented by formulating the parameters of the amplitude as functions of two new 
independent variables (say u and v) which become the parameters of the surface. 
Under this formulation, the expression for the superficial arc (which is the 
specialised arc of the amplitude) is 


where 


ds^= A Qdu^ -I- 2HQdu dv + BQdv^, 


A — V 'S"' A R = V V >4 ^ 


— V' A 

^ dv' 


(It will be convenient to write 


X 


dx^ 

du 


■ dv ' 


for all values of m.) Then the area of the surface, between any assigned limits, is 

S=jjFdMdu, 


where 


*See G.F.D., vol. ii., §368. 
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To obtain a minimal surface, this double integral has to be made a minimum, 
the dependent variables being the original parameters x^, ... ,Xn] and therefore * 
the critical equations are 

_dv d { dv'\ ^ r dV 1 

dx„ du )J dv ~ ’ 

for all the values m— 1, ... , n. 

In the first place, it is to be noted that the nul-surfaces of the amplitude 
satisfy these characteristic critical equations, a result analogous to the property 
(§ 18) that the nul-lines of an amplitude satisfy the intrinsic equations of its 
geodesics. To establish the statement, we have 


dV 

dx 

dV 
dx (2) 



and therefore the critical equation, specially associated with x^, is 


so that 



There is one such equation for each value of m, =1, ... , n. 

Manifestly, all the equations arc satisfied by 

F=0, 

as a permanent relation : that is, the nul-surfaces of the amplitude satisfy the 
intrinsic equations of the minimal surfaces of the amplitude. 

The nul-surfaces may now be set on one side : we return to the m critical 
equations in their initial form. As yet, no choice of the superficial parameters 
has been made ; for convenience of analysis, we choose them to be the parameters 
of the nul-lines of the surface, so that 




dv dv 


j V w V yv I J 

(There are two such lines in every superficial orientation.) Thus 

V=iIIo, 

so that 

dV .dllo dV 


dx„ 


dx 


-I 2 {a„, aa;^(2)-* S {^rni g j) ; 


* See my Calculus of Variations, chap. ix. 
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and now the x^-critical equation is 



Consequently, we have 

1) y-v / 1 d^Xf \ BHq dXp XT 

y \ dudvl~dx^ V r \ dXi '.dv 'dul ~ ^ ^ ^ ~^r 

Also 

3a;„, A ^ 3®^ 3 m 3y ’ 


The aggregate of terms on the right-hand side, involving derivatives of x^^ 
with regard to u and of a:^ with regard to v, is 


a^AM 3 »a ^ _ ^mA ^^A ^X^ 

dx^ du dv dx^ dv du dx,^ du dv 

( _ a^A _ ^X^ dx^ 

\ dx^ dx^^ dx^ ) du dv 




by the result in § 12. Hence the ic^-critical equation becomes 





aw ai; J 


This result holds for m=l, ... , w; and the quantity Q does not vanish. 
When these equations are resolved, we have 


d% 

dudv 


+ S ^ {Vj} 


aa:A^^^ 

du dv 


holding for 1, ... , n. 

These accordingly are the equations, which determine the amplitudinal 
parameters x in terms of the two variables u and v so that the resulting surface 
becomes a minimal surface in the amplitude. The equations, apparently, are n 
in number ; but there are two integrals of the first order. 


^ 


dxi dxj 

du du 


0 , 




d v ~d v ’ 


when these are retained, the system contains n-2 independent equations. 
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Primary General Amplitudes 
Norynal to the amplitude. 

76. Considerable simplifications in the analytical expressions of many pro- 
perties of an amplitude of n dimensions appear when the amplitude is primary to 
its plena^ space : that is, when the plenary space has n+\ dimensions, one 
greater in number than those of the amplitude. 

In the preliminary investigations, no new relations or special limitations are 
requisite beyond those already specified. The quantities Aij, \ij, k\ {ij, k}, 
(ij, kl), remain with unaltered significance of definition. The element of arc is 
still given by 

^ ^ AijdXi dXj ; 

i j 

and the n intrinsic equations of amplitudinal geodesies still are 

V'+ X) 0 , 

i 3 

for k—i, ... , n, being equivalent to only n-1 independent equations owing to 
the permanent relation arising from the arc-element 

i j 

The first significant simplification occurs in connection with the perpendicular 
from a neighbouring point of the amplitude upon the tangent homaloid. Instead 
of depending for direction upon the direction of a geodesic, for which it becomes a 
prime normal when the neighbouring points coincide, it now is a unique line at a 
point 0 of the amplitude, and is the direction common to the prime normals of 
all amplitudinal geodesics through 0. Its direction-cosines Yi, ... , are 

magnitudes of position only, being independent of any set of direction-variables 

... , Xn, at 0. It remains, of course, orthogonal to the n-fold tangent homaloid 
of the amplitude, and so remains at right angles to every direction in that w-fold 
homaloid ; we therefore have n relations 


'Sp y 
m 




for r=l, ... , n, the summation on the left-hand side being over the values 
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m= 1, , n+ 1, for the dimensions of the plenary space. As there are n+ 1 such 
quantities Y in these n relations, we have 


1 

92/i 

92/2 

92/„+i 



9*1 ’ ■■■ 

’ 9*1 


92/1 

92/2 

92/«+i 


9 * 2 ’ 

9X2 ’ 

9^2 


92/i 

92/2 

92/n+i 



dx„’ - 

’ 9*„ 


where Q is the determinant of the primary magnitudes Aij, and the common 
factor Q ® is determined by the requirement ' 

m 

The w-fold tangent homaloid of the amplitude now can be represented by the 
single equation 

in 

with the foregoing values of ... , ; and the point-representation 

is still valid, with parametric quantities A^, ... , A„. 

The (n-fl)-fold homaloid, osculating the geodesic, now becomes the plenary 
space itself ; and a set of axes of spatial reference at 0 is constituted by the 
n parametric lines, having direction-cosines proportional to 

dx/ dx/ ■■■’ dx, ’ ^ ’■■■’)> 

together with the normal to the amplitude. 

The next simplification arises in connection with the secondary magnitudes j 
of the amplitude, defined originally in connection with a specified geodesic. 
They now become magnitudes of position only, no longer having any intrinsic 
association with any specific direction. The original definition of a magnitude Lij 
is unaltered in form, still being 

for all values of i, j, =1, , n ; the independence of direction is due to the fact 

that the direction-cosines of the prime normal are independent of directions at 
the point. As before, the circular curvature of a geodesic through the direction 
x^, ... , Xn, is given by the unchanged formula 
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equally unchanged are the formulae 


VV 
P "r T 





But in estimating the circular curvature of the geodesic, the foregoing formula 
involving the undirected magnitudes suffices : there is no longer a necessity 
to take the magnitude ^AY^IpY- 

m 


77. Further, the curves of curvature become simplified, as regards their 
determination. Assuming one of the customary definitions — ^that they are the 
curves along which the circular curvature of a tangential geodesic is a maximum 
or a minimum among the circular curvatures for all possible directions of geodesics 
— we have to make the magnitude of 1/p, as already given, a maximum or 
a minimum for all admissible values of Xi', ... , a;,/, that is, for all values of 
Xi', ... , xA ^ satisfying the relation 

i 3 

The critical conditions arc 

^ Lnx/=iJ. ^ AijX/, 

3 3 

for ^ = 1 , ... ,n, the quantity /x being undetermined in the formation of the critical 
equations. To determine p,, we multiply this t 5 rpical equation by x/ and add for 
all the values of i ; then 

1 

and the 7i critical equations become 

X, {i=l, ... ,n). 

3 P 3 

The elimination of the direction- variables ... , x^ , leads to the equation 



of degree n, determining what are called the principal linear curvatures of 
the amplitude. If the n values of p, satisfying the equation, are denoted by 
Pii P 2 > • • • > Pwj symmetric combinations 


S-, s— ..... s 

Pi P 1 P 2 


PlP2"-Pn-l P 1 P 2 Pi 
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are called the principal measures of linear curvature of the amplitude. Let Y 
denote the determinant 


then 



Zf,2; • 

■■ J 

^2lJ 

^22» ■ 

■■ J 

-^nlJ 

^«25 ■ 



1 

t 


P\P2 Pn ^ 


leading to the geometric mean of the principal linear curvatures. It is a quantity 
that may be regarded as a corporate measure of curvature of the amplitude ; but 
it is only a single one out of the n measures. Also we have 


1 I 1 

Pi P2 Pn 


1 

Q 


^ j ^ j 

i j 


leading to the arithmetic mean of the principal linear curvatures. It is a magni- 
tude that vanishes for n-fold amplitudes in homaloidal (n+l)-fold space which 
have minimal content. 

Further, for each of the principal linear curvatures, that is, for each of the 
values p = pi, P 2 , ••• , Pn^ the original critical equations determine a unique set of 
values of the quantities x^, ... , in general ; that is, when no two of the 
})rincipal linear curvatures are equal. Thus there is a principal direction, cor- 
responding to each of the values p^, ... , p„ : when continued from point to point 
in one of these directions, it leads to a curve of curvature : and, consequently, 
there are n curves of curvature at any point of the primary amplitude. 

Moreover, these directions arc at right angles to one another in pairs. Selecting 
any two directions ; and denoting them by x^, ... , x^' , for a principal linear 
curvature l/pj, and x^ , x^ ^ ... , Xn\ for a principal linear curvature l/pg, we have 


^LijX/= '^Lf,Xf = (i=], , n). 

3 Pi 3 3 Pi 3 

Multiply the typical equation in the first set by x/, and add for all values of i : 
then 

i j Pi i j 


Multiply the typical equation in the second set by x/, and add for all values 
of i : then 




But 
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because each sum in the equation is homogeneous and linear in the two sets of 
variables x' , x ' ; and similarly 


Hence 


^'^A,,x/x/^^^A,jx/x/. 

I j i 3 

'Pi P2' i 3 


or, on the assumption that and pg unequal, that is, on the assumption that 
no two of the principal linear curvatures of the amplitude are equal, we have 


^ ;^A,,x/x/ = 0. 

i j 

Consequently, the two directions ... , x^', and x^', ... , x^, are at right angles. 
They are chosen as the direction- variables of any two curves of curvature at the 
point ; and therefore the directions of the n curves of curvature at any point of 
the amphtude are at right angles to one another in pairs. 

Further, the normal to the whole amplitude is at right angles to each curve of 
curvature, because it is at right angles to the direction of any curve in the 
amplitude. 

It follows that the directions of the n curves of curvature and the direction of 
the normal to the amplitude constitute an orthogonal system of n -I- 1 directions 
in the plenary homaloidal space. Moreover, when the parametric curves for the 
primary amplitude are its curves of curvature, we have 

y1,,=0, Z,, = (), 

if i and j are different from one another : the former, because the directions are 
orthogonal : the latter, because the critical equations (p. 199) of the lines of 
curvature must be satisfied. Consequently, for such parametric curves, the 
permanent arc-relation and the equation for the circular curvature of a geodesic 
in the primary amplitude respectively become 




r '2— 1 



Partial equations of the second order, satisfied hy 'point-coordinates, 

78. The space-coordinates of any point in the amplitude satisfy a number of 
partial differential equations of the second order, the amplitudinal parameters 
being the independent variables. 

For all values oii,j,k, =1, ... , n, in all selections, we have 


s 


p~ i] 

dXidXj dxje 
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so that 


V ^Vm r • -^n 


or, with the notation of § 20, 




Hence for any selected pair of values of i and there are n equations (arising from 

d^y 

the n values of k) linear in the n + l quantities — for »7? = 1, ... , n + ]. Also, 
we have had the equation * ^ 


because 


r.-Vy _ Vy _ (m) 

' " - 2-« ^ m _ - Zj ^ rain , 

■^''y ^yra Q 

Zj^ra^X^ ’ 


for all values of r. We now have 91 + 1 equations, linear in the 9i + l quantities 
; and these equations have a unique set of solutions because the determinant 

Y Y Y 

IJ ^ 2’ ■ ■ ■ 5 ' 71 H 

^jh ^y2 ^,,+1 

dxi ’ dxj^ ’ ' ” ’ dxi 


^1 ^ 

dx„ ’ dx„ 


'^Un±l 

’ ■■■’ ~dx„ 


has a value Q‘, distinct from zero. The equivtions are clearly satisfied by 


, (m)_y r.. 


for m = 1, ... , 91+ 1, which accordingly provide the solutions : that is, 

_yT J- /V/i' 1 \ _L Wn 9\ _L /w\ ^Vm 

^dxj - + dr, + + • 


This equation holds for all the combinations i,J, — 1, ... , 9i, taken for each integer 
independently of the other ; and it holds for each of the space-coordinates, as 
given by 99i=l, ... , 9i + l. 

The Riemann four-index symbols take a specially simple form for a primary 
amphtude. We have seen that, in general, they are given by the expression 

(§ 14) 

(ij, U)= f - -/%■ 

\dx^dXfg dXjdXi uXjdXfg. dx^uXiJ 

A li 
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for any w-fold amplitude, the summations being for A, jtx, = 1, , w, independently 

of one another. For a primary amplitude, we have 




dXidxj^ dXjdXi 


S A}07, A}, 

A n 




dxjdxj^ dXidXi ** 




with the same summations for A and fi, these values being obtained by direct 
substitution of the second derivatives of the point-coordinates from the foregoing 
characteristic equations. Hence 


( y j ^0 ic^j I I fc j 


the simple form of expression indieated ; and it holds for all possible combinations 
of the values of i, j, k, 1. 

Next, for all values a, j3, =1, ... , n, we have 


4 __ ^Vm, 

rn 


and therefore, on substitution and reduction. 


" Kdxjdxj^ dxjdxi dx^dxj^ dx^dx^l ^ \dx^dxj^ dx^dxi dXjdxj^ dxidxj * 

Consequently, when the expression of the right-hand side in terms of this com- 
bination of second derivatives of the magnitudes Aa^ is used, it appears that the 
magnitude represented by the symbol 

(ij, kl) 

is completely expressible in terms of the first-order magnitudes : and this infer- 
ence is valid for all combinations of the integers i, j, k, 1. Hence, for all such 
combinations, every quantity 

LiitTjji — LiiLjk 

is thus expressible. 

Now consider a determinant 


/>= 


Lij'i 




Ljj', 

^jk' 


^^ki' 3 

Lki'y 

I^kk' 


and the determinant of the first minors of D, being 


D^= 

^j/^kk' ~ ^jk'^kj'y 

= 

^ii'j ^ik' 


Lkj'Lijc' - 


hi' 3 hi' 3 ^kk' 




hi' 3 hi' 3 hk' 
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Every constituent of Z)^ is expressible in terms of the first-order magnitudes ; 
consequently is so expressible and therefore also D, Now 

with three like relations, and 

~ hi'hk' 

also with three like relations ; hence, unless* D should vanish, each of its con- 
stituents is expressible in terms of the first-order magnitudes. 

It may be the fact that, for some particular selection of i, j, A;, and some 
particular selection of i\ f, the determinant D vanishes. But it cannot hap])en 
that, for the particular selection of j, k, and for all selections i , f, k\ all the 
corresponding determinants T) should vanish unless the complete determinant 
I Lij\ vanishes, that is, unless the corporate measure of amplitude vanishes. This 
might occur at merely isolated places which would be of the nature of special 
points in the amplitude ; if it did not otherwise occur, the inference would still 
be valid, and the contour of the amplitude in the immediate vicinity of the special 
point would be the subject of a separate investigation of a different character. If it 
happened that each determinant | Lij\ vanished everywhere, the inference would be 
that at least one of the principal linear curvatures of the amplitude is everywhere 
zero, that at least one set of the curves of curvature is made up of straight lines, 
and that the amplitude can be developed about such lines in succession so as to 
lose one of its dimensions. 

Excluding this possibility and assuming therefore that the corporate measure 
of the araplitudinal curvature is not zero, we infer that each of the magnitudes 
Lij, that is, each of the secondary magnitudes of the amplitude, is expressible in 
terms of the primary magnitudes (and of the derivatives of such primary magni- 
tudes). 

Manifestly the inference cannot be drawn, if there is no determinant of the 
third degree in the magnitudes L^j. Such is the fact when we have to deal with 
an ordinary surface in homaloidal triple space, that is, in the Gauss theory of 
such surfaces ; and therefore the inference holds for primary amplitudes which 
are of more than two dimensions. 


79. We shall require the first derivatives of the direction-cosines Y with respect 
to the parameters. 

The relation 



m 



holds for all the n values of t. Differentiating wdth respect to Xj„ we have 


^ dxj, dxt~ ^ ^'dxtdxj,~ 
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i , 


3«/7I 


Let each side be multiplied by , and let the results for all the values of m be 
added ; then 


V' f(m h\ — V' N'' n T 

^ dx, ^ ^ ^ dx. dx. 


i j m dx^ 

— ^ j ^ j 


The quantity ^ Atja^j is equal to zero when i differs from /, and it is equal to £2 
j 

when i is equal to t : thus the only emerging term on the right-hand side is £2Laj 
and therefore 


Consequently 

Again, we have 




. fdr„ . 1 


i:^^+-A/K*)ra7=o- 


dxf. Q 


Sy„ 


S k)=^^(^Y^ a,,L,,=-0 ; 

ni i I'm ^^3 ' 


i 3 ^ m 

and, because ,,^^==1, it follows that 


so that 


dx, - ’ 




Thus there are m+l equations, homogeneous and linear in the n-hl magnitudes 


for 1, ... , n+ 1. 
equal to 


The determinant of the coefficients of these magnitudes is 


I'l, 

Y„ . 

J ^71 + 1 

diji 

Sy2 

dy„^i 

dx^ ’ 

dxi’ ■ 

■■’ dxi 

dyi 

3^2 

3y„+i 

dXn ' 

dx„' ' 

dx„'' 




the result is an aggregate of determinants of the t3rpe 


%2 

3yn+i 

aa:/ ■■ 

a^i 



dXidXk 

5 35 j 



aa;„’ •• 



When the values of the second derivatives in this determinant are substituted, 
there is a term 

T ^^2 ^^ n+l 

dx\^ dx^ ’ 


Y y 

-* 2 I • • ■ 3 n -M 


9yn+l 

dx^ 


~dx„ 


• • ■ 3 
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which is proportional to , the s}anmetrical coefficient not depending upon 

i/i, or Fi, or derivatives of to the exclusion of other like quantities ; there is a 
term 


%2 

fl 

axi’ ■■ 

■ ’ axi 

Sy2 

3«/n+V 

dXi’ " 

■ ’ dXi 

9«/2 


dx„’ ■ 

■■ ’ 9*. 


which is proportional to Y^, with a similar symmetrical coefficient ; and these 
are vanishing terms : consequently the determinant provides terms in and in 

. Such determinants occur, in the full aggregate, for 1, ... , n. We therefore 

have an expression 

9Yi dy^ 

-- — =a quantity linear and homogeneous in i^, ... , x— . 

The same form of result holds for the derivatives of each of the direction-cosines 
y^. Accordingly, we can take, for all values of 7n, 

y-y Ip 1 J) . I p 

^ ^ 1 ,„ + 7 , i + . . . + , 

where the coefficients Z, P^, ... , P,„, which remain to be determined, are the same 
for all the equations arising from the n+i values of m. 

To determine these coefficients, first multiply by y,„ and add for all the values 
of m ; then because ^ we have 

m 

Vy 0 ■ 

^ ax* ’ 

also 

i=l. ...M, : 


Next, multiply by and add for all the values of m ; then, as 

uX^ 

^ y ^ y m _ r 

aiT” ^ ^dx,dx~ 

for all values of i, we have 

+ A2iP%-\- •••+ AniPn— 
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for i—\, ... , n. When these n equations are resolved, they yield 

^Pi= - 

i 

forj=l, ... , n. Inserting the values of Z, P^, ... , P^, we find 

in agreement with the expression already obtained. 

In passing, it may be noted that the result is in formal accord with the less 
particular corresponding result for the amplitude when the plenary space is of 
more than n+\ dimensions. There (§34), it proved convenient to take the 
derivatives of , Y 2 , ... , along the geodesic. To compare the result just 

obtained with the earlier result, we take (for the present amplitude) 

y ' — / 


1 V'.' ^ym 

O S S a™, > 


with the former significance for which is retained for the present more special 
expression for the circular curvature of the amplitudinal geodesic. The results are 
in accord ; but the detailed expressions for the primary amplitude are simpler 
than for amplitudes existing only in more extensive plenary spaces. 


Binormal of a geodesic : the torsion. 

80. That earlier result (from § 34) leads immediately to expressions for the 
torsion and the direction-cosines of the binormal. The equation 

is characteristic of the amplitude ; and there is the typical Frenet equation 

h=^+Y', 

a p 


characteristic of any curve. Now 


dx, ’ ’ 




and therefore 
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when is selected as the direction-cosine corresponding to for the tangent. 
Thus, if we write 


we have 


7 -0 ^ , 0 +0 

-<?,= 

(T p 


so that the result already given (§ 34) is unaltered in form. 

We verify, at once, that the line, thus represented in direction, is at right angles 
to the tangent. The necessary condition is 


that is, 


that is. 


i:2/%=o. 


(s-/|)(so,*)=o. 


and therefore 


hence, because 


Ut-Oi, 

j P 




the condition is satisfied. 
Again, 






02 jl 

i j k I 


Also we have, as usual. 


and therefore 


^aj^iAji=0, when^' and Jc arc different, 

i 

= Q, when k—j ; 


Yj Ym=k'^'^aijViVi. 

m i j 


But by squaring the equation 


^3 _ y / 


F.T.O. 


O 
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and adding the results, we have 




tho customary formal result relating to the torsion (§ 35). 


Extended Mninardi-Codazzi relations. 

81. One set of relations among the secondary magnitudes involving the 
magnitudes but not their derivatives, has already (§ 78) been obtained in the form 

~ - (I'jj 

^ J (d^An _^A,, _ 

^ \dxjdx^. dXjdxi dx^dx,. dx^dx^ 

A /i A /j 

these relations expressing particular combinations of the secondary magnitudes 
in terms of the first-order magnitudes. They are the extension of the single 
relation, commonly called the Gauss equation or the Gauss relation, belonging to 
surfaces in homaloidal trijde space, and serving to express one of the two measures 
of curvature of such surfaces in terms of the first-order magnitudes alone. 

13ut thercj are other relations, which involve the first derivatives of the 
secondary magnitudes. Jfor surfaces in homaloidal triple space, there ar(^ the two 
Mainardi-Codazzi relations of this type ; we proceed to obtain the extension of 
the Mainardi-Codazzi relations * for the secondary magnitudes in the w-fold 
primary amplitude. 

In order to abbreviate the subsequent argument, an elementary lemma may 
b(' premised, as follows. When an equation 




a/:. 


Z.+ ... + g"Z„=<, 


holds for ni — 1 , ... . -f 1 , the quantities Z, ... , Z^, being the same throughout 
the /M 1 equations, then 

Z-0, Z,=(), Z.,-^-(), ..., Z,-0. 


The property follows at once from' the fact that the determinant of the coefficients 
of the n~V 1 quantities is equal to and so does not vanish. 

The equation 


dXj dXj 


- l'„, />,-, + 2 {ij, r} 

T 



holds for all the values i, j=l, ... , n, taken independently of one another, and 
for all the values 7n=l, ... , /i-fl. 


* See my Lectures on the Differential (Jejjfnetry of Curves and Surfaces, § 35. 
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Let the equation be differentiated with respect to where k is any one of 
the values 1 , . . . , n, again taken independently, that is, without regard to the 
value of i or the value of j ; then 


dx,dxjdx~ dxi, Q L ^ 




When the value of 


d'^ym 

dxj. dXf, 


dx^dxjc 

is substituted, the resulting expression becomes linear 


in and in the n derivatives 
the equation becomes 






; and, after re-arrangement of terms, 




dx^ dXj dxj.. 




dL 

-dxi 


dxi ’ ’ ’ dx-n 


whc 


it) = L, <’>■' 'i ^ - fi s 


'rq^qk' 


Y 


the coefficients in such equations are the same for all the 


Now on th(' left-hand side, no alteration is caused by the free interchanges of 
the subscript indices i, j, k ; consequently, the right-hand sides must equally 
remain unaltered by all such free interchanges. Accordingly, when such inter- 
changes are effected and the resulting quantities are duly equated, there results 
an aggregate of equations, /i-f- 1 in number ; they are homogeneous and linear in 
dy,n 

dx^' ’ ’ dXy^ 

(equations ; hence, by the preceding lemma, such coefficients vanish. But these co- 

d^y 

efficients are the differences among the coefficients in the expression for r — — , 

uXj^ uXj uXjf- 

arising through free interchanges of i, j, k ; and therefore such coefficients them- 
selves are unaltered in value by those interchanges. 

We thus have on(5 set of relations, arising out of the coefficient of ; it has 
the form 

^ ^ {y. ^ {jk, n = + 'L{ki, 


where the symbol (7,,^ is used to denote the common value of the three expressions, 
and therefore denotes a magnitude which is unaltered by the free interchanges of 
i, j, k, among one another. These relations constitute the extension of the 
Mainardi-Codazzi relations for a surface in homaloidal triple space ; their number 
is 


\n(n^- 1). 
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The other set has the form 


^ {y. »■} + S P} “ ^ S 

= ^ »■} + S ^ S «r A. 

= {^■. ’’H S to’ P^ - ^ S " ( t*) ■ 

The symbol > originally used to denote the first of these three equal quantities, 

now can denote each of the three ; like it denotes a magnitude which is 
unaltered by the free interchange of j, k, among one another. 

Our general result is therefore 

_Y r -u V 

dx, dXj dx^ j • 

Expression for 

82. These results lead to the magnitudes of the third order, which occur in con- 
nection with the arc-rate of change of the circular curvature of an amplitudinal 
geodesic. We have 

- = S 2 

P i j 

and therefore 



1 0) = s s ? t' *.'% V + s s V + ^ i--*/ V 

% J Ic Ic ^3 

- 2 2 2 ~ 2 + 2 ^ ^ 

i j K r i j 


On the right-hand side, we take the complete coefficient of xfxfxf (for the 
combination of a, jS, y, and not fgr the permutations). It is 


= because there are six such terms owing to the permutations 
o{a,p, y, 

- 2 ^ [ {^y, r} Lra + {ya, r}L^^ + {a^, r] because for any 
^ value of k there are two such terms in i and j, 

^}^^ 7 a + {ya, i}Li^ + {afi, for the like reason, 

1 

= 6C^a3y - 6 2 [ {^Y> I'ra + {y®. »"} + {<^P, »"} i’ry]- 
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where the summation on the right-hand side is for all values i, j, k, =1, , n, 

independently of one another. Thus the full coefficient of in the triple 

summation is ; and therefore we have 

o^Y=Cafiy-'^[ {^y, r}Ly^ + {ya, r)Ly^ + [a^, r}Ly^\ 


We retain both sets of quantities : the quantities are useful in con- 

nection with coordinates in the plenary space, while the quantities c^py are useful 
in connection with intrinsic magnitudes of the amplitude. 

Hence, collecting results, we have 


V [ {jk, r}Liy + {Jd, r}L,-, + {ty, r}L^y], 


dx,. 


" = Ciik - ^ {ij, »-}-^'ir=c.ifc+ {jh r}Liy+ ^ {ik, r}Li„ 


dXidXjdXy. 

Manifestly, 


1 -n,Pii 


.+ V 

' ^ 



3yni 

dx/ 




dxidxjdxjf. 


thus associating the quantities C with the point-coordinates of amplitudinal 
position in the plenary space : and 


dXidx^dXk dxi ^\r ) 


or 


Q 






dxidxjdxj^ dxi 


9 


thus associating the quantities also with these point-coordinates in plenary 


space. The quantities c are associated with intrinsic properties of the amplitude 
by the relation 


d 

ds 



Cijj,x/x/Xf,'. 


We shall find it convenient to write 





(i=l, ... n), 


in conformity with the notation already adopted for the symbols 

> 3 
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and, in accordance with the earlier notation (p. 27), we use where 

Differentiating the typical relation 

5 

along the amplitudinal geodesic, we have ' 


Now 


dUi_ . ^ r 't ' -I A r " 

~ds~^^~dx^ ^ ■ 






V"' ia ^ t / 

'P 

a p 




and 

hence 

But 


a P 


q}x:x; ; 


a ^ 


rf-s 




pap 

^ J A ^gX^ Wj,, {'^^J P} ffpn 


all the terms in the first summation being independent of j8, while those in the 
second are independent of a ; thus 

dUf 

j 9 vt^-p 

((.S p 

Similarly, differentiating the relation 

^ j LijXj 

./■ 

along the amplitudinal geodesic, we have 

doi 
ds 

N 


^ CmXicX/ + ^ ^ ^ {jh r) Li,. + ^ {ik, x^x,' 


But 


j « p 

■'■} A a' 3-/= ^ ^ ^ {a^ r}Li^JXp 

j k r a p r 
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XfjyXj- •'^fy ^/c Qriy 

j k 

the first summation being independent of k and second being independent of j ; 
hence 

d'iJm 

j k r 

= ^ giiV^ + + • • • + gni^\i, 

with the assigned significance for Wi. 

A partial simple verification can be provided at once. We have 






in accordance with the earlier result 




The results are in complete formal agreement with the like results for the 
general am])litude already (§ 37) obtained. 


83 . We c.an obtain, directly, an expression for Y^', also in accordance with 
the general result. 

Two relations will be required, in the construction of this required (expression. 
By § 13, we have 


and therefore 




^ iiigitj- ifj) ■ 


For the other relation, we have 




ds \dXjJ dx^ dx^ 8x2 dx^ 


" dx^dx, 


, , dy dy By 

ax./' ax„ ■ 
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on substituting for the second derivatives : that is, 




We now proceed from the equation (§ 79) 

which, when differentiated, gives 

V " — _ 41 

~ *'dx,ds\Q) 


_ 91. - 

^ ^ Q ^ ds\ dXj )' 


When the first of the foregoing relations is used, the first line in this expression 

in this form, the terms 

1 X'' V"' ,1, 

_ 1 x^ X'' XT' /.I ^2/wi 

— ^ NT' X'' V"' 41 ^y^ n n 

~ q\W hi] 

and therefore they cancel the same terms in the second line : while the remaining 
terms 

1 X^ X'' X^ 

“13 

When the second of the foregoing relations is used, the third line in the expression 
for 

^ V '^^^9 -tr ’V '' V'' ./wi 

= -^^73 

the triple summation in which cancels the triple summation still remaining from 
the terms in the first line. Hence, collecting the results, we have 
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or, on using the relation 

there results the equation 

in accordance with the earlier relation (§ 38). 

As an immediate corollary, we have 
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'V'V Y 1 N"' /T -I/J 

Zj ^rn o — Q Zj Zj ^ ' 

7/1 ^•^'r m i j 

1 


dXj dXj. 




= - WV 


by the customary theorems for the minors of Q. This result can also be established 
otherwise, as follows. We have had 


and therefore 


dsXdxJ 

Y V 


v;^ V ' ^ ^ ST' XT' V'' ( 'S.'' ^ym\ 

^ S [wj= -a\ ^ (La,, 


Q ^ ^ .« ^ j ur 

““ % j ii 


An earlier result gave 

so that 




y y ' 

V ”* dx. 


V'^ yr // ^Vm . y/- / ^ f^ym\ dVj. 

^ ^ ^ Is\dxJ~~~ds 

~ ^ > '^u 9 ht i 

and therefore, as above, 


y y " _ It, 

Zj Pt ’■■ 


Also, squaring the equation 
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adding for all the equations, and using the relation 


V Y Y - V y 

X j m-*- m — X j i 




we have the former result (§ 46) 


Moreover, 




Ps ^ / m m i j ^^3 




again a result already established. 


Trinomial of a geodesic : the tilt. 

84 .' The direction-cosines of the trinormal and the magnitude of the tilt can 
now be obtained. We have 


/4 y dk 




as \p/ p" 

and therefore, when substitution takes place for Y' and 1", 

\ / (cr'v. 4-fTW )a.. 


ds[p) 

being the equations for the tilt and the direction of the binormal of a geodesic. 

Squaring and adding for all the n+\ equations for the range of the 
plenary space, wo find 

I {d /aW 1 . . 


I d /cr\ M 1 V A v-t / / V / / 

X "" jds \p/ J + ^ ^ 


"'xp p^)ds\p} 
cr‘p"‘\ y 

( _•> ^ -4 )“*■ ri ^ ^ llyW-'i 




a relation giving the magnitude of the tilt. 
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Taken in conjunction with the former value of y"^, we have 


;y"2=. 





a loiown inference (§ 8) from the Frenet equations applied to a geodesic of a 
configuration. 

Again, when the equation 


h^y' 




j- aWi)T 



dy 

dXj 


is differentiated along the geodesic, and the relation 


d 

ds 



Yi’j+yii 


dx^ 


dy 


dXn 


is used, the coefficient of Y on the right-hand side of the differentiated equation 
becomes 


T rf 

p ds 



a^j 

T V- 

Q ’ 


a quantity which vanishes on the insertion of the values of the two magnitudes 

i j i J 


already (§ iO) obtained. Thus the equation is 


where 



Also (§ 80) 


k 





Q 


i j 




^y . 

dx, ' 


and thus we have equations for determining the direction-cosines of the quarti- 
normal and the magnitude of the coil. 

These results express /g, 1^, /r,, the ty])ical direction-cosines of the binomial, tlie 
trinormal, and the quarti normal, as linear functions of the quantiti(\s ; and 

OJ'i 


thus there is a verification that these successive principal lines oi' an ampli- 
tudinal geodesic lie in the /i-fold homaloid that touches the amplitude. 

As all the ])rincipal lines (other than the prime normal) in the orthogonal 
frame of a geodesic, which pertains to a primary amplitude, lie in the 9/-fold 
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homaloid touching the amplitude, their respective typical direction-cosines are of 
the form 

,r> h. 




i/U/2 


except for p=2 when the typical direction-cosine is Y where 

r= ^ ^ -qifi'Xj'. 


I 3 


Also, when p=l, the value of C^j is x/. 

Certain relations, of a difference-differential type, can be established among 
these coefficients. When differentiation along a geodesic is effected, we have 




ds 

from the relation in § 83, where (p. 27) 

g<,r='^{kr,q}x^;. 

Accordingly, when the equation for is differentiated along the amplitudinal 
geodesic, we have 


^p+i _ ^ 

Pp Pp-l p 


By dCj, 


»+i ‘■ji-i _ ''If '"'-'Pn. , V r 

^ Pl-r. g.o ' ^ 3 ^ j 


We shall assume that p >2 ; for p = 1, the derived formula does not hold, and for 
p="2, the original formula does not apply. 

When p = 3, so that Pp = r, pj,_^=a, the left-hand side is 

r a 

and the equation becomes 

When we multiply this relation by Y, and add for all the dimensions, we have 


because 


NT' 7 T/ 




dy 


r\ / 1 
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This result can be verified independently ; for the expression for Z, was obtained 
(§ 80) in the form 


so that 


and the result follows at once by means of the relation 


Then 


and therefore we have the difference-differential equation 

When jt?>3, there is no term on the left-hand side involving Y, and we have 
(for all such values of ]j) 

EYl,-i=0. 

Then, when we multiply the relation by Y, and add for all the dimensions, we 
have 




this holding for all the values p = 4, ... , n ] and the equation becomes 

1 

Pv Pv-l 

Now let the postulated values of and lp_i be inserted ; so that we have a 
relation 

This relation holds for the w + 1 equations, of which it is typical. Let it be 
dy 

multiplied by ^ , where A has any one of the values 1 , . . . , n. The same equation 

now holds with the quantities Ax^j, instead of the quantities --- as coefficients ; 

and the determinant of the quantities Ax^, is not zero, being equal to Q. Hence 
we have 

dC^ 


~ ih 




Pp Pp-1 

for each of the values fj,= I, , n, and for all the values p=4^, ... , n. 
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Thus we have 




as far as 


Kj\ Tho relation 


^'nn ^n-2, ^ ^ ^71- 1, l' I f \r^ /m ^ 

- —T ^\2j^^n-l,\9n\j J 

Pn~l Pn —2 'A ' 

together with an equation of verification, in the form 

^n—l, fi 1 /v'' ^ ^ 

"7.” “ * -'H' 

Ej‘. The relation 

is to hold for all the values of p greater than 3 ; verify it for p = b, by means of 

the knrtwn expressions for ^ 4 , 

85. The values of the first derivatives of the direction-cosines of the normal to 
the amplitude with respect to the amplitudinal parameters have been obtained ; 
those of the second derivatives can also be constructed simply. 

Direct differentiation of the relation 





dY 

, _ y y r 




dx,, 

YYQ ‘^dxj 

with respect to 

V[ gives 






_ 

v 

d.r„dr, 

i 

Y i? '* 

dXj dxj 

Y Y ^ S'-n 3xi 


d^y 

When the value of is substituted in the first summation, that summation 

oXj dXi 

(with its sign) becomes 

= -1-^25 i<A.- s ^ S A. 5^ (Ay). 

I j 2ii£ ^ j p UJyp 

dL 

When the value of is substituted in the second summation, that summation 

dxi 

(with its sign) becomes 

When the value of f ^ 1 is substituted in the third summation, that summation 

dxi \U / 

(with its sign) becomes 

_ ^ NT' r fj.. -I . ^ n.. 


i j n 



85] 


OF THE DIRECTION- COSINES OP THE NORMAL 


223 


Thus, in . , the coefficient of Y is 


i j 


dy 

The total coefficient of . - is 
dx^ 


i r 

+ O ^ P} + %v{^H-> *}l- 

i it 

As 

^ :p} = «,/ p), 

1^ j 

the prior term in the third line of this coefficient cancels the whole of the first line. 
Also, the later term in that third line 

ft t 

and therefore can be associated with the terms in the second line ; thus the total 
coefficient of is 




using /Jj, to denote the expression. Hence, finally. 


_ y I- . J- 4 . V .» 

dxydxi ^dxj, 


Evidently we have 


Vy T 
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a result easily verified, because 


and therefore 




^ dxjfixi ^ dxi dxj^ 


XT' ( V'' XT' T T 




Again, we ha ve 




and thence, by differentiating the relation 


K'' ^y-m _ j 

^ dx, Tx^~ 


we easily find (or otherwise verify) the result 

, d I 

' dxjdx^ dxj, 


.y dy O -XT 

^ ^n. a"^ a .. “ h^ik- 


Two measures of superficial curvature of a primary amplitude. 

86. The maximum and the minimum values of geodesic circular curvature in 
a primary amplitude, when account is taken of all directions possible within the 
amplitude, have been discussed (§77). But account must be taken of the maximum 
and the minimum values arising from less extensive ranges of directions ; in par- 
ticular, when a direction lies in a superficial orientation within the amplitude, and 
when a direction lies within a regional orientation within the amplitude. 

When a direction lies within a superficial orientation, the range may be defined 
by two leading lines with direction- variables pf, ... , pf, and q^, ... , qf, so that 
the direction-variables are given by 

= ^Vi + (^=^ J , . . ■ , 

where A and /x are parametric. The permanent relation is 


that is. 



i j i j ^ 3 


A^ 4- /x^ + 2 A /1 cos € = 1 . 


The circular curvature of the geodesic in the direction x^', ... , xf, is given by 

r I 3 

i j i j i j 

= X^V 11 + 2Xp,V 12 F 22 , 
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with obvious symbolical significance for Fii, V,,. The parametric quantities 
in 1/p now are A and p, ; and thus the maximum and the minimum of the circular 
curvature of geodesics in directions within the superficial orientation are given by 
the equation 


11 


F,.- 


1 

3 

P 

COS € 


V 
^ 12 

P 


F..- 


1 



There are two such directions within the orientation, one providing a maximum 
circular curvature, the other providing a minimum circular curvature ; it is 
easy to prove that these directions arc at right angles. 

The equation for the magnitudes of the two curvatures is 


Now 


sin^e I 

p2 p 


(F114-F22 2Fi 2 cos e) + F11F22 Fi2^— 


i i i j i 3 

= ^ ^ ^ ^ ~ {Pi fjj ~ Pi ) {Plc ll ~ Pi ^k) 

i j k I 

S X) ^ S ('>'• (Vi'ij - Vi'^i')i7hfgi - Vi'qh), 

i j k I 

because of the value (§ 78) of the Riemann four-index symbol when the amplitude 
is primary. Also 

sin^ e = ( ^ V J ij2h'p/) ( ^ ^ - [^ 1] ^aPi'q/J ■ 

i j i 3 i 3 

If therefore we denote by a and jS the two roots of the foregoing quadratic in p, 
we have 

a/3 sin^ € 

= h\ 


where K denotes the Riemann measure of superficial curvature (§ 65) of the 
amplitude, estimated in the orientation prescribed by the two -directions 
Pi } 3 Pn } 7l ’ ■■■ 3 ■ 

Thus for a primary amplitude, the Riemann measure K, already entitled 
generally the sphericity for any amplitude not restricted to be primary, is equal 
to the product of the two principal circular curvatures of amplitudinal geodesics 
originating in direction in the assigned orientation. Hence a further significance is 
assigned to K, which is special to a primary amplitude ; and the simplest instance 
occurs when the amplitude is a surface in homaloidal triple space, the measure K 
then becoming the Gauss measure or the specific curvature. 


F.T.G. 


p 
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The foregoing equation shews that the amplitude possesses another measure 
of superficial curvature in the assigned orientation. Denoting it by M, we take 


Now we have 


M = 


1 


+ 


a 


1 


= -■ 2-(l'"n+T^22-l''l2COS€). 


^^ 11 + ^'^22 ~ ^ ^ 12 ^ 

=(^ 

i j k I 


and there is the same expression for sin^ e as before. Thus there is an expression 
for M, of the same character as the expression for I\. 

The magnitudes K and M are the two su])erfi(;ial measures of superficial 
curvature of the primary amplitude in the assigned orientation. As for K, so for 
M, the simplest instance firises when the amplitude is a surface in homaloidal 
triple space ; the measure M then becomes the sum of the two principal curvatures 
and has been (inaccurately) called the mean curvature. 


Ex. Shew that the values of A and /x for the value a of p are given by 


Ai^ A.u, iX|^ 1 



and that those for the value jS are deduced by interchanging a and j8. 

These measures K and M for a primary amplitude are homogeneous functions 
of the surface-variables p/q/ - q/p/, specifying the orientation ; and they are of 
net order zero in those variables, because they are the quotients of homogeneous 
quadratic functions in the variables. Thus each has its own set of principal values, 
obtained by assigning the conditions for a maximum or a minimum ; and it can 
bo proved * that the principal values of each of the measures K and M is expres- 
sible in terms of the principal circular curvatures obtained in § 78. There are 
^ti(n-l) principal values of each of the two measures; these principal values 
of K are 

1 

Pipj ' 


1 1 
Pi Pi 

*G.F.D., vol. ii, §§ 432-437. 


and those of M are 
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for Jill the combinations i, j, —1, , ti. Moreover, the orientations for which 

these are the principal values are correspondingly the same for the two measures : 
and, in each instance, they are composed by taking, as leading lines of the 
orientation, the corresponding directions of principal circular curvature. 


Almsun’s of regionnl curvature. 

87. Similarly when a direction lies within a regional orientation, the region 
can be defined by taking three non-complanar directions as leading lines with 
d irection- variables ... , pf ; qf, , qf \ ■■■ ; - so that, for any included 

direction, the direction- varuibles are 


Ap/ + pq- H vr-, (6=1,..., n), 

with A, ju, V, as ]jarameteis. The permanent relation becomes 

+ /x^ h f 2pv cos y 2y A cos S f 2 A/x cos e = 1 , 

Avhere y, S, e arc the inclijiations of pairs of leading lines. The circular curvature 
of the amplitudinal geodesic in the direction a;/, ... , xf, is given by 


P i j 

I j t j 

V SX,/y,V/ +2vX v; v; 

I j L j 

^ j I j 


I J I J 

— A^ Fii f V 22 H- v** V 33 -h 2pvV 23 + 2^ A Fgi -h 2 XpV 12, 


with an obvious significance for \\i, V22, 1^33, 1^23^ ^12- The modifiable 

quantities in this value of l/p are the parameters A, p, v, subjected to the 
foregoing permanent relation ; and therefore the maximum and the minimum 
values of the circular curvature of amplitudinal geodesics, whose directions lie 
within the regional orientation, are given by the cubic equation 


1 

cos e 

* 12 J 

P 


cos 8 

:=z 

11 > 
p 

p 


cos € 

V - ^ 
p 

V,, 

cos y 


J 

P 

P 


cos 8 

cosy 

1 32“ J 

P 


V ^ 

P 


) 

P 




There are thus three principal measures for the regional orientation. In this 
equation, the coefficient of is 


= I -cos^ y- cos^ S-cos^ e-f 2 cos y cos S cos € — S, 
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the customary expression characteristic of the solid angle formed by the three 
leading lines ; and the three principal measures R2, R^, for the regional orienta- 
tion under consideration are 

= + VM- VM- 

SR,--.. F33FU- 

+ 2 (Fi 3 Fi 2- F,iF23)cosy.+2(Fi2F23- FaaFJcosS 

+ 2 (F23F 13 — F 33 Fi 2) cos e, 

SRj = Fji sin® y - 2 F23 (cos y - cos S cos e) 

+ F22 sin^ 8-2 Fi 3 (cos 8 - cos e cos y) 

+ F33 sin^ € - 2 Fi 2 (cos e - cos y cos 8). 

Of these measures, R^ is linear in quality, R2 is superficial, and R^ is volumetric. 

These regional measures can be expressed as homogeneous functions of the 
regional variables of the dcterminantal form {p/q/rj^') which specify the orienta- 
tion of the region ; and they are of net order zero in those variables, because each 
of the quantities SR^y SR2, SR^, is a homogeneous quadratic function of the 
variables as is also the magnitude S. Hence each of the three measures has its 
own set of principal values, obtained by assigning the conditions for a maximum 
and a minimum ; and as for the measures of superficial curvature K and Af of a 
primary amplitude, so for the measures i?3, R2, R^, of regional curvature of the 
amplitude, it can be proved * that each set of principal values can be expressed 
in terms of the principal circular curvatures, and that the principal regional 
orientations are compounded of the principal directions of circular curvatures. 

^G.F.D.,yo\. ii, §§ 438-440. 
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CHAPTER VIII 

Free Surfaces : Introductory 

88. Instead of continuing the investigation of further detailed properties of a 
general amplitude, which are not associated solely or even mainly with the curva- 
tures of its organic geodesics, it is desirable (if only because of the less elaborate 
formulae) to discuss in detail some characteristic properties of such specificalh' 
restricted amplitudes as surfaces, regions, domains. These restricted amplitudes 
may exist in some more extensive n-fold curved amplitude : in that event, we 
must assume n to be less than the dimension-number of the plenary homaloidal 
space of the less extensive amplitude. Also, then, the properties of the enclosed 
amplitude will be affected by those of the containing amplitude ; and thus we 
are compelled, in fact, to consider the geometry of amplitudes which are 
contained within other more extensive amplitudes. 

For the sake of simplicity in the arrangement of issues to be considered, it is 
convenient to begin with the discussion of amplitudes, of successive specific ty 7 )es, 
each existing freely in its own plenary homaloidal space : that is, we implicitly 
(‘xclude, from the beginning of such discussion, the existence of any single ampli- 
tude which, itself existing in that plenary homaloidal space, can be made to yield 
the whole of the specific amplitude by relations solely among its own parameters. 
On the other hand, in order to complete the consideration of the specific amplitude, 
it is necessary to consider all the classes of sub-amplitudes which it may contain. 
Thus in due course, wc shall consider free surfaces, as well as curves on a free sur- 
face : we shall consider free regions, as well as surfaces and curves enclosed in 
a free region : and we shall consider free domains, as well as regions, surfaces, 
and curves, existing within a domain. And it may well happen that some 
geometrical characteristic property of a sub-amplitude is to be regarded as a 
characteristic property of the containing amplitude : for instance, the Riemann 
sphericity of a surface, geodesic to an amplitude at a point 0, has been 
postulated (§ 65) as the sphericity of the amplitude at 0 in the orientation 
there defined by that geodesic surface. 

Accordingly, we now proceed to consider the intrinsic geometry of surfaces 
existing freely in a plenary homaloidal space of any number of dimensions ; and, 
later in this connection, it will be necessary to consider the geometry of curves 
lying on the free surface. 
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We shall denote by N the number of dimensions of the plenary honialoidal 
space ill which the surface exists freely ; and the space-coordinates of a point on 
the surface will be represented by y.^, y^, , as before. Many results, applicable 

to a surface, can be deduced from those of the n-fold amplitude by merely taking 
n = 2. Tt is, however, not undesirable to change the notation for the parameters 
of the surface and for its prime magnitudes, as well as the notation for some of 
the derived quantities. We shall take p, 7 , as parameters instead of ; wc 

shall write 

All, Ai2f A 22 J ^ A, II, £i , 


we shall use to denote the positive quantity ; and we shall dispense 

with the notation of the minors of V’^ which, for surfaces, takes the place of the 
former magnitude Q. The arc-element ds is given by 


where 


ds^ — A dp^ -h 2H dp dq 1 B dq^, 


\dp / ^ dp dq ^\dq / 


Frequently, for parametric difTerentiation of combined order higher than two, 
with respect to and 7 , a doublc-suirix notation will br^ used for the sake of 
brevity ; thus we shall write, for any quantity 6, 


0 _ 

dp^ dq^ * 


for all positive integer values of i tmdj, zero included. 

When the values of A, II, B, have been ex])licitly obtained, or when they are 
arbitrarily assigned, as functions of p and 7 , no indication of the value of N 
survives in the first alternative or is forthcoming in the second alternative. Con- 
sequently when the arc- element of a surface occurs in this parametric form, there 
can at once arise a qiu'stion as to the dimensionality of the plenary honialoidal 
space in which the surface can exist freely *. The question has already been 
mentioned in § 11 : it will be discussed in some detail for its simplest occurrence 
here. 

In the first place, it may be pointed out that surfaces conceivably can exist 
in a plenary homaloidal space of an unlimited number of dimensions. Thus 
consider the superficial configuration, the points of which have their space- 
coordinates yi, y 2 , y-i, , given by relations 


yr= 


1 

r ! 




* For the present purpose, as already indicated (p. 229) in general, we omit from 
consideration the possible existence of a plenary curved amplitude containing the 
surface : there would still remain a question as to the dimensionality of the plenary 
homaloidal space for the supposed amplitude. 
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for all positive integer values of r=l, 2, 3, , oo. We have 

^lysl SI \a/ \ a! 


with the customary notation for the Bessel Function of order zero. Such values 
of ^1, //, B, are finite for all finite values of />, r/ ; when they occur in the expression 
for the element of arc on the surface, there is nothing to indicate their source in a 
])lenary s])ace of unlimited dimensionality. Of course, a particular method of 
derivation does not preclude the ultimate expression for an arc-element from being 
characteristic of a surface in some less extensive plenary sfiace. But even in that 
case, and certainly in general, there remains the question : what is the dimension- 
ality ol' the most restricted plenary homaloidal space containing the surface ? 


Pleymry hotnuloidal space of a surface. 

89. To obtain the integer denoting this dimensionality, it would siiflice to 
determine the smallest number of point-variables 7/3, ... , in plenary homa- 

loidal S])ace which allow the simultaneous existence of the three equations 




dyV 

dp) ’ 


//=\ 


dy 

^ dp dq ’ 




l,A2 

■ 


It is sometimes assumed, ])resumably as obvious, that, because there are three 
(‘q nations, they can determine thr(»e unknown quantities, and we therefore may 
postulate three variables v/o, 7/3 ; these three variables would then be deter- 
minate, save as to arbitrary elements from integration, by th(^ three (Mpiations. 
The implicit argument could be valid if the three equations were algebraical, so 
far as concerns the occurrence of y^, ?/;). But they are partial differential 
(if] nations ; and no such existence-theorem, suited to their present form, can be 
cited for the existence of integrals, as could be cited for the existence of roots were 
thre(i purely algebraical equations propounded. 

In the next place, a completely equivalent set of partial differential equations 
can be talcen in the form 


dp ' 



^!h^p 
dp ^ 


^y^-n ^y-'-n 

dq dq dq 

J\Q,M\Q2+PsQ.=Jh 

Q^+Q^ + Q,^=B, 
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nine differential equations in nine variables ; 1/2, ^2? Q2 \ Qb ^ 

but, in addition, there arc three necessary equations 

dP^JQ^ dP^JQ^ 
dq dp ’ dq dp ’ dq dp 

so that an argument from the number of equations alone ceases to be valid. And 
even to a set of equations of this form, there is no existence-theorem which is 
applicable. 

But further, in the absence alike of an applicable existence-theorem and of 
any set of direct solutions of the three equations, we can proceed by way of indirect 
inference. Let it be su])] 30 sed that, though unobtained, such direct solutions 
exist ; and let x, y, z, denote such a set, so that x, y, are functions of p and q. 
Then the surface, thus determined, must exist in a triple homaloidal space where 
X, y, z, denote point-coordinates, and the customary Gauss theory of surfaces will 
apply, valid for a plenary triple space, but requiring modification for any more 
extensive plenary space. In that theory, it is necessary to consider the quadratic 
form associated with the circular curvature of a superficial geodesic ; and the 
coefficients in that quadratic form satisfy three distinct equations, such coeffi- 
cients being constructed from the values of x, y, 2;, and therefore (by this mode of 
derivation) implicitly depending upon the original magnitudes A, //, B. Of the 
three equations indicated, two are the customary Mainardi-Codazzi relations * ; 
the third is the Gauss characteristic equation, so often connected with the Gauss 
measure of curvature of the surface. Into all these equations, A, H, B, and their 
derivatives enter : and so it apj)ears that the quantities A, H, B, for a Gauss 
surface, are subject to certain relations. 

To render this statement more precise, we refer the obtained surface to its 
curves of curvature as the parametric curves. The arc-element is then given by 
a relation 

ds^=Edp^^-Gdq^] 

the circular curvature of a superficial geodesic is given by a relation 

P 

and the Gauss characteristic equation, associated with his measure of curvature 
of a surface in triple homaloidal space, is 

* They will be found in any treatise on the differential geometry of surfaces ; 
references to the memoir (1856) of Mainardi and the memoir (1868) of Codazzi will be 
found in my Lectures on Differential Geometry, § 35. The Gauss characteristic equation 
occurs there also, § 34 ; it was first obtained in Gauss’s classical memoir, Disquisitiones 
generates circa superficies curvas. 
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When the arc-element is thus postulated, E and G can be regarded as known 
functions. Further, the Gauss measure of curvature K, which is an absolute 
invariant belonging to the arc-element only and which can be expressed solely in 
terms of the coefficients in the arc-relation, is now given by 

LN=KEG. 


Accordingly, when the foregoing value of LN is denoted by u, we have 

LN=u, KEG=ii. 

It will now be proved that the known necessary relations to be satisfied by 
L, N, E, G, require two partial differential equations to be satisfied by I\, the 
absolute invariant ; as K is expressible in terms solely of unconditioned original 
(juantities, and so itself is an unconditioned quantity, the result leads to a 
contradiction. 

The known necessary relations, being the Mainardi-Codazzi relations, now are 

Let U=6, so that 0(f> = u^ ] then 

(i4). 

In the second of these transformed equations, substitute u^jO for (f > ; we find, 
after a slight reduction, 


Hence 


d 

dp 




which, on evaluation and after substitution for and 0^ where they occur, becomes 


G12M - 

E 


26 




Q\+ 


Ei^u — -^ 2^1 

G 


=0, 


where 


E^ G \~E^ ^ EG ^ G^ )' 


Had we proceeded similarly from the first equation by substituting for 0, we 
should have been led to the equation 




and in due course to the equation 
(f)^ Ei2^ ~~ -^ 2 ^] 




0 


1 OJL /^12 ^*1^2 rX I ” ®1^2 n 
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The two relations, which involve are transformed into one another by the 
0(1 nation 


find therefore they are equivalent to only a single relation. Thus 0 is a non- 
rational function of u^, w, being the root of a quadratic equation. When 
this non-rational function is substituted in the two equations 



0,^0 



6rj 

En 




in turn, there result two partial dilferential equations of the third order in ii. 
But u=I\E(J ; and therefore, on substituting, we obtain two partial differcuitial 
equations of the third order in K, the coefficients in which are derivatives of 
E and G, of the third order and of lower orders. Now as 


A = 


I 

EG 


u. 


wher(i u contains second-order derivatives of E and G, tlie quantity K itself 
involves derivatives of E and G of the second order ; and therefore the resulting 
equations ultimately involve fifth-order derivatives of E and G. Moreover, the 
two equations are distinct from one another, for one of them involves the magni- 


tude 


d^u 


dpdq^ 

d'^u \ 


( \ 9'h/. / 

but not ^ ^ and the other involves the magnitude ^ ^ but not 

\ op^dqJ op^dq \ 


dp^dq 


d d 7 ' flicrcifore, in the end, have two distinct partial differential (Vj nations of 

the third order as conse({uences of the initial hypothesis of a plenary triple space. 
Reverting to the initial form 

ds^ -Edp- vGdq^ 


for the arc-element, we note that there are two analytical limitations : one is 
descriptive, appertaining solely to the form : the otlier is organic, appertaining to 
an intrinsic property. The descriptive limitation is that the parametric curves are 
orthogonal : but this limitation is only analytically forjual, because, by a mere 
transformation of independent variables, the quantity 


A dx ^^ -f 2// dx^dx ^ -h B dx^^, 

where A, II, B, are arbitrary functions of and X 2 , can be changed to the assumed 
type in an unrestricted number of ways. Thus the limitation is only a simplifica- 
tion in the calculations and does not necessitate any pervading condition. 

The other limitation is of an intrinsic character. We have assumed, iji the 
calculations, that the circular curvature of a geodesic is given by 


^—Ldp^-{-N dq^ ; 

P 


in other words, we have assumed that, from among the aggregate of orthogonal 
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parametric curves, a particular and unique selection has been made by taking 
the curves of curvature. Such a selection, after the postulation of a general form 
E dp^ H- G d(f, implies a single restrictive (and pervading) condition whatever shape 
it may assume ; but the single condition of such a character does not exact, as 
its equivalent, more than a single equation. There must, however, persist some 
such single equation, or an equivalent ; with the customary notation in the 
Gauss theory, the e([uation is M = 0, and it has been used in the form of the 
Mainardi-Codazzi relations as stated. 

The foregoing analysis has resulted in the provision of two distinct partial 
dilTerential (Kpiations in the ({uantity u. The implicit assumption, which has been 
indicated, requires that some one condition shall be satisfied. There are two 
equations in virtue of whicfi it can b<^ satisfied ; after it has been satisfied, there 
survives one further relation, independent of that condition. The only intrinsic 
magnitude of the surface, now outstanding in occurrence without presumable 
conditions, is the Gauss measure K which is a definite fuiictioji, invariantive in its 
nature wliatever be the variables of reference, and deiived from the arbitrarily 
assumed magnitudes E and G. In deriving it, differential coefficients have to be 
taken with respect to the variables used, in tliis instance the parameters of the 
curves of curvature ; but the one condition thus imposed has already been taken 
into account. It therefore is to be inferred that K must itself satisfy an equation, 
to be satisfied in virtue of the two construct(Ml equations ; or (if we take* account 
of the condition requhed to justify the implicit assumption indicatc'd) the sur- 
viving relation must be the equivalent of the equation to be satisfied by K : that 
is, there must be such a further relation to be satisfied ])y the two arbitrary 
rnagnitiuh's E and G, because K is expressible in terms ol' the primary magnitudes 
alone. 

Now e(iuations of the character obtained, in the form of particular explicit 
differential equations, involving fiftli-order derivatives of (piantitii's E and 
cannot be satisfied by assuming E and G to be arbitrary functions of the two 
variables free from all limitations. Consequently the initial hypothesis, as it has 
led to an untenable inference for wdiich it is argumentatively essential, cannot be 
maintained : we cannot declare that a surface, wdiicli has its arc-ehunent reju'e- 
sented by the equation 

=- A du^ -I- 2H du dv B 

where each of the coefficients A, H, B, is a function of u and v, arbitrarily assumed 
and subject to no limitations, necessarily exists in a triple plenary homaloidal space. 

Moreover, the preceding analysis provides no indication of any upper limit to 
the number of dimensions of the plenary homaloidal space for the surfiice. We 
have adduced (§ 88) one instance of a surface which, when regard is paid to the 
analytical source of its arc-clement, may be deemed to require an unlimited 
number of dimensions for its plenary homaloidal space. 
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90. After this discussion, it will be assumed that the plenary homaloidal 
space, in which the surface exists freely, has a merely general number of dimensions. 
This number will be assumed to be greater than three ; investigations of surfaces, 
in triple homaloidal space, belong to the well-established Gauss theory. The 
number will usually be assumed to be greater than four : the known results * for 
surfaces, in quadruple homaloidal space, can sometimes be used as simple verifica- 
tions of results appertaining to a quite generaj plenary space. 

The primitive magnitudes A, H, B, occur in the expression 

(Is- — A (Jp^ f 2II dp dq + B d(f 

for the arc-element of the surface. When they are constructed from the space- 
coordinates of a point on the surface, they involve only the first parametric 
derivatives of the coordinates. 

The first parametric derivatives of A, H, B, therefore involve the second 
derivatives of these coordinates ; and thus these second derivatives occur 
implicitly in one mode of construction of the Christoifel symbols \ah, c], {ab, c), 
first defined in connection with the derivatives of the primary magnitudes. As 
already indicated (§ 12), for a surface we shall write 

1 }. 2 ), 

for the combinations i, j, = 1, 2, with the convention x^ -q. We thus have 


^ dp dp^ ^ dp 
dp dpdq ^ dq 
^ dp d(j^ dq ^ 


— Ar-^ 2 '^ * » 

-' = 71 /^ 22 "^ //^22 


. dy dhj 
^ dq dp^ 

^ dq dpdq 

^ dq dq^ 




^dB 

^dq 


=Hr^^+BA 


22 


Also we use (instead of Q) to denote the determinant 



A, H 
H, B 


=AB-m, 


which is the discriminant of the quadratic differential form ds®. Thus F* is a 

* G.F.D., vol. i, chaps, xii-xiv. 
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relative invariant when the parameters p and q of the form are subjected to 
transformations : in fact, when Pq and denote the transformed parameters 

Further, we have 


1 dV 
V dp 


— ^11 + ^12, 


aF 

V^q 


— ^12+^22- 


As the quantities and Ajj arc expressible in terms of the first derivatives of 
A, H, B, it is to be expected that relations will exist among some of the first 
derivatives of F-fj and Ajj because of the identities 

d (d&\ d (d@\ 
dq \dp/ dp \ dq) ’ 


for @~A, H, B. The simplest expression of such relations is obtained by the use 
of a magnitude, to be denoted by 7i, and anal3d;ically defined at this stage by the 
equation 


F2/i- 


Id^A _ d^II d^m 
\ dq^ dp dq ^ dp^) 

^(A,H, 5 ^ 12 ^ 12 )^ - H. BiF,,, A,,iF,„ A,,). 


Moreover, we verify (by direct substitution) that 


d^A d^i^ d^B\ ^ ( dhj y _ (d^-y aM 
dq^ ^ dp dq dp^J ^ \dp dq) ^ \dp^ dq^) ' 


The two relations, when the plenary space is triple, constitute the Gauss equation 
for the measure of specific curvature. 

It proves convenient, for ulterior purposes, to possess the actual values of the 
derivatives of F^j and : the indicated relations will be deduced fiom these 
actual values, which arc as follows : 


dp * dp^ \ dp^ ^ dp dq) 


dq 




dp^ \ dp^ dp dq. 

^ dp dq \dp dq ^ dq^ ) 

-V^r,,r,,+^M-B(m2)+Hm22) 

d^B 


d]) ^ dpdq ^ dp^ 


y2 ^^12 


-v^(r,,r,,+A,j',,)-Bmn)+Hmi2) 

d^A , „ dW 

dp dq 

-V^r,,r,^+AM-Bmi2) + H{l2m) 


dq ^dq^^ 
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dp \dpdq ^dp^) ^ dpdq 


- F*(A2Ai+^22A2)-5(22§n) + ff(22{12) I , 

,3A, (dm , 

'^dp\) ^Vdq^l 

- (r,,A, V^M - B (22^2) + H (22m 


dm , dm 


dp~ dp^^ \dp^ ^dpdq 




34 . .„ 3 vi , ,(dm ,dm 


df~ dp dq ' [dp dq " ~dq^ 




dp dp dq dp^ 


- F^(A^n I A,,A,,)-i H(l2in)-A(V2m) I 

~~ dq^^'^^ dpdq 

- \-- {I\.,A,^+AM + ^ (1 2(J] 2) - /I ( J 2022) , 


V2 .^4^- - n _ I + }-A 

dp \ 8 p dq ^ dp^J ^ dp dq 


- v^ {r,,A,^+A,M + B (22 jl 1 ) - .1 (22^1 2) 

dm , dm] . dm 

— _ — ^ - “ 11 -» rt 


- P(/’^„+ J,?a„) + H(22i(12) - A (22P2)/ 

where symbols, such a.s (llj^ll) throughout, have the significance 

(ijW)^(A, H, 2I„) 

= + H (r,,zi«+ + ba^^Aj^i, 

for all the indices i,j, k, I, =1, 2. 

From these values, we at once derive the four differential relations between 
first derivatives of F,-,- and J,-,- in the forms 






+ ■^1242 = -BK 


^'ur„r,.+r„j„) - (®^.+r.,‘+r.,j„)= bk 

'^+j,.r„+/i„j„)- (“!UJ..r..+j..-)= AK 



91 ] 


RIEMANN FOUR-INDEX SYMBOL 


239 


It h.'is already been pointed oiit (§ 16) that there is only a single Kiemann 
four-index symbol appertaining to a surface ; and it was given in the form 


/I., .ov_ 1 o 


that is, we have 


^ dq^ dp dq dp^ 

+ (^, n , B ^ r ^ 2 i ^12)^“ ^11^^225 ^22)3 

(12, 12)=F2/i. 


The Gauss characteristic equation for a surface in triple^ homaloidal space, e.oin- 
bined with the equation determining the principal radii of curvature at any point, 
yields an interpretation of /v : it is the product of the two principal curvatures 
of such a surface ; and frequently it is called the Gauss measure of curvature (or 
the s])ecific curvature) of the surface, existing in triple homaloidal sj)ace. 

13ut the quantity /v exists for any surface, whatever be the dimensions of the 
])lenary homaloidal surface : its significance will be obtained later (§ 112). 

It is to be noted that the four relations are the aggregate of the relations 
arising from the general relation 


of § 22, when this is applied to the surface. For we then have 

the only ])ossible independent forms arise from i=l, 2 ; the first of the four 
relations arises for / = l ; the second for k = 2, 1 — 2 ; the third for A' -2, 

l—l ; and the fourth for / -I, 1=2 ; always in connection with the relation 

-(12, 21) --(12, 12) --P/f. 


Bx. Verify, by direct calculation from the equations 


^ ^ f^Y // I 

[dpj [dpj ^ dp dq dp dq’ 



that, when the surface is actually a plane, 

K = 0; 

and prove that the same result is true for developable surfaces which exist in triple 
homaloidal space. 


Tanrjent plane of a surface, 

91. The equations of the tangent line to any curve on the surface at the point 


2/i, 2/23 ••• are 


yi-yi_ j2-y 2 
yi y2 


= D, 
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so that the coordinates of any point on the line are represented by the typical 
equation 

ym ~ Vm — ym ^ 




dji ^ dq 

i , Sym 

where A and /x are parametric along the line. Hence every point on every line 
touching the surface satisfies equations 


which will be written 


ym ym 

dp 

dq 


-0, 


y-y^ 


ay dy 
dp ’ dq 


= 0 . 


Accordingly, these are the equations of the tangent plane of the surface containing 
all such lines, tangents to all the curves on the surface at the s]3ccified initial point. 
When the plenary space is of N dimensions, there are N -2 independent equations 
in the full set for a tangent plane ; but the simpler analytical expression of the 
plane is given by the parametric form 

.dy dy 

It is convenient to use direction- variables p' , q\ to determine a direction 
in the surface ; and then the typical equation of th(i linci in that direction 
touching the surface is 

^y f ^y t 

y-y=dp^^d-q^- 

We shall require a knowledge of the direction, which lies in the tangent plane 
and is perpendicular to the foregoing direction. If such direction is represented 
typically by 

^dp^ 


the condition of perpendicularity is 

\{Ap' + Hq')+p{Hp' + Bq') = 0. 


that is, 
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Also, when the foregoing typical magnitude is actually a spatial direction-cosine, 
there is a necessary relation 


that is. 

Consequently, 






A + 2// A/x + Bjll^ ~ 1 . 


-{Ilp' + Bq') {Ap+Hq') F’ 

where the choice of sign for F is a selection of positive direction of the line. 
Accordingly, the typical direction-cosine of a line, lying in the tangent plane of 
the surface and drawn at right angles to the direction j)\ q\ in the tangent plane is 




This result will be used in determining the torsion of a superficial geodesic ; for 
it will appear that the special form of the general property of § 33 for any ampli- 
tude now gives the property that the binormal of a superficial geodesic lies in the 
tangent plane of the surface *. 

The envelope of the tangent plane of a surface, when the plane is represented 
by the typical equation 

dy dy 

is obtained (as to its equations) by associating the further "IN typical relations 
dtj 


dX dy dfjL dy d^y d^y 
dp dp dp ^ dp dq^ dj^ ^ ^ dpdq ’ 

d^y 

dq dq dp ' dq dq ' '' dpdq^ ^ dq^ ’ 


dy dXdy dp dy 


with the N equations. Eliminating the jj-derivatives of A and p from the whole 
set of equations, we have N -2 independent equations of the type 


= 0 , 



Syi 

9^1 

+p 

d^yx 

^yx 

^yy. 

dp^ ’ 

dp ’ 

dq 

dpdq ’ 

dp 

dq 







3^2 

dp^ ’ 

dp’ 

dq 


dpdq ’ 

dp ’ 

dq 


3ym 

dym 


3^ym 


^ym 

’ 

dp ’ 

dq 


dpdq ’ 

dp ’ 

dq 


for m=3, 4, , N ; and these can be represented in the forms 

XE^-\-pF^=0. 

* The result is immediate for a surface in triple homaloidal space, because the 
unique normal to the surface is the prime normal of a geodesic on the surface. 
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Similarly eliminating the ^-derivatives of A and fx from the set of equations 
t 5 rpified by the second relation, we are led to a like equation 

also holding for m=3, 4, , N. 

When all the quantities 

for i, j=Sj ... , N, taken independently of one another vanish, while not all the 
quantities E, F, G, vanish, the two sets of - 2 new equations are satisfied by 

X=ijJc, 

where A; is a determinate finite quantity. The envelope of the tangent plane then 
is such that, along it, the equations of the line 

Vi-yi y2-y2 
.dyy dyi .dy^ dy^ 
dp'^ dq dp dq 

are satisfied ; that is, the envelope can be made to consist of a succession of lines, 
or the surface is a ruled surface. 

When all the quantities JS, F^ G, vanish, the envelope is a developable surface ; 
and it is easy to verify that the relation 

K=0 

then is satisfied. 

When some at least of the quantities 

Efi,-F,F, 

differ from zero, the two sets of new equations are satisfied only if 

A=0, /x=0 : 

that is, for the point on the envelope, we have 

y-y=o, 

or the surface itself is then the envelope. 


Orthogonal homaloid of a surface. 

92. Every direction in the tangent plane of the surface can be represented 
typically by the expression 


a 



dy 

dq 


with parametric values of a and j3. Hence the line joining the point ... 

to the point right angles to every direction in the tangent plane, 

that is, the line so drawn is orthogonal to the tangent plane, when the equation 

«S(S-!')|+^S(S-J)|=0 
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is satisfied for all values of a and j3. Accordingly, the locus of these orthogonal 
lines is given by the two equations 

and these equations represent a homaloid, manifestly of iV - 2 dimensions. It is 
called the orthogonal homaloid of the surface. 

When the plenary homaloidal space of the surface is triple, this orthogonal 
homaloid is a line ; it is the unique normal to the surface. 

When that plenary space is quadruple, the orthogonal homaloid in question is 
a plane ; it is the orthogonal plane of the surface. 

Whatever be the range of the plenary space, the orthogonal homaloid of the 
surface is independent of any particular direction through the point at which it 
is orthogonal to the surface. 

The envelope of the orthogonal homaloid (if any) can be regarded in two 
aspects. 

We may seek the complete envelope of the orthogonal homaloid for the whole 
surface. For that purpose, with the two equations 

of the orthogonal, we associate the derived equations 

manifestly linearly independent of the two original equations. Thus, in general, 
the envelope is a configuration of iV - 3 dimensions : because the elimination, 
of the two parameters p and q among the five equations, leaves three equations 
involving space-coordinates alone. 

But the result is not significant unless N'^5. If W = 5, there are five coordinates 
y, each potentially expressible by these equations in terms of p and q ; the locus 
of the points then is a surface in a plenary quintuple homaloidal space. This result 
assumes that the determinant J of the coefficients of the five magnitudes - y^ 
does not vanish. Now e/ has constituents 

^ym 

dp * dq ’ dp"^ ’ dpdq* dq^ 
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in a row, and there are five rows for m= 1, 2, 3, 4, 5 ; thns 


A, 

H, 

[11, 1], 

[12, 1], 

[22, 1] 

H, 

B, 

[11,2], 

[12, 2], 

[22, 2] 

[11, 1], 

[11,2], 

^1> 

Pa, 

Pa 

[12, 1], 

[12, 2], 


^2, 

Pi 

[22, 1], 

[22,2], 

V2. 

Pi, 

•''s 


where 

K ^ ^ V 'n = ^ ^y 

^dpdq dq^’ ^ dq^ dp^’ ‘^ dji^dp dq’ 



When the magnitudes of §§ 14, 21 arc introduced, it is not difficult to shew that 




A, 


n, 

0 , 

0 , 


0 , 


H, 

B, 

0 , 

0 , 

0 , 


[ 11 , 1 ], [ 12 , 1 ], 

[ 11 , 2 ], [ 12 , 2 ], 

^'* 7 ii '*? 22 » ^LtVl2V22f 


[ 22 , 1 ] 
[ 22 , 2 ] 
^VllV22 
^^Vl2V22 
^^V22^ 



^VllVl2i ^‘*7l2^ 
^VuV22j ^Vi2V22j 


^VllV22 

^Vl2V22 

y^v22^ 


a quantity which will be found (§ 105) not to vanish for a surface existing freely in 
a plenary homaloidal space of more than four dimensions. The assumption 
accordingly is justified : and the single point so obtained is called the normal 
centre of the surface, the locus of which is obviously another surface. 

If 2^=4, so that the plenary homaloidal space is quadruple, the preceding five 
equations cannot coexist unless the condition 


9^1 

^2 


^y* 

dp’ 

dp ’ 

dp ’ 

dp ’ 


9^2. 

32/3 

32/4 

dq’ 

dq’ 

dq’ 

dq’ 


3*1/2 

3*2/3 



dp^ ’ 

dp^’ 

dp^ ’ 


3*2/2 

3*2/3 


dp dq ’ 

dpdq ’ 

dpdq’ 

dpdq ' 

aVi 

3*2/2 

3*2/3 

3*2/4 

dg* ’ 

dq^ ’ 

9g* ’ 

dq^ ’ 
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is satisfied. This relation implies * the vanishing of an invariant appertaining 
to the surface and consequently requires a limitation to the generality of the 
surface. The orthogonal homaloid of the surface is a plane ; and the vanishing 
of the invariant is the condition that this homaloid plane shall possess an 
envelope. 

If iV ~ 3, so that the plenary space is triple, the orthogonal homaloid of the 
surface is its unique normal. We know that, except along the directions of curves 
of curvature, the normals at points consecutive to a given point do not intersect ; 
there is no general envelope of the normal. 

Jiut there is another aspect of regarding the possible envelope of the orthogonal 
homaloid of a surfiice ; and it is taken into consideration, not merely in general 
when N'^5, but also when N — ^ and when N=S. We may require the 
envelope of that homaloid for successive positions along a curve on the surface, 
whether the curve be organic to the surface alone, or be such as to provide 
some property, or be required solely to secure the existence of such envelope. 
Accordingly, we take successive orthogonal homaloids of the surface at points along 
the direction p', q', in the tangent plane ; and then, to obtain the envelope of 
the normal homaloid 

DC?/-?/) 9^=0. 


we associate, with these two equations, the two further relations 



dy dy 
ds dp 


= Ap' + Hq'\ 


dydy 
ds dq 


=^Hp' + Bq'] 


When N'^6, the envelope is a configuration, which lies within the earlier con- 
figuration when iV>5 ; and when N=6, it is a curve passing through the former 
point. 

When N — i, there are four equations involving the four quantities 
y^ ~ 2 / 2 » ^3 “ ^ 3 ? y\ - y^i linearly. In general, the determinant of the coefficients 
on the left-hand side is different from zero ; the four equations then determine 
unique finite values for the four magnitudes which, accordingly, define the 
orthogonal centre f of the surface for the direction p', q', the locus of this 
orthogonal centre for different directions p', q\ in the surface being a conic in 
the normal homaloid (now the orthogonal plane) of the surface, liut it may 
happen that, for a direction p', q, the determinant is zero : when this occurs, 

*G.F.D., vol. i, §§ 232, 252. 

^G.F.D., vol. i, §§ 247, 251. 
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its square also is zero : that is *, 


A, 

H, 

0, 

0 

n. 

B, 

0, 

0 

0. 

0, 

P 

- + (g-b)pV 
P 

0, 

0, 

— + (g-b)/7',. 
P 

N 

- -(g-b)/2 
P 


or 




that is, 

V2 




Thus the tilt of the superficial geodesic in the direction r/', must be zero : the 
direction on the surface is (§ 57) that of a curve of spherical curvature. 

When N=^, there arc four equations involving only three magnitudes 
.Vi “ Viy y 2 ~ Vzi ^3 “ ^3 J general, they cannot coexist. The normal homaloid now 
is a line, being the unique normal to the surface in triple space : it is, of course, a 
known property that, except along a curve of curvature, consecutive normals to 
the surface do not intersect. Consequently some condition must be satisfied to 
allow the coexistence of the four equations, and it is easily obt.ained. We write 


1 

3yi 

3y2 

% 

V 

dp ’ 

dp ’ 

dp 


3yi 

Sy2 



Bq’ 

dq ’ 

dq 




__ D . 


and the necessary condition is found to be 


Ap' + Hq', Ap'+Hq' 
Hp'VBq\ Hp'+Bq' 



Thus in order that the normals may meet, one or other of the two directions thus 
determined must be chosen. The equation is, in fact, the equation of the curves 
of circular curvature ; and it also expresses the property that the torsion of the 
superficial geodesic in the direction p', q\ must be zero. 

* The notation is that used in the foregoing reference : for the geometrical result 
as regards the tilt, see G.F.D., vol. i, § 236. 
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Equations of geodesics on a surface. 

93. The intrinsic equations of a geodesic on a surface, which exists freely in 
multiple space, can be obtained for a surface in the same manner as for a geodesic 
in any free amplitude. We now take p and g, equal to and Xg, as the parameters 
of the surface ; and the general result, with the modifications of notation indicated 
in § 12, gives the intrinsic equations of the superficial geodesic in the form 

+ J llP'2 + 2 J 12^ ^ 22?' ^ = 0 J 

It has been noted that these two equations must amount to only a single 
independent equation, when the permanent arc-relation 

is retained ; in fact, when this relation is differentiated along any curve in the 
surface and not merely along a geodesic, we have 

{Ap' + Hq') ip" -h r,, + 2 A 2 PV/ + r,,q'^) 

+ (W?/ + Bq) (?" + + 2 Ji 2 /^Y + ^ 22 ?'^) " ^5 

the values of p" and q" being taken in connection with the curve. From this 
relation it follows that each of the two geodesic equations is a consequence of the 
other. 

Ex. Shew that, if g) =0 is everywhere geodesic upon the surface, the equation 

^2^ (^11 “ ^1-^11 “ ^2^11) “ 2^2^! (^12 “ ^1^2 ~ ^2^12) ^1^(^22 “ ^1^22“ ^2^22) 

must be satisfied. (This partial differential equation in d can also be regarded as the 
equation of superficial geodesics.) 

Thus geodesics on a free surface are subject to the foregoing two differential 
equations, which have a special integral in the permanent arc-relation. 

In the equations, the quantities and Aij are functions of p and q alone ; 
they do not involve the quantities p' and q' . They can be regarded as arising 
through derivatives of the primary magnitudes A, H, B, being given by relations 
such as 



The quantity is essentially positive for a surface, so that there is no deviation 
from finiteness to be produced by a zero value of V. Consequently the only 
singularities of the quantities 7^,,- and A^j must arise through singularities of 
A, H,B. If therefore (as will be assumed to be the fact) we consider only ordinary 
ranges of the surface, meaning thereby ranges where no singularities of A, H, B, 
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occur, then we can regard the coefficients and J*; in the intrinsic equations of 
the superficial geodesics as holomorphic functions of their arguments. 

To such a pair of equations Cauchy’s existence-theorem * applies, with the 
result that there exists a unique integral set (that is, a value of p and a value of q) 
for the equations : it exists for any assigned initial values po P 

(that is, it exists at any point of the surface), and for any assigned initial values 
'Pq and at such that 

A oPo'‘ + 2//0P0 V+ ^o 7 o'® = 1 , 

that is, for any assigned direction lying in the tangent plane of the surface and 
passing through the arbitrary initial place Pq, q^, on the surface. In other words, 
an assigned direction in the tangent plane at any arbitrarily chosen place on the 
surface can be chosen : it will determine one, and only one, geodesic of the surface 
so that, at the place, the geodesic shall have the assigned direction. Thus at any 
point on a surface, a superficial geodesic is uniquely determinate by the assignment 
of its superficial direction at that point ; and the geodesic will be said to originate 
in that direction. (The result is in accordance with the general theorem of § 19.) 

It is known that, for real surfaces, the Legendre test and the Weierstrass test 
arc satisfied, both these being qualitative | ; and we shall not here be concerned 
with the quantitative I* Jacobi test, wffiich relates to the limit of range to be 
imposed in order to secure the minimum of superficial distance between two points. 
It is the qualitative character of the geodesic curve which here is of immediate 
importance for our investigations. 

Ex. A surface of constant sphericity (§ 65) has its arc-element represented by the 
equations 

ds^ = dp^ -\-dq^, Alk^D -\)= p^ ^-q^^ 
l/fc being the measure of sphericity. 

Shew that, when the sphericity is positive, the general integral parametric equations 
of its geodesics are 

P ^ q_ _ 

sin a cos j8 cos t - sin j8 sin t sin a sin ^ cos t + cos sin ^ I f cos a cos i ’ 

where a and j8 arc arbitrary constants, dt = ds, and an arbitrary constant is absorbed 
into the variable t. 

Obtain, in real terms, the corresponding integral equations when the sphericity ] //c 
is negative. 


Now along any curve in the surface, we have 


y 


// 

m 


^Vm // , 

'^' dq 




df ^ ’ 


* See my Theory of Differential Equations, vol. ii, chap. ii. 
t See my Calculus of Variations, chap. viii. 
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for each of the iV values of m : where y', r/', are direction- variables of the tangent ; 
and jo", y", are determined, certainly in part by the surface, and usually in part 
by the curve. In the case when the curve is organic on the surface and actually 
geodesic there, the values of p", 5", are determined entirely by the surface, being 
given by the foregoing equations ; and therefore, if we write 


(^,1 )_^“yrn _^ym p _ a 
dp^ dp ^ “ dq 


V12 


V22 


(7n) — p _ A 

dp dq dp dq 

( tii ) _ _ ^ym p _ ^ym ^ 


dq^ dp 


dq 


for all the values of m, we have 


y,n - 

But if 1/p be the circular curvature of the geodesic at the point, and if T,, Yg, ... 
be the spatial directions of its prime normal, then 

2 , , N), 

so that 

)^'2 + 27,, ,("*)?/?' + 7722(”-)y'2. 

P 


Taking a typical equation, in accordance with the practice already (§ 10) adopted, 
we have the equations connected with the circular curvature of a geodesic on a 
free surface represented by the typical equation 


Y 

= V + ^227'^ 

p 


the quantities Y being subject to the permanent equation ^ Y^ = 1 . 


Tangent plane, and prime normal of a geodesic, 

94. Before proceeding further, it is desirable to establish the geometrical 
relation between the tangent plane to the surface and the prime normal of a 
superficial geodesic. This relation is inferred at once from the general property 
(§§20, 21) of all free amplitudes in association with their tangent homaloids. 
Here, the relation expresses the property that the direction of the perpendicular 
drawn from a point Q, on a geodesic in the immediate vicinity of the originating 
point P of the geodesic, upon the tangent plane of the surface at P, coincides (in 
the limit w^hen Q coincides with P along the geodesic) with the direction of the 
prime normal of the geodesic at P. 

After the earlier general analysis, the analysis for a surface can be stated 
briefly. We denote the length of the geodesic arc QP by t, so that t tends to zero 
in the indicated limit ; we denote the coordinates of Q by 772, . . . ; and we 
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denote the coordinates of the foot of the perpendicular from Q on the tangent 
plane at P by y 2 , . . . , so that there exist parameters a and P such that 


- ^ym . o ^Vm 


The requirement of perpendicularity is secured, by making the magnitude 

'^iVm-ymY 

a minimum among all the values that can arise for all values of the parameters 
a and P ; and the critical equations, necessary and sufficient for this purpose, are 


or, alternatively, 


^ym/ at ( „ ^y^n . n ^ym\ j jj q 

'S^ ^y^ / \ ^ym ( o ^ym \ tt I no 


The equations, in their first form, give the first form of the required relation. 
For if y^, Y^y ... denote the direction-cosines of the perpendicular and if 77 
denote its length, then 


so that they become 


Vm ym ~ 


Y^n, 


yy ^^0 y? -^^^‘- 0 - 

dp ^ ag 


that is, the perpendicular in question is at right angles to every direction in the 
tangent plane * and therefore is orthogonal to it. 

When the second form of the equations is used, we can obtain the values of 
a and j3 expressed in ascending powers of t. We have 

Vm-ym=tyJ + ^t^ym" + it^ym"' + ■■■ \ 

and therefore 

Aa + H^=^ + U^yJ' +...). 

On the right-hand side, the coefficient of t 


^ dp y” 




* When the plenary space is of more than three dimensions, this result does not 
secure any unique direction for the perpendicular : the property holds for every 
direction which lies in the orthogonal homaloid of the surface. 
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In the same expression, the coefficient of 






dp \ dp ^ dq ^ dp^ 

= Ap" + Hq" + (AFn + + 2 (AFi, + HA,,) p’q' + (AH,, + HF,,) q'^ 
^A(p" + r„p'^ + 2r„p'q' + + H{q" +A„p'^ + ^lA„p'q'+A„q'^) 

= 0 , 


because the curve is a geodesic *. Accordingly, up to the second power of t inclusive, 
the equation gives 

Aa + H^=t{Ap'^-Hq')) 

and the second equation similarly is found to give 

Ha + B^=t{Hp-{^Bq'), 

up to the same power of t inclusive. Hence, accurately up to inclusive, we have 


a=tp\ ^=tq- 

Now for the perpendicular in question, we have 

~ Vm 

( . ^2/ni , o ^ym\ 

~r}m 3 ^- + ^ ^j ) 


0, f , Q ■ 

-vn, Vm 


dp dq 

up to the second power of t inclusive, we have 

Vm~ym ^ym "i" 2^ ym j 
and we have proved that, to the same order, 

^ ym . o ^y m . t 

“ 3,,+^ 55='»“- 

Consequently, up to the second power of t inclusive. 


* It should be noted that the investigation differs from the investigation in § 20. 
There, the purpose is to find the direction of the perpendicular from any contiguous 
point of the amplitude upon its tangent homaloid : and the limit of that direction is 
proved to coincide with the direction of the prime normal of the geodesic, drawn 
through the initial point and the contiguous point. Here, the investigation is simplified 
by taking the contiguous point lying on a superficial geodesic. The ultimate property 
is, of course, the same. 
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or in the limit, as t tends to zero, for all values of m. Thus the limiting 

position of the specified perpendicular coincides with the prime normal of the 
geodesic. Moreover, up to the second order inclusive, we have 



as is to be expected. 


« 

95. It thus appears that the prime normal of any superficial geodesic (the 
surface existing freely in a plenary homaloidal space) is orthogonal to the tangent 
plane of the surface at the point. The tangent line of the geodesic lies in that 
tangent plane ; and thus the oseulating plane of the superficial geodesic is repre- 
sented by the equations t3rpificd by the form 

!l y-y. y'y ^ II =o. 

where Y has the significance obtained in § 93. Now, as we have seen in § 91, 
this tangent plane contains a direction, with the tyj)ical direction -cosine 


which is at right angles to the tangent ; being in the tangent plane to the surface, 
it is at right angles to the prime normal of the geodesic. The last property is 
characteristic of all the remaining principal lines in the orthogonal frame of the 
geodesic. We shall prove that the direction in question is that of the binormal 
of the geodesic, in accordance with the property established in § 33, now with 
the limitation that n — 2. 

Consider the flat, represented by the typical equation 


y-y^ 


dy 

dp^ 


dy 


Y 


-0. 


It manifestly contains the tangent line to the geodesic in the direction p , q ; it 
manifestly contains the prime normal of that geodesic : thus it contains the 
osculating plane of the geodesic. It also contains the tangent at a contiguous 
point of the geodesic, having y^ -h ty^, y^ + ly ^, ... for its point -coordinates ; because 
the equations of such a tangent are typically represented by 


that is, by 


y-{y+ty')=Hy'+W)’ 


y-y=y'{t+><)+y”t^ 


manifestly satisfied by the equations of the flat for all values of the line-parameter 
A. Thus the flat contains, in addition to the osculating plane of the geodesic at 
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the initial point, the tangent at a consecutive point of the curve : it therefore is 
the osculating flat of the geodesic. The binormal of any geodesic lies in its osculat- 
ing flat ; and therefore the binormal of the superficial geodesic lies in the foregoing 
flat. Such binormal is at right angles to the tangent to the geodesic and also is 
at right angles to the prime normal ; its direction is therefore that of the line in 
the tangent plane of the surface, at right angles to the geodesic tangent in that 
plane. With the customary notation Z 3 , to denote the tjrpical direction-cosine of 
the binormal of a geodesic, we therefore have 

as the typical equation for the direction-cosines of the binormal of a geodesic on a 
free surface. 

For any curve in multiple space, we have 


-=py ^py - 


y_. 


the determination of the value of cr, and the verification of the formulae, will be 
obtained after further discussion of the circular curvature. 


Er. 1 . Utilising this property that the binonnal of a superficial geodesic lies in the 
tangent plane of the surface, we can obtain approximations, to the length of the 
perpendicular from a neighbouring point upon the tangent plane and to the direction 
of that perpendicular, closer than those obtained in § 94. We take the tangent plane 
of the surface as a plane, organic to the geodesic, its leading lines being the tangent line 
and the binormal of the geodesic ; and then its equations have the form 

11 y-y, y’’ h ll= 0 - 

Any point in this plane, such as the foot of the perpendicular from a point at an arc- 
distance t along the geodesic from the central point, is given by coordinates 

y = y+atj+^l^ ; 

and the property of perpendicularity from the selected point 17 ^, ... on the geodesic 

upon the plane requires that 

shall be a minimum for all values of the parameters a and j3. The conditions are 

on substitution, these become 

<i=^y’{v-y)> P=^h{‘n-y)- 

Now for the point rj at an arc-distance t along the geodesic, we have 

y,-y = ty' +itY’ +W". 
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accurately up to t* inclusive. In general *, along any curve, we have 

r~\y. 


jn 1 7 P V ^ a/ 

pa p* 




SO far as the retained terms are concerned. Hence 


/ . P' ,4 


6p(T 2ip(j \ p cr 


accurately up to inclusive. _ 

For the length 77 of the perpendicular, and for its direction-cosines typified by F, 
we have 


='n-iy+°-y'+Ph) 

= ty' +it^y" +ifiy"' - (ay'+fih), 

up to inclusive ; and therefore, after re-arrangement, and still up to the same order 
inclusive, we have 


Yn=Y 




+ — ^ 
24pCTT 


J4paT 


with an obvious significance for T. 

Thus the direction of the perpendicular U is not exactly the same as that of the 
geodesic prime normal. If 6 denote the small inclination of the two directions, we 
have (always up to the retained order of small quantities), 


n cos d=Tj n sin 6 = 


and therefore 


24p(TT ’ 


approximately. Hence, up to the fourth order of small quantities inclusive, 

We thus obtain a more approximate value of the length of the perpendicular from 
a consecutive point of the geodesic upon the tangent plane of the surface, as well as a 


* O.F.D., vol. i, pp. 278, 279. 
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measure of the deviation between the direction of this perpendicular and the prime 
normal of the geodesic at the initial point. 

When the surface exists in triple homaloidal space, all directions normal to the 
tangent plane are the same ; and the angle d then is zero, a result secured analytically 
by the fact that there can be no tilt for any curve in such a plenary space. 

The property, however, is as much a geometrical property of the curve in general 
as it is of the surface : but the analytical expressions to be obtained later for p, ct, t, 
render the property characteristic of the surface. 


Ex. 2. In the same way, the following property may be established. When a 
perpendicular, from the same contiguous point of a geodesic, is drawn upon the oscu- 
lating plane of the geodesic, the length of that perpendicular is 


6p(7 




accurately up to the fourth order in t inclusive ; and the inclination of the perpen- 
dicular to the binormal of the geodesic at the initial point is approximately 



4 

T 


As in the preceding example, the property is as much a geometrical property of any 
curve as it is of the surface. 


Geodesic polar coordinates. 

96. The intrinsic equations of a geodesic on a surface are 

+ + 2A2/3Y + nY*=o, y" + JnP'H 

the parametric curves on the surface being imrestricted as regards properties on 
the surface. 

Occasionally it is convenient to have a geodesic through the point 0 as one 
of the parametric curves. Accordingly, we seek the modifications which are 
required to make one set of parametric curves of a geodesic character. Let the 
curve, p = variable, g = constant, be a geodesic, so that q' vanishes along the 
curve ; the intrinsic equations become 

p"+AiP'*=o, 

SO that we must have Hence (§ 90) 

and therefore 

H 
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so that 

Consequently, there must exist a function of p and q — ^let it be denoted by I - 
such that 

x_dl II _dl 
dp ’ dq 

Thus, for the arc-element on the surface, we have 


where 


ds^ = Adp^-\-2II dpdq + Bdq^ 


fdiy. ^ dl, , 

= dt^-\-Pdq^, 


P=B- 



Obviously along the geodesic, for which q is constant, the quantity I is the length 
of the geodesic arc itself. 

In the first place, we note that, along the parametric curve 5^ = constant, the 
direction- variables p', q', are 

p'=]-,, q' = 0. 

Along the curve I = constant, the direction- variables ^ and satisfy the relation 

dt (tv 


and therefore 


TIence 




dl dp dl dq 
dp dt ^ dqdt 

dp dq 




verifying that the two curves /= constant, 5^= constant, are orthogonal to one 
another, as is necessary because the expression for ds^ in terms of dl and dq does 
not involve the product dl dq. Moreover, on the surftxce, the geodesic distance of 
one curve y= constant from another curve 5^= constant, is solely the difference in 
the values of I at the points on the two curves where they are cut by the 
geodesic : that is, the curves 

parametric constant 

are geodesically parallel to one another. 

The function P, originally a function of p and q, becomes a function of I and q. 



96 ] 


POLAR COORDINATES 


267 


when these are taken as the parametric variables for the surface. Owing to 
the similarity of its form to the representation of the arc of a plane curve when 
referred to polar coordinates, such a representation of an arc of a surface in any 
plenary homaloidal space is often called a polar geodesic representation ; and the 
parameters I and q are called geodesic polar coordinates. 

But, for a general surface, it is only the curve invariable, g= constant, which 
is a geodesic: the other parametric curve inconstant, gn variable, is not a 
geodesic. If the geodesic quality of the latter were possible, the intrinsic equations 
would be satisfied by inconstant, gn variable : that is, 

0-n2g'^ g"-4227'^ 
so that we should have 7^22 = 0 in the representation 

ds^^dV^ + Pdq^. 


Hence, as generally (§ 90) 


dH , 
~dq~^ 


dB 

dp 


— ^/^22 ■^^ 22 > 


and as, here, H=0, B = P, it follows that 


dP 

dp 


= 0 , 


that is, P is a function of g alone ; and by changing the variable, we have 

ds^=dP-\-dm^. 


Thus comparing with the general form (§ 90), we have 

A^\, TfnO, Pnl, 
n,n0, J,-; = 0, 

for 12, 22 ; and therefore the magnitude (12, ]2) = 0, that is, 

A^nO. 


As will be seen later (§ 112), this result implies that the sphericity of the surface 
is zero ; the surface ceases to rank as a general surface. 


Ex. 1. Shew that, when the arc on a surface is expressed in the form 

ds^ = dp^^T^dq^, 


the quantity A, later (§112) shewn to be the sphericity of the surface, is given by 


A= - 


1 

f dp^ ■ 


F.i.a. 


R 
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Ex. 2. Shew that the partial differential equation of gcodcsically parallel curves 
on the surface is 


A 



dp oq 



= y2. 


Values of p"\ q'", 

97. Expressions were obtained (§ 90) for the parametric derivatives of the 
quantities Pij and Aij ; and these expresfions were found to provide relations for 
differences of some of these derivatives. All the expressions involved the primary 
magnitudes A, H, B, and their derivatives, without the introduction of new 
magnitudes ; and the indicated relations gave rise to a quantity K, known as to 
its analytical form, but not interpreted geometrically in that connection. Partly 
as a preliminary to such interpretation, and partly on grounds of convenience, 
we proceed to the values of p”, f", estimated along the superficial geodesic 
originating in the direction p' , q' . 

When the relation 

V — Y\V ^ 1 “) 


is differentiated along the geodesic, we obtain an expression on the right-hand 
side which, after substitution for p", q \ is homogeneous in p\ q\ of the third 
degree. If this be taken in the form 

v" = - (e + ar 

we have, in the first place, 




Next, we have 

A22= -^f-2r,,r,,-2r,,A,,. 

But (p. 238) we had the relation 

dP dP 

and therefore we can express both — and ~~ in terms of ■^112 and K, while on 

the other hand -^112 is expressible in terms of the primary magnitudes A, H, B, 
and their derivatives. 
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We had the similar relation 

dr dr 

so that and " ^ can be expressed in terms of ^ 122 and Kj while A22 itself is 

expressible also in terms oi A, H, B, and their derivatives. The full tale of these 
relations is 


dp 

dfu 

dq 

ari 2 

dp 

^12 

dq 

^^22 

dp 

^22 

dq 


— ^fiK +-^ 112 + 2 /^ iir 12 + 2 r 12 ^ 12 

\HA + 2 + 2/^1 i-T j 2 r^ 2^ 1 2 + 1^22^ 1 1 

— ^ BA 4- -r|22 + -r'3i/^22 + ^12^+ -^12^22 "I" -^22^12 
^BK + i^i22+ 2/^12^ + ^“^22^12 

^ 222 + 2 /^^ 2 ^ 22 + ^^ 22^22 


Similarly, we have 


q"-=- (A 1 11 7/^ + 3 J 112^'^^' + 3 J 1 22 PV^ A 222?'^), 

where 

^222- 


leading to expressions for the quantities Aijj,, after substitution for the derivatives 
of the quantities in terms of A, //, B, and their derivatives. By the use of 
the other two relations 
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in § 90, it is possible to express the first derivatives of the quantities J,-, in terms 
of the quantities and of K : and the full tale of these expressions is 


dp 

dA 

dq 

dAj 

dp 

dA 

dq 

9^22 

dp 


iAK +^112 + 2ri2^ii + 2^12^ 


— “ \AK-{- ^Ii2 + -f\l^l2 + -^12^11 + ^11^22 + ^12^ 
7"= + Ji22 + -rL2^12 + '^22"^ll + ^^11^22 


= — ^122 + 2/\2'^12"^^^12^2 


dA 

~dq 


22 _ 


A 222 H“ 2/^22^ 12 22^ 


The values of _p'" and q” are given by 

p'" + r iiip'^ + 3/^ 112^?" V ^ 222?'^ = 

q" + ^niP'“ + oj 

When these expressions, connected with a geodesic on a surface, are compared 
with the corresponding expressions (§ 23), connected with a geodesic in a general 
amplitude, so that n=2 for the comparison, they agree, under the conventions 

rijic = {ijh 1}, Aijj,={ijk, 2} ; 

and the expressions for the derivatives of J’,, and Ai^ similarly agree with the 
former expressions (§23) under the further convention 

(12, \2) = K, 

together with the properties (§ Ifi) of the Riemann four-index symbol {ij, kl). 


Magnitudes for a geodesic range. 

98. In a later investigation, connected with geodesic ranges along a surface, 
we shall require to consider arcs in various directions and, connected with them, 
certain magnitudes involving the first derivatives of the quantities and A^.^. 
For greatest generality as regards these magnitudes, we shall denote three such 
elements of arc by ds^, dSj, dsj ^ ; and the corresponding direction-variables along 
those elements of arc by p/, q/ ; p/, q/ ; pf, qf ; respectively. For some 
formulae, two of the three directions may be the same ; the modifications in the 
formulae are then obvious. 

For the briefer expression of the results, we use (as equivalent to the symbols 
of § 60 when n=2) certain symbols with the assigned denotations 

a-i=/\iPi +r'i2?i 1 +^i2?j 1 

Pl = ^12Pl +-^22?/J Vl — ^12Pl +^22?/J 
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^ '-n ' -utm '/I ' -\-n '\ a. /r '/r ' 

= - { {Hp/ + 5y/) (p/q^f - p^'q-) + + Bg/) (p/g^' - gj^'g/)} 

+ (-^111) ■^112> 122j riM, qi'iVi, q/iPk, qu) 

+ Pk (2aiaj + ^i€i + + g*' {afij + a^^,- + 

ds^ ^ ~ds^ ^ ds^ 

^ \I<- { {^Pi + Hqi') (p/q^' - p^q/) + {Ap/ + Hq^') [pi'q^ - Pkqi)) 

(^lllJ ^112> ^122 j ^22^'Pi J 9^t ^V} » (7> 5i^A: » ) 

+ Pk (di^i + + ^iVi + ^iVi) + (Pi€j + pj€i + ^rji-q^) 

whatever be the values of i, j, k, distinct from one another, or the same as one 
another, wholly or in part. 

In the same investigations connected with geodesic ranges on a surface, we 
shall require the values of 

dA dH dB d^A dm dm 

dSi ’ dsi ’ dsi ’ dSi^ ’ ds/ ’ dSi^ ’ 

these second derivatives being taken along a geodesic in any direction y/, q/. 
We have 


and therefore 


~=2{Ar,, + HA,,), j^=2{Ar,, + HA ,,) ; 


-—2A(r iip/ -\-r^2^i) + 2H(A i^p/ + J 12? / ) 


— 2{Aai-\-H€i), 

with the preceding symbols as defined on p. 260. Similarly 
f^=Ap, + Hr]i + Hat + Be„ 


- = 2(HP, + Br},). 


For the second derivatives along a geodesic, we have 

d^A d^A „ d^A , , d^A ,, 

dSi* ~ dp^ dp dq dq^ 

- |^(Ai?>'*+2A^Y + ^ {A,,p'^ + 2A,^'q'+A,,q'^). 

When the second parametric derivatives of A are formed, they involve first 
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parametric derivatives of ^iij ^ 12- The values of these first derivatives, 

in terms of the magnitudes F^jj^ and as obtained in § 97, are to be substituted ; 
also the due values of the first parametric derivatives of A, //, 5, in terms of the 
quantities Fij and Jyy. Then when the terms arc gathered together, and we use 


(PA 


the symbols of p. 260, the value of can be expressed in the form 


d^A 

ds,^ 


-IV^Kqi 


'2 


+ 2A{riiiPi ® + Hi +-^[2271 ") + ^ + ^^1127^* +^1227< 

+ A (Ga/ + 4^i€j) + H ( 8 a, Cj t - 1 e,-Tj,) + 2B€,^. 


Proceeding in the same way with the second derivatives of II and B, we find 


d-^ll 

ds,- 


<BB 

(Ui^ 


iV^Kp/q/ 


“t A (ruiPi “+ 27^1227^1 7l +-^ 22271 ^) + 11(1 mPi qi 

+ 11 {^ii2Pi'^ + 2^1227^/7/ +^2227/*) + -8(211117)/* + 2/1 i ,27 j /7,' + /1 1227/*) 
+ /l(4a,-^, l-2^i-»j,) + 77(2ai* + 2aj'»],- I- 6 ^, 6 ; + 217 ,®) f B(2aie, + 4€jT7i), 


-■^P*/i7>/* 

+ 2 -ff (F iiiPi^ + ‘I'FiiiPi'qi' +r^2aqi^) + 25 (/1ii 27>/^ + 2/Jl22P/7i' +^ 222 ?i'*) 
+ 2/li3,* + 77(4aift + 8/3, r,..) + 5(4j8,c, + 677 ,==). 


One special kind of combination of these magnitudes will be required, in various 
cases that arc included in 


d'^A 

® = Vi'lh' 2 (7b'7fc' +7»*'7i') 


dm , , 


f/.V,® ’ 


the value of this expression can be arranged in the form 

0= -fP®/v(p,-'7/-p/7/) (Pi’qk-Pkqi) 

+ (^p/+^7/)(AiiiiPfc'. quiPi', 7i')^+(^?V+7f7fc')(riu!ip/, q,'ipi, 7/)® 
I (/7p/+57/)(/li,i5p,', qM, qiY+(llPk+Bq^'){A,M, q;ipi, 7 /)® 
+ 2 (Ap- H- Ilq-) (atYi,, + ^,S,„) + 2 (Ap^' /fy*,') (a,-y,-,- + ^, 8 „) 

I- 2 (Hpj + Bq-) (fiYiic + Vi^ik) + 2 (Hpk + Bq^') (e,y,-j + 17,8,-;) 

+ 2 {AyijYik + II (yuKk + Yn^n) + Bhijh„^, 


y 06 ^aPb 4" ^a7b 

= O'tPa + Pbla = F nPa'Pb +-^12 (Paqb +Pb'qa) + F <a,qdqk 
^ab ~ ^aPb 4" ')7o7b 

= fbPo'4-r7j7„' = Jiip„'p(,' + /li2(poV4-PbV)4-2l227aV, 


where 



99] 


PRIMARY MAGNITUDKS 


263 


We may add three other expressions which will occasionally be useful. We 
have 


and 


,dA ,dH 


+ {^Pi + + ^9i)^k 


.dH .dB 


. 




d- {^Vi d- Hfli)Pk d- (Hpi' + Bq/)r]jc 


, ,d A , , , , ,^ddl , ,dB 

- : (Ap/ H- H(i/)yit: + (Api’ f II(//)yik 

+ (Hp/ + Bq/) 8,, -t (Up/ + B?/) 8,,; 


Magnitndes for ranges along two geodesics. 

99. The foregoing formulae give the values of the successive arc-derivatives of 
the primary magnitudes of the surface along any one and the same geodesic, the 
values being derived through the intrinsic equations of the geodesic. But occa- 
sions arise {e.g. in connection with the geodesic parallelograms on the surface, in 
Chapter X), when it is necessary to evaluate derivatives of the primary 
magnitudes taken with respect to different geodesics ; thus we shall require the 
quantities 

d^A dr-H (m 

rZ.Sirf.s'2 ds^ds^ ’ ds^ ds.^ ‘ 

For instance, we have 
d A 

^'^^ =2 (Al\, I- IIA,,)p/ + 2 (Ar,^ IlA,,)q/ ; 

in order to form the derivative with regard to the arc ds^ of a different geodesic, 
it is necessary to have the laws of variation of pf ^2 along this different 
geodesic. 

As indicated, the immediate need arises in association with sets of parallel 
geodesics. But, even on surfaces, the geodesic parallelo- 
grams can be defined in a variety of ways ; and, as will be 
seen later in the case of amplitudes more extensive than 
surfaces, the parallels can be drawn according to different 
definitions even when connected with angles alone. It 
happens, however, that, as regards the immediate require- 
ments, all the definitions and all the constructions give 
the same first two terms in the expression of each of the 
direction-variables. Thus if p^' and qf are the direction-variables of OA at 0 ; 
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P 2 and q 2 those of OB at 0 ; if OU=x, OT=y, both x and y being small ; the 
common terms (under all definitions and constructions) of the direction- variables 
of VRy as parallel to OT, are 

P2 ~P 2 ~ ^ ^ P llPl P2 9 ©2 — ?2 “ ^ ^ ^llPl P2 y 

and similarly the common terms in the direction-variables of TS, as parallel to 
OU, are 

Pi —Pi ~'y ^PiiPiP2y Qi~9i ‘^y ^^iiPiP2 5 

all subsequent terms in higher powers of x and of y depending upon the law of 
parallelism adopted. 

From the former, we have 


that is, 

and firom the latter, we have 
Similarly, 


W (^ 2 ’ - P2')j= - S AiKP2'. 

x->o J 


^P2 T ' ' 


dp,’ 


--Xr, 


11 P 1 P 2 




With this convention as to differentiation with respect to the arc-lengths along 
two different geodesics, we have 


ds-^ d)S2 ds2 ds-y^ 

and, for any function of position on the surface, 


But except along one and the same geodesic arc, all differentiations of higher 
order are affected by the type of parallelism postulated. 

In particular, we have 

d^A 

” t + 2-4(7^ iiiPiP/ + 7^112 (p/y/ ~^P/yi) + A 22 ?/?/} 

* +^H{An,Pi'p/ + A„i{p/q/+p/q,') + ^,^^/q/} 

+ -d {Gaja,- + 2 H- 

-h 7f { 4 (ai€i + aj€i) -h 2 -f- ejTji ) } -1- 2B€i€j, 

with corresponding expressions for the same derivatives of H and of B, 
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A comprehensive expression, in the general form 


, , d^A , , , , d^ff , , 

d^di, + ^ 


d^B 

ds^ drSj 


is of frequent use in connection with geodesic triangles and geodesic parallels, 
for different values of i, j, k, I, and for special combinations of equal values for 
i, j, k, I : its value 


1 

3 


V^K { (p-qjJ - pj,'q/) (p/qi - pi'q/) + ( p/q/ - p/q/) (p/qj,' - pj,'q/)} 
-h{Apj;-\-Hqj,')(r^^^^p/, qi\p/, q/lpi\ qi) 

+ (Ap{ -h q/ip/, q/ip,\ q,') 

+ (Hp,'+Bq,')(A,M, qiW, q/^Pi, qi) 

+ {Hpi -hBqi') (A q-\Pi\ q-\pu\ qiJ) 

+ {Apk + Hqjc') + A Sj* + CLiVik + Pj Si^) 

+ {Api + Hqi) (a^y/ji + ^iSji +ajyii + 

+ {Hpje + Bqjf ) “h T]i ^jjc H" ^iYik "I" Vo ^ik) 

-^{Hp/ -[-Bqi'){€iyji +rji8ji-\-€jyii+7jjSii) 

+ A (ytfcyji + yuyjk) 

+ ^ iyik + yik ^jk + yn ^ik + yjk ^u) + B S^i + Sj^ 8,-^). 


In particular, it is to be noted that when i=j, and cither A; or Z is equal to the 
common value of i and j, the term involving K disappears ; and in the special 

d^A 

combination ^PiP 2 'T7~r ~ » which occurs (§ 128) in connection with one of the 

ttAj (IS^ 

geodesic parallelograms, the term involving K 

= - \V^K(p,^q^ - qM^= - IK sin2 e, 
where € is the angle at 0 between the two geodesics. 


The quantities y"\ 



100. It is possible to deduce the value of a typical quantity y'", the continued 
derivation being effected along a geodesic. In accordance with the notation 
adopted (§ 24) for a general amplitude, we write 


y"' = ’?iiiP'® + + S^iaaP'?'* + ^222?'® ; 


and it is obtained, simply, as follows. 

The third arc-derivative along a curve is 






dp^ dq 




dp^ 


dp dq 


W+iV')+^it 


Yj 
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When the curve is a geodesic, 

-P" - 

- <l" =^nV'^ + 

- p'" =rii,p'» + SPiiap' Y + Y* + r222?'®, 

-^uiP'* + 3^n,7j'Y+3zJi22/!?'“-|-Zl222r/=> ; 


after these values are substituted in the seeond expression, and coefficients arc 
collected, it becomes a homogeneous cubic in p' and q', agreeing vrith the first 
expression, with the coefficients iqij,c defined according to the scheme : 


- Ip {^nt + 3(AiAi {^ni + H^nru 

— 3 (t 7 ii/\i + T 7 i 2 ^ 1 i) 

~ ^ 12 + -^ 12^ 12) + {^12^1 1 ^ ^22^11)} 

— y 112 + 2 1 1^12 + -^ 12^ 12) + 12^ 11 1 “^ 22^ 11)} 

dq 

“ 2 (r]iir 12 + '* 712 ^ 12 ) ~ ('* 712^11 '* 722 ^ 11 ) 

'*7122 ~ ^ p ^ q ^ ~ ^p ^"^122 (^ 11^22 + -^12^22) "I" ^ (^ 12^12 ' 22 ^ I2)} 


'>7222 — 


dhj 

dq^ 


~~ ^ {^122 (^11-^22 +■^12^ 22) (^12^12 + ^22^12)} 

dq 

~ (^11^22 + ^12^ 22) “ 2 (’712^12 + ^22^12) 

^ {-^ 222 + 3 (7^ 12^ 22 + -^ 22^ 22 ) } “ 222 + 3 {A ^ 07^22 + ^ 22^ 22 )} 

3 iV 12^22 + 122^22) ■ 


These results are in agreement with the general results for any amplitude in § 24 
when, in the latter, n=2. 

It will be found convenient to use S 3 anbols and 62, according to the denota- 
tions 

(^1 = VniP'^ + 27^1122? Y + ^1227^1 

^2= ^1127^'“ + ‘37^122^ Y + ^2227'^J 

so that y" — Oip' -i-62q\ while 6^ and On bear the same analytical relation to y'" 
as and bear to y". 


101. The arc-derivative of the circular curvature of a superficial geodesic can 
be constructed from the foregoing typical relation 

y'" = vnip '^ + 37 ^ 112 / Y + ^i22p'q'^ + V222q'^- 

Y=py^\ 


We have 
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Y'^(yu"' + p’y"=py"' + ^' F; 

P 

hence, as ^Y^=l, ^yy' = 0, it follows that, on multiplying this equation by Y 
and adding for all space-dimensions, we have 

p^Yy'" + P' = 0, 

P 

SO that 



In accordance with the notation for the general amplitude (§87), we write 

for the various combinations ijk ; when the values of the coefficients 17 , are 
substituted, the values of the coefScients are 


<’i22=':^y MA 2 I HA,.;)-2{Hr,, + riA,,) 


Consequently, the value of the arc-derivative of the curvature is given by the 
expression 


d 


IV = 


ds 



^112j ^1223 ^222^9 i 9 


analogous to the corresponding expression (§ 8 G) for the like magnitude in a 
general amplitude. 

It will be convenient to write 


Again, we have 


and therefore 


''112, Ciaip', <?')n 
W 2 — '*122> ^- 221 ^? > 7 i 

p dy dy 




dj) ^ dq 


dp dqj 


dy 

dp 


dy 

37 


(An + 2r„*+ 2 r ,2 ^ ( Jhx + 2Ai^n + 22lu 


— ’/ill + ^ViiVn + 2-712^11) 
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by the results in § 100. Similarly for all the first parametric derivatives of 
7^1], 7^12, y ]22 \ set of results, in addition to the above, is 


= Tf]u2 + Vll^U + Vl2^12 + + ’722^11 ~ ^ ’ 

~^'—Vl22'^Vn^22'f'Vl2^22~^Vl2^l2'^V22^12~'3^ g" — -B , 

-^^ = 1122 + ^112^' 12+2t722^12 + |B^ ’ 

g“* = ^222 + ^Vl2^ 22 + ^7^22^ 22* 

Further, when we differentiate the relations 

= VnP' + ^12!?'. ^2 = ^12?' + ^22?'. 

along a geodesic, and introduce the typical direction-cosine of the binormal, 
we have 




dq dp 


dq 


= 01 + 0^1 + 6^2 - Iq'laVK] 

^-l^=e^+^^y + y]U+WK\ 


Later, we shall require expressions for the quantities ^riab^im^ where 
a, 6, i, ;, k, =1,2, in all combinations ; they can be obtained in terms of the 
first parametric derivatives of the quantities a, b, c, f, g, h, k, defined in § 104. 
We have 

^Vii> 

and therefore 

Similarly for the other expressions. In all, we have 


^Vi2Viii— ^ ^ “ Sh/^i + aT* 12 ~ ^^11 + ^12 ' j 

^'*?22'*7 i 11=^” ^ ~ (2g-|-b)/\i + ar'22“ ^^11” (6”^)^12+^22 
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“ 21x^12 

0b 

^^12'*?112 ~ 2 11 “ 12 “ 11 “ 12 

df 0b 

2'*722'*7i 12=^”“ 2^ ^ ~ (s + ^)^ 12 + ^^22“ “ 2fJi2 + ^^22 

0h 0b 

^^ll'^122~ ~ 2' ^ + ^^11 “ 211/^2 “ a-r '22 + ^ll “ (6+ ^)^12 “ ^^22 

0b 

X/^12'*?122 = 2 b A 2 “ 22 ~ ^ 12 “ 22 

0C 

^^22''7i 22 — i ^■~ 2f /^ 12 ”20^12 


^'^ll'’?222 — ^ “^ + 2' ^^ + ^^11“ (5 12“ 3hF22 + ^^11” (26 + b)Zl22 

^^Vl 2 V 222 — ^ ^“^12 “ 3 kr *22 + cJjg ~ ^£^22 


^ '>7 22'’? 222 — 2 “ ^^-^22 “ 20^2 


We thus have twelve magnitudes of the type ^rjabVnkj with the three 
possible combinations 11, 12, 22, for ab, and the four possible combinations 
111, 112, 122, 222, for ijk. Just as it proved convenient to introduce the six 
magnitudes A at, instead of the six first parametric derivatives ot A, H, B, it 
proves convenient to introduce twelve symbols to denote magnitudes in terms 
of which the twelve first derivatives of a, b, c, f, g, h, can be expressed : we write 

^^VllVijk ^ijkj ^ijVl2Vi}k — ^j^22^0fc ^ijkt 

for the four possible combinations ijk. The values of these new magnitudes are 
given, in terms of a, b, c, f, g, h, k, in the preceding table : and conversely, these 
first derivatives are expressible in terms of Aijjc, and additive terms 

linear in a, b, c, f, g, h, k. 

Also, we have a magnitude K, later obtained as the Riemann sphericity, 
defined in the relation 

72iiC=g-b; 

we easily verify the values of the parametric derivatives of K in the form 
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These quantities will be u.sed at a later stage. Meanwhile, wo have 

1 V. Y 

Zj~ Viik 

P P 

+ + r]22<i'^)Viik 

^ A + '■IHijup'q' + 

for the four combinations of i, j, k, —1, 2. 

Certain summations involving products of first parametric derivatives and 
third parametric derivatives of the point-variable will arise later, and are ex- 
pressible in terms of the magnitudes Aij/.. Thus we have 

_ Ap \ fj A 

and therefon^ 




{dp' 


Now 


dp dp 

-i-Aii (Ar^^ 4- HA^2 "t "t ■®^ii)- 




dp dq 


when this value and the values of and are substituted, we find 

dp op 

y J dp^ " - a H- ^ (^111 t + 3^12^11) + ^ (-^111 + ^-^ 11^12 + ^^11^12)- 

Similarly for the like expressions with the other third parametric derivatives. 


The full tale of results is 

^ \dp dp^) 

) + a: 


y^^ldyd^yy 
^ \dq dpV 

l+h 



(^y } 

\3p dp'^dqj 

) + h 

~ ^ (Ai 2 


(dy d^y \ 
\dq dp’^dqj 

l + k: 

= ^(Ai 2 

:i:( 

^ 3 y J^y ) 

\dp dpdq^j 

l+k: 

— ^ ( A22 ■ 


fdy d^y ^ 
{dq dpdq^j 

l + f 

= H{F 122 


+ /f (id 112 + F^iA 12 + 2r'i2'^ 11 + ^ 11^ 22 + 12^ ) 

H- 3 r 11A2 + 2/' 12^ 12 + -^22^11) 

4--B(Z1ii2 + F 11^12 + 2/^12^11-1-^11^22 + 2^12^) 

+ /'ii /*22 + 2/* 12^ + /* 12^ 22 + -^22^12) 

+ 122 + ^11-^22+ 2^12/* 12+^^12^22) 

+ 22 + 2/12^ + ^ 12^22 + -^22^ I2) 

+ B 122 + ^ 11-^22 + 2^ 12F 12 + 3id 12^ 22) 
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S —-4(^28+ 3A2A2+3r' 22J22)-l-/7(zJ282+3r'2jJi2 + 3J22*) 

S 0) + C=.//(r222 + 3A2r22+3r22J22) + J5(J222 + 3r22Zli2 + :5^22*) 

From the relations connecting the third parametric derivatives of the space- 
variables with the magnitudes we at once deduce the relations 

s.-'^y - 1, 'v' ^y - f 

2jgpVl22=^- k, ^g^^^,22--f 

^y - f s^^^y _ „ 


yaiMPSo//"', g'"'. 

102. The expressions for the quantities Fijj, and in terms of the derivatives 
of r,j and A^j, shew that magnitudes of the type 

9^111 _ ^ ^112 
d(f dp 

are expressible in terms of magnitudes of no higher order of derivation than r'iji- 
and Aijj, themselves : thus the foregoing magnitude is easily found to be equal to 

— f// ^ + (^12^111 +^12^112) “ '^(^11^112+^11^122)- 

op 

But such relations merely give expressions for the differences of some of the 
derivatives of and Aijjc ; in order to have the expressions for the derivatives 
individually, we use the values of and q””y which can be deduced from p'" and 
(/" in the same manner as these were deduced from p" and g". 

It will suffice to state the results : we find 

- p /\ii2j '^1122> ^1222» ^2222iP J ? )^1 

- (J =(^nn, ^1112» ^1122> ^1222> ^2222$? J 

where 


— r'liii + 3^11^111 + 11^112 

dP dK 

dq ~ ^ '^'^12^111 + ^^12^112 ~ + 2 (PiiH - Pi ^ A ) K 
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fiP 


ar, 


122 


- — /\l 22 + ^ 22 ^] 11 + ^ 22^ 112 + ^^ 12^112 + 12^122 

- iff f - A^ ) K 


^A 22 

dp 


— Ai22 + 2A2Ai 2 + 2^12A22 + Al^ 122+^11-^ 222 


3/^2 

37 


+ -jff + i 5 - |(r „5 - n, 4 )/ir 


— 1222 22^ 112 22-^122 + A 2 A 22 


dK 

-\B-^+Ur,,B-r,^H)K 


dP 

-^— = ^222 + 3 ff 12^ 122 + 12 A 22 + " 2 -® ~ 2 ( A 2 ® “ A 2 ®) ® 

— =A 222 + ^A 2® 122 + ^^ 22 A 22 


. 3 ff 


for the derivatives of Ay* J and 

--^1111 + dAi^iii + ^^ 11^112 


3 Jiji 


3 p 


3J 


3ff 


—^1112 + 3 A 2 ^iii + 3^12^112+ 2-^ H- 2 (Jiiff - Ji 2 " 4 )ff 

— =^1112 + 2 Al^ 112 + 2 J 11 J ^22 + A2^ 111 + ^ 12-^ 1 12 

dK 

-iA^^-l(^nB-A 2 A)K 

^ 1122 + 2 A2^ 112 + 2id 12^ 122 + 22“^ 111 + ^ 22^ 112 

+ i// ^ ^'+ 1 ( - A,,A)K 

~~gp~ ~ ^ 1122 + Al ^ 122 + ^ 11 ^ 222 + 2 A2^ 11 2 + 2 d 12 ^ 122 

- iff I?- J.4 1( J^)ff 


. 


aj 


. 


ay 


— ^1222 + ® 12^122 + ^ 12 ^ 222 + 2 ® 22^112 + 2 ^ 22^122 


+ W~ + UA^JS-A^J 1 )K 
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+ + 3 - 2 - A^^H)K 

= ^2222 ^-^ 22^122 3 ^ 22^222 


dq 


These formulas can serve two purposes. They serve to express the quantities 
Fijjci and : all that is necessary is substitution of the known values (§ 97) of 
Fijic and They also imply the relations between differences of derivatives of 

Fi^fc and of ^, 7 * : the relations themselves follow from forming the appropriate 
differences. 


Minimal surfaces in general plenary homaloidal space, 

103. The general equations of minimal surfaces in a plenary homaloidal space 
of any dimensionality* N can be obtained by an extension of the methods effective 
for the determination of such surfaces in a plenary triple space or in a plenary 
quadruple space. As always, the space-coordinates of a point on the surface arc 
expressed in terms of two parameters u and v ; these parameters will be specialised 
for minimal surfaces. Then, with 

^ B= 

the element of arc on the surface is 

ds^ = A du^ -f 2H dudv + B dv^, 
and the clement of area on the surface is 

dudv. 

Accordingly, if V denotes (AB-lPy, it is necessary to make the double integral 

^^Vdudv 

a minimum in order to obtain a minimal surface, defined as the surface of least 
area bounded by two curves (usually closed curves). In the integral, the depen- 
dent variables are the space-coordinates of a point on the surface ; and therefore 
the critical equations f are 

^ d /dV\ d (dV\ 
dy ^ du \ dyj ^ rfv \ dyj 

for each of the space-variables typically represented by y. The quantity V 

* For the following investigation, see the paper by Bcckonbach, A7ner. Journ. 
Math., vol. Iv (1933), pp. 458-468. 

f Sec my Calculus of Variations ^ chaps, ix, x. 
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involves the derivatives of the space- variables but not the variables themselves ; 
and thus the typical critical equation is 

When the value of F, in the form (AB - is substituted, account being taken 
of the constitution of A, H, B, the equation becomes 

As the parametric variables may be specialised, we use the form first used by 
Weierstrass which selects them so as to make the (conjugate imaginary) nul-lines 
of the surface to be its parametric curves. Then 

A = 0, B=0, V=iII\ 


and therefore the typical critical equation becomes 


yuv 

The primitive of this equation is 

y=fiy)+9ip)=f+9> 


where / and g are arbitrary functions, each of its own single argument ; and 
therefore the space-variables of a point on the surface are given by 


2/m =fm iu)+9m {v) =f,„ + 9^, 


for m= 1, ... , W. 

In these expressions, all the functions / and g are arbitrary. So far as the 
critical equations are concerned, these functions are independent. But they are 
functions of the parameters of the nul-lines, A—0,B=0 : that is, they are subject 
to the relations 

S2/u^=0, 

When wo write 


r r ^fm i 

~ ~du ’ ~ dv ’ 


(m=\, ..., A), 


so that the quantities fj are functions of u alone and the quantities gj are 
functions of v alone, we have relations 

which are the limiting restrictions upon the set of functions and the set of 
functions g^, otherwise independent. 
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To obtain expressions which shall be free from conditions, these equations 
must be resolved. We write 

N 



SO that 

and therefore, as in Weierstrass’s resolution for the case N=3, we can take 
functions of u, denoted by and F^, such that 

A'^l(l-F,)F,, f,' = li(l+F,)F,, S,^F,F,\ 

Similarly, because 

we can take 

And so on in succession. The concluding part of the whole resolution varies 
according as N is even or is odd. 

In the former event, let N — 2k \ the last resolution is 


A-l 



so that, if we introduce new functions ^^ 2^3 3,nd write 

S(^2rV1.) = 0, 

1 

we can take 

f ~ ^ 2k-l) ^ 2k f /2A: = “2^ (1 ^2k-l)^ 2k’ 

In the latter event, let A — 2A;+ 1 ; the last resolution is 

/ 2 I- 1 +/ 2 I +/ 2l-fl “ ^ 2r-1^2r) = 

1 

and we can take 

/2fc-l = ^ (1 “ ^\k-l)^ 2k f f2k = m^ 2k-l)^ 2k i 

1 1 

All the functions F are functions of u alone. Thus we have 

f2r-l = 'J ( 1 “ 2r-l) ^ 2r j f 2 t = ( 1 + -^^2r-l) ^2t '• 

when the range of subscript indices is 1, , 2 A, there is a condition 

i: ; 

r=l 
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and when the range is 1, ... , 21c +1, there is no condition, but the final term is 

The resolution of the equation involving the functions of g' is of the same t3rpe. 
But the variable of these functions is v, which is the conjugate of u when we are 
dealing with real surfaces ; and therefore, in the resolution, the sign of i must be 
changed throughout*. We can take functions of G, involving the parameter v 
alone, and we can resolve the equation by the values 

— ~^2r-l)^2rj ^2r— “ 2^ (1 + ^2r-l) ^2r ■ 

when the range of indices is 1, ... ,24, there is a condition 

ff2r-lG^2r = 0 ; 

7=1 

and when the range is 1, ... , 24+1, again there is no condition, but the final 
term is 

For the space-variables of a point on the surface, we have 

Vm fm~^9m • 

and therefore 

y2r-l—2 j*(f “ ■^2r-l)-^2r + ¥ ^ ~ ^2r-l)(^2r ^V, 

y2r~- j* (1 + -^2r-l) ^ 2r ~ ^ ^2r-l) ^2r 


When the range of subscript indices is 1, ... , 24, there are conditions 

i:^V-i^l7=0, ^G27-i^i. = 0; 

r^l 7=1 

when the range of these indices is 1, ... , 24+1, there are no conditions, but the 
last point-variable is given by 

In the most general case, all the functions F and G are arbitrary functions of 
their respective variables u and v. These variables have not been settled precisely ; 
in the most general case, it is convenient to take F 2 r-i = u^ and G 2 r-i = v^, for 

* Whether the variables u and v be actually conjugate or not, the resolution of 
the //'-equation is made distinct from that of the /'-equation by the forms adopted 
for the functions //g', ^4', , (J 2 k- 
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some value of r ; and consequently, for a real surface, the full expression of the 
point-coordinates involves iV - 2 arbitrary functions, any function determin- 
ing the function 6?,,^ in the conjugate expression. 

This last formulation is not effective for any function F^^_^ which could be a 
constant (or, of course, equally for any function which could be a constant). 
In the event of the former h)q)othesis, we have 

— \ (1 +C2r-l)^2r “ '2 Jil ~ ^2r-l) ®2r 

y2r = I* ( 1 - Car - 1) ^2r + 2^ j(l + <?2r-l 

and therefore the nul-lines 1;= constant on the surface, when projected on the 
plane containing the axes of y2r-i yzrj become straight lines meeting the circle 
at infinity in that plane. 

Ex. 1. In a triple homaloidal space, the resolved equations are 

V = 2(i-^l)^23 .^2 '= +^i)^23 . 73' = ^! “^2- 

Excluding the exceptional case when or is a constant, we take 
F^ = u^ G^=v\ F^ = F(u), G^ = G(v). 
where G(v) is the function conjugate to F(u) ; and then 

yi = i ^(l -u^)F{u)du + l J(1 - dt;, 

^2 = ^1 J(l -\-ii^)F{u) du-li^(l -{■v^)G(v)dt\ 

2/3 = ^uF (u) du -1- ^vG {v) dv, 

one of the Weierstrass forms * of the equations of a minimal surface in triple homa- 
loidal space. 

Ex. 2. In a quadruple homaloidal space, the resolved equations are 

/I'-i (l-^l)/^^23 i (l-^\)^2, 

= 92= -ii(l +G,)G^, 

/s' = 1 (1- ^3)^43 ^3'= 

/4' = 2^(1 -\-F^F 4, ^4'= - 2^(1 +G^Gjy^ 

with the limitations 

upon the otherwise arbitrary functions. 

* Apparently first published in the Berl. Monatsher. (1866), pp. 612-625, 855-856. 
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As the variable has not been specialised, we take 


Ft 

F,Ft F, 


thus satisfying the i^-limitation. Also we assume 


f3+if*= -F,Ft = 2f", A'-iA' = F,= -2g", 
where / and g are substituted functions : "and now 

A'+iA'=-F,F, = 2ur, A'-ift' = Ft = 2ug". ' 

Consequently 

fB=r+n9", iA'=f"-W, 

where / and g now denote arbitrary functions of u. 

Similarly, 

g^ =v<f>" -ig^ =V(I>" 

g,'^4>"+v^", -ig^ = r-vr, 

where ^ and ip arc arbitrary functions of v. When the surface is real,/(M) and (f>{v) are 
conjugate to one another, likewise g{u) and i/>(v). 

Finally, we have 

yi = Keal part of 2(i(/'' -f-g') 

2 

2/2= „ „ -{uf'-f+g') 

2/3= .. .. ^(f'+w'-g) 

2 

2 / 4 = .. » Af'-W+g) 

V 


the equations of a minimal surface in quadruple homaloidal space *. 

The surface is algebraical when / and g are algebraic. For example, if 

f=au^, g = du^, 

we have 

yi = R [4:(au^ - da)], yz = R [2(^a+d)u^], 

^2 = -R (au^ + dw) J , V (3a - d) J . 

In the particular case d = 3a, so that y^ = 0 and the surface lies in the flat of the variables 
yv y 2 y effectively the surface is Enneper’s simple algebraical minimal surface in 
triple space f. 

* Apparently first due to Eisenhart, Amer. Journ. Math., vol. xxxiv (1912), pp. 
214-236 ; see also my G.F.D., vol. ii, § 406. 

^ Zeitschr. f. Math. u. Phys., t. ix (1864), p. 108. 



103] 


PLENARY SPACES 


279 


Ex. 3. Shew that, for a minimal surface in a quintuple homaloidal space, the 
equations can be expressed in the form 

/s' = 2 »*( 1 +**)(! +«*)© 

/;= p(i+a*)(i-m=“)0 

/5'= 2mM0 

where h, k, 0 are arbitrary functions of the variable m, there being corresponding 
expressions for ^i', g^, g^, g^. 

Ex. 4. Shew that, for a minimal surface in a sextuple homaloidal space, the 
equations can be expressed in the form 

= (1 + Jfi) (1 + l^)krnu 
f,'= (l-k^)(l-l^)hmu\ 

/j' = i ( 1 + A;^) ( 1 - l^)hmu 
f^'= 2ihklm(l+u^) 

/q = 2hklm (1 - u^) I 

where k, k, I, in, are arbitrary functions of the variable u, there being corresponding 
expressions for g^, g^, g^', g^\ 

In this example, as in Ex. 3, while expressions for the space-variables y c<annot in 
general be obtained free from quadratures, such expressions can be obtained by 
taking the functions h, k, I, equal to algebraical polynomials while leaving m an 
arbitrary function. 
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Secondary magnitudes. 

104. As proved in § 93, the circular curvature and the direction-cosines of the 
prime normal of a geodesic in the direction p', y', are given by the typical equation 


Y 

== + 2 w Y + w'*. 

p 

where the quantities rj are free from the direction-variables, while the typical 
direction-cosine Y varies from one geodesic to another. Moreover, we have had 
a magnitude K, initially expressible (§ 16) as a Riemann four-index symbol 
(12, 12), being the only such symbol appertaining to a free surface, and also (§ 14) 
expressible in the form 

V^K= 

the summation being over the range of the plenary space. 

In connection with the circular curvature of a geodesic, and on the analogy of 
the Gauss theory of surfaces in triple space, we define secondary magnitudes, 
denoted by -4, Hj B, of the surface according to the laws 

and because of the relations 


we also have 






0 , 




H=^Y 


dp dq ’ 


B=^Y 


d^y 
df ■ 


Unlike the secondary magnitudes in the Gauss theory, where they do not involve 
the direction- variables of the geodesic, these magnitudes A, H,B, do involve p', q'. 
In the first place, we have 


^-='£Y-=Ap'^ + 2Hp'q' + Bq’\ 

P P 

formally analogous to the Gauss expression for surfaces in triple homaloidal space, 
but essentially different because A, H, B, themselves involve p', q'. To obtain 
the explicit expression of the circular curvature, we have 

"2= S (^) = S(’?iiY* + 2’?iaP'9' + ^227'*)® ; 
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so that also 
we have 


^jVl2V22> S~ ^V22Vll> ^’?ll'’/l2i 

g+2b=3k, 

V^K=g-b, 

= a,p'* + 4bp'^q' + 6kp'^q'’‘ + 4fp'y'® + cy'^. 


It is worth while re-stating the formulse 

2;g,„=o, 

for i, j, —1, 2, which are equivalent to the definitions of the Christoffel symbols 
{ij, 1} and {ij, 2} of § 1 2 ; by means of them, we have results such as 

^ ^ dql 

as well as the expression for V^K, which is equal to 

S (0 p) ~ S {d^ij ~ 

Next, returning to the definitions of A, II, B, we have 
A V 

- =— — — = ap'*+ 2'hp'q' + gg'* 

P P 

P P 

- = + 2f^'(7' + 

P P 

The substitution of these values oi A, H, B, in the value 


^=Aj)^^-\-2Ilp'q' + Bq'^ 
P 


merely leads to the expression for 1 /p^ already given. 
Further, we have 


dp' (p^ = ^ 

^4{p' (a.p'^ + 2hp'q' + gq'^) + q' (hp'* + 2bp V + f j'*)} 

-=^{Ap' + nq')-, 

P 



282 


PLENARY SPACE 


[CH. IX. 


aad similarly 
Accordingly, 

= |,(5)=2(ff/+Srt 

being the form of the general results for an amplitude in § 30 now applicable 
to a surface. 

Also, by direct substitution, wc find 

i(J5-/7*) = i(g-b) + H, 

p p 

where 

H = (ab - h2) p'^ + 2 (af - kh)p'Y + (ac + 2fh - Sk^)py^ 

+ 2(ch-fk)/5'3 + (ck-f2)<7'^ 

so that H is the Hessian of the binary quartic in p', q, which is the value of l/p^. 
As will be seen later (§ 132), this result leads to the relation 

F2 

AB-H^=g-h+ 

or 

F2 

AB-m-V^K=-^ , 

where 1/t is the tilt of the superficial geodesic. 


105. The equations, which determine the direction-cosines of the prime 
normal of a superficial geodesic, lead to the relations 

II Viiy ’?i2» '»?22 11 = 0 ; 

and therefore the prime normals of all the superficial geodesics through the 
originating point lie in the flat 

II y-y, viu Vi2f V22 11=0. 

(Incidentally we infer the property that the locus of the centre of circular curvature 
of all these geodesics is a curve in this flat : the locus will be considered later.) 
Also, the equations of the tangent plane to the surface are 


dy By 

dy dq 


=0. 


V' % — n — n 


Now the relations 
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are satisfied for i, j, = 2 : the plane and the flat are therefore orthogonal to 

one another : or the flat is orthogonal to the surface. Manifestly the flat lies in 
the orthogonal homaloid (§ 92) of the surface. 

We know that when the plenary homaloidal space of the surface is triple, the 
orthogonal homaloid is a line : the line is the unique normal to the tangent 
plane. Also, when the plenary homaloidal space of the surface is quadruple, 
the orthogonal homaloid is a plane * which is the orthogonal plane of the 
surface. In the latter case, the determinant V, where 


h, b, f 
g, f, c 


vanishes ; in the former case, each of its first minors vanishes. 

Passing now to the more general case when the plenary space is of more than 
four dimensions, we have the relations 


> Vlly Vl2y V22 


= 0 


satisfied ; and therefore, by a known theorem in determinants, 



Hence we have the relation 


Y* 



'» 722 *'’ 

Y,. 




Y„ 




Y, 


^ 12 “^ 

’? 22 ‘'' 

1, 

A, H, 

B 

=0, 


A, 

a, h, 

g 



H, 

h. b, 

f 



Ti, 

g, f, 

c 




a relation which can be derived at once from the expressions for 1/p, A/p, H/p, 
B/p, by eliminating p' and q'. Now, as the orthogonal homaloid is a flat, so that 
relations 







■^ 22*0 



^ 22 ^"^ 



are no longer satisfied for all values of i, j, k, and therefore the determinant Y no 
longer vanishes, the foregoing relation becomes 

^lHhc-P) = Y, 

* G.F.D., vol. i, § 209. 
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It is a relation connecting the magnitudes A, H, B, which involve the direction- 
variables. Also, we have 


1 

A, H, B 

= Y;/^ 1 

A, H, B 

=2YpY, - 

A, H, B 

p 

h, b, f 
g, f, c 

P 

g, f, c 
a, h, b 

P 

1 3if h| b 

h. b, f 


We shall have to return to the consideration of the foregoing flat, which is ortho- 
gonal to the surface. 


Torsion of a superficial geodesic. 

106. Before considering the circular curvature of a geodesic in detail, we shall 
obtain an expression for the torsion of the geodesic. It has been proved (§ 95) 
that the binormal lies in the tangent plane of the surface, and that its typical 
direction-cosine can be taken in the form 






The relevant Frenet equations, connecting the torsion with the circular 
curvature, arc represented by 


ill general, and therefore by 


^3 ^^2 

a ds p 


O ds P P 


for the superficial geodesic ; consequently, there exist the equations typified by 


+ + Y'+^' , 


By 

' /■ 
Bq 


op. 


there being one such equation for every space-coordinate. 
Now we have 

v;y/=o, )iFg=«, 

From the first of these, we have 


from the second, we have 


^Yy--y;Yy"=-^^; 

P 
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and similarly, from the third, 


Also, we have 







Hence, multiplying the foregoing typical direction-cosine equation by Y' and 
adding for the whole set of equations, we have 

and therefore 

Ip' + Hq', Hp' + Bq' 

Ap' + Hq’, Hp' + Bq' 

= A, /I, f/2 , 

H, H, -qy 
B, B, 


which accordingly give expressions for the torsion of the superficial geodesic drawn 
in the direction p\ q\ through 0. 

Owing to the implicit occurrence of p' and q' in the values of H, B, neither 
expression gives the fully explicit value of the torsion in terms of and q' ; but 
we at once have 


Also, because 


V 

pa 


A , H , U B , 

P P P P 
Ap'-\ Hq\ lip' \-Bq' 


ap'3 -f Z'hp'y + 3kp'g'2 h- iq''^^ Ap' + Hq' 
hp'^ + l^kp'y 4- 3fp'q'^ + Cq'^, Hp' -f Bq' 
ai.p'^-\-2hp'q' -^gp'^, A, q^ . 
hp'^-^2hp'q' +fq^ , //, -q'p' 


1 

P^ 


I gp'2 + 2fpY +cq^, B, p'2 I 
= ap'^ }- 4hp' Y + 6k YY" + 4fp'7'3 + ; 


we infer an explicit expression for the torsion alone. 

Further, by comparing the general curve-expression with the specific surface- 
expression for the typical direction-cosine we have 
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and by using the foregoing value of a, we can deduce the equivalent form 

F*y'=- Ap' + Hq', H Ap' + Hq', A ^ 

Hp' + Bq', B Hp' + Bq', H 

Ex. Establish the relations : 

'^iVah) =y(p’Aii-q'ri^)-, 

(vi) ^ (Vu y') = - (viFa + v^ii) ; 

(vii) s f 1 ) . 

A H B ds\pJ 


107. For the sake of brevity, it is convenient to use the symbols u and v, in 
accordance with their general significance (§ 31), and defined for a surface by the 
equations _ _ 

— Ap' + Hq'} = Ap' + // f/'l 

i(^ = Hp'-\-BqA V 2 = np'\Bq'i' 

The preceding two expressions, as values for F', thus become 

V' = _ ^_( >1 _ “a'I ^JL 

\ p V(t) dp \p Vg) dq ’ 

y* y ' = - (Bv, - Hv^) 0 + (Hv, - Av,) , 

both of them appertaining solely to superficial geodesics and not to any skew 
curve. We also had (§ 38) the quite general relation, in a Frenet system, 



appertaining to a geodesic in any configuration ; and an equivalent relation is 
obtained by differentiating the relation 
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Now, at various stages, we have obtained general equations 

s<.^=0, 

SI" I"-.. Si"'-^"-.. 

S.'^=... Sr|=-.., 

By By 

Hence, on multiplying the second equation for ^4 by ^ - and ^ in turn, and adding 
separately for all the spatial dimensions, we find 

Also the superficial torsion is given by the equation 


hence 


- = v^u^-v^Uy ; 
a 

ds \p) U (T _(T^ 

— u\u^ V 


Consequently, we ha 




The other relation need not be retained ; for, because 

^^ = Vi'p' + v^q', + w^q', + 

we have 

sQ-p’+'lC) 

CT® 

= y {(W2M1 - W1M2) («!?' + v^q') + (V1M2 - ?' 2 Mi) («qp' + w^')} 
<7* 

= y K^l - Wl^'2) («lP' + “2?') 

(T^ 

= -^(W2t’i-M’l«^2), 


and therefore the value of the first fraction is derivable from the values of 
p, p', C7, a\ as given. 
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Again, substituting the results 

d n 


ds 


in the relation 


r"+ Y ^ 

\p 

as well as the values 




we have 




both forms of which will be found useful for Y". 

Squaring the former relation, and adding for all the space-dimensions, we have 


^ Kp^^aV ^ p*^ a*’ 


and, similarly from the second. 


It follows that 


p a O’ T V 

Aw^ - 2HW2W1 -h Bw^= 4 ' 


a result easily verified from the expressions for and ^ provides a 

geometrical interpretation of a covariant belonging to the complete system of 
concomitants of a surface. 


Historical note on the Riernann measure. 

108, The circular curvature of a geodesic on a surface, existing freely in a 
multiple plenary space, is given by an equation 

l = (a, h, k,f,c5/,gy, 

P 

where 3k = g -f 2b ; and the maximum and the minimum values of this circular 
curvature, together with all combinations of such values, are expressible in terms 
of these magnitudes a, h, k, f, c, together with the primary magnitudes 
A, H, B. 

On the other hand, a magnitude K has been obtained, initially arising out of 
derivatives of the primary magnitudes, and later expressible in various ways 



108] 


THE RIEMANN MEASURE 


289 


(§§14, 16, 104), the simple formal expressions, when the amplitude is a surface, 
being 

Ilence K is independent of combinations of the principal circular curvatures for a 
surface in multiple plenary space of more than four dimensions, the determinant 

a, h, g 
h, b, f 
g, f, c 

being assumed not to vanish. 

Even in quadruple plenary space, for which this determinant does vanish, and 
for which K therefore has the value 

1 a, h, g 

h, g, f ’ 
g, f, c 

it appears * that the quantity K is independent of the four principal measures of 
circular curvature and is unconnected with the (four) curves of circular curvature. 

In triple plenary space, the quantity K is the Gauss measure of curvature of 
the surface, being the product of the two principal circular curvatures, so that 1/A" 
is the product of the two principal radii of circular curvature. 

Now Riernann, among manuscripts unpublished at the time of his death f, 
propounded an expression J which he described as a “ measure of curvature of a 
surface ” in an amplitude of n dimensions ; and, in the notation of § 14 with the 
four-index symbols, this expression is 

SSfa'. 

( S dx, dx ,) ( S - ( y; dx, Sx,)^ ’ 

where 

SiTj — d'Jjj ^ kl~~ 8'JOj.. 

But no indication was left by Riernann, as to the character of the curvature thus 
measured, or of the significance of the measure, or of the actual construction of 
the expression. A note **, due to Weber, and reproduced in substance by other 
writers, establishes the property that, for such a surface in an amplitude, the 

* G.F.D., vol. i, chap. xiii. 

I They arc included in the 1876 edition of Riemann’s Gesammelte mathematische 
Werke, edited by Dedekind and Weber ; and explanatory amplifications, due to Weber, 
are added in the 1892 edition. Usually, the later edition is cited here, in the references 
about to be made. 

J l.c. p. 403. The surface, described by Riernann, is effectively what is termed a 
geodesic surface in the amplitude. 

** l.c. pp. 405-414. 


I’. I. a. 


T 
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propounded analytical measure is formally the same as the analytical measure 
for a surface existing freely in plenary space. 

For the immediate purpose, it will suffice to consider the Riemann measure for 
a surface existing freely in multiple space. Though it agrees in formal expression 
with the Gauss measure for a surface in triple space and has the significance of 
the Gauss measure for such a surface, the agreement continues only in formal 
expression for a surface in four or more dimensions ; the significance often 
assigned to the Gauss measure (as the product of the two principal radii of curva- 
ture of the surface at the place) can no longer be assigned, if only for the reason 
that there are four curves of curvature at every point on a surface in the more 
extended space. In these circumstances, writers * arc accustomed to declare that 
the magnitude is called the measure of curvature ; but though the label is affixed, 
the geometrical significance remains undiscussed. Later, in connection with the 
Levi-Civita theory of parallels, some geometrical properties of a surface which is 
geodesic to an amplitude are obtained f by Levi-Civita himself, by Severi, Bom- 
piani, and others, leading to an interpretation of the quantity K ; but the signi- 
ficance, for the most part, remains gencrically analytical and is not made specifi- 
cally geometrical. Some specific interpretations have been obtained, additional 
to the Gauss measure for a surface in triple space. Thus for a region in a plenary 
quadruple space, as for a general primary n-fold amplitude, the general Riemann 
measure is proved J to be one of the two principal measures of superficial curva- 
ture of the region and the amplitude respectively. Again, for a parametric surface 
contained in a primary region, the Riemann measure can be interpreted ** as the 
sum of (i), the foregoing principal measure of the su})erficial curvature of the 
region in the orientation of the parametric surface and (ii), the Gauss measure of 
regional flexure of the parametric surface ; and this last property can be extended 
to a parametric configuration in a ])rimary amplitude. 

But it proves possible to obtain an interpretation of the Riemann measure K 
for a surface existing freely in any plenary space ; for the purpose, it is sufficient 
to deal with properties of triangles on a surface bounded by superficial geodesics 
as sides, without invoking any theory of geodesic parallels. The same interpreta- 
tion can then be assigned to a geodesic surface in an amplitude, that is, it can be 
assigned to the general measure as propounded by Riemann. 

To this investigation we now proceed. Much of the analysis is practically the 

* Bianchi, Lezioni di geometria differenziale, i, p. 101, ii, pp. 426, 427 ; Levi-Civita, 
The absolute differential calculus (Eng. trans., 1927), p. 196 ; Eddington, The mathe- 
matical theory of relativity, p. 151. 

f References will be found later, in Chapter X, when the theory of geodesic parallels 
is discussed. 

tG.F.D., vol. ii, §§ 319, 431. 

** l.c. vol. ii, § 368. 
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same as the corresponding analysis in Chapter V. But there, as will appear also 
later when the matter is discussed for regions and for domains, the three geodesic 
surfaces of the amplitude at 0, P, Q, in Fig. 1, p. 145, are distinct from one another, 
and the geodesic PQ does not lie in the surface at 0. Accordingly, instead of merely 
citing the analytical results of §§ 62, 61, the investigation (as concerned with one 
and the same surface throughout) is repeated from the beginning. 

Small geodesic triangle on a surface : the third side. 

109. At any point 0 on a surface existing freely in a multiple plenary space, 
let OR and OT be two superficial geodesics in directions jpf , qf , and q2 , 
respectively. Along OR, let a small geodesic arc u be 
measured, up to the point R ; and along 01\ let a small 
geodesic arc v be measured up to the point T. Let the 
superficial geodesic RT be drawn. As u and ?? are small, 
there is no question of any conjugate relation (in the 
Jacobi sense) between the ])oints R and T ; and the arc 
RT itself is small. Thus there is a small geodesic triangle 
ORT on the surface ; we have to find its third side TR, 
and its angles at R and T, while the angle at 0, denoted by e, is given by the 
relations 

cos e =: + H + q^p^) + Bq^q^, 

sine=F(piV-yi>2'), 

under the usual convention as to the positive direction of angular measurement. 

At R, let the direction-variables of the geodesic RT in the direction RT be 
denoted by , q^ ; let the angles at R and T be denoted by these letters R and T ; 
and let the length of the geodesic arc RT be denoted by z. 

The superficial parameters at 0 are p, q. The values of these parameters at T 
are the same, whether we use the geodesic arcs OR, RT, in succession, or we use 
the geodesic arc OT direct, to pass from 0 to T. To obtain certain subsidiary 
quantities, we retain in the first instance only first powers of the small magnitudes 
u, V, z. Jiy the path OR, RT, the value of p at T is p^^ -f- -f Iz^Ps", and p^ itself 
is equal to p i- ujif + : by the direct path OT, the value of p obtained at T 

is p -h vp2 + 2^^p2"'- We therefore have an equation 

= VP2 - - Wpi' ; 

and by proceeding similarly with the parameter q, there is a like equation 

= wzz' - «?i' + 1^*22" - Wqi', 

both equations being accurate up to (but only up to) the second order of small 
quantities inclusive. 

For the resolution of these equations, we take 

Vb —Po z = t-}-Z, 
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where i is to be of the same order of magnitude as u and v, while Z is certainly of 
the second order : where po' and satisfy the condition 


and where P and Q are of the first order of small quantities. The terms of the 
first order in the two parametric equations now balance, provided 

tVo = - wp/, tq^' = vq^ - uq^' ; 

and therefore 

^ + Bqo^) 

= V^-\-U^- 2UV COS €. 

Also, we take 

sin V (piV -Po'qi), sin T^= V (p^q^ ~Poqi), 

regard being paid to the positive direction in the measurement of angles : it is 
easy to see that Rq and Tq are approximations to R and T. Moreover, there arc 
relations 

sin Tq sin Rq sin e 

u V t ' 

L cos Tq~v - u cos e, t cos Rq—u-v cos e, u cos Rq^-v cos Tq = t, 

being in effect properties connecting the sides and angles of a plane rectilinear 
triangle. 

We now consider the second-order terms in the same two parametric relations ; 
in the process, terms of the third and higher orders are to be neglected. We have 

where, for the accurate values of p^” and gg", we should require the values of P^j 
and J,, at R ; but as there already exists a factor 2 ;^ on the right-hand side, we 
can take (up to the second order inclusive) 

Thus, when substitution for Ij)q and tq^ is effected, 

32^5" = v^p^' -f -h 2 uv{r^^p^p^ H- 2ri2 + ^27/72'} ; 

and therefore, for the combination of terms in the jo-relation. 


= - {r iiPi'2 + 2r liPi'qi + r 

+ + 2A2 (Piq^ + + r i^qiqi} 

^2u\(vpi - upi) (rnpi' + r,jyi') + {vq^ - uq^) (AaPi' + r2jy,')l 

— 2 w<(oiJ»q + ^i7o )> 

on using the symbols (§ 98) 

cLi=r iip/ -f r 12^1 j pi = r'i2Pi + r 22^ { ■ 
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Similarly, with the like symbols (l.c.) 

= y — +^22!/i J 

we find, also up to the second order of small quantities, 

= 2ut (€iPQ + rj^qo). 

Also we have 

the term ZP being negligible at this stage. Hence the condition, arising from the 
p-parameter, is 

Zpo' (ttiPo' + Pi^io)} = 0 ; 

and similarly the condition, arising from the (/-parameter, is 

^ i^iPo + '*?i?o')} = 

But there is also, at the place R, the permanent arc-relation for all directions, 
so that the relation 

+ B(V= 1, 

where denote the values of A, H, B, at R, must be satisfied. Now 

at 7?, which is at an arc-distance u from 0 along the geodesic OR, 

A^^^=A-\-u^, 

up to the first order of small quantities inclusive, and similarly for and : 
that is, 

A^^^=A-\-2u(Aa^-^H€^), 

+ (AP^ + Htj^ + lla^ + 7 ? 6 i ), 

Also substituting jjq {-P, -\ Q, for p^', q^\ respectively : noting that the finite 

terms disappear because of the relation ^po'-H- 2 //po'?o +- 61 / 0 '^^ 1 : and keeping 
only terms apparently up to the first order, we obtain the arc-relation at R in 
the form 

{Apo + Hq^') {P + M 

+ {J^To + ■®2'o’) {Q + M {^iVo + 

Now multiply the deduced forms of the two parameter equations by Ap^ \- Hq^ , 
HpQ +BqQ, respectively and add : then 

Z= 0 , 

that is, up to the second order of small quantities inclusive. Accordingly, Z is of 
the third order of small quantities at least. With this inference as to the order of 
magnitude of Z, the two parametric conditions become 

P + u (ttiPo' + ^i7o') =0, Q + u (eiPo' + rjig-o') = 0, 
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up to the first order of small quantities inclusive * ; and therefore we can take, 
more generally, 

Ps' =Po' + P^Vo - «(aiPo' + A?o') + P 2 I 
^%' + Q^1o-u (f iPo' + Pi7o') + QzJ ’ 

where Pg, Q 2 , denote magnitudes of order higher than the first in small quantities ; 
as we require only their contributions of the second order for the present purpose, 
Pg and Qg will be described as of the second order. 

Moreover, in the expression 

z=t-\- Z, 

the quantity Z is of order higher than the second in small quantities; as we 
require only its contribution of the third order for the present purpose, Z will be 
described as of the third order. 


110. We now proceed to the next approximation, so that relevant magnitudes 
of the third order inclusive must be retained. 

First of all, the parametric equations must be taken accurately up to this 
order. The method of construction is the same as before, the sole difference 
l)eing the detail that terms of the third order must be retained explicitly. 
The two parametric equations now become 




= vjp^ - UJ)^' -h i - u^p^') + I 
= vq^' - uq^' + i(v^q2' - + -J (v^ryg'" 


u^pn\ . 
u^qnr 


and, for this further approximation, we have to determine the values of Pg and 
Qg, which are of the second order, and the value of Z which is of the third order. 

Now, up to the third order, we have because tZ is of the fourth order 

and Z^ is of higher order still ; so we can take 


where it is necessary to retain, in the expression of pg", small quantities of the 
first order. The quantity p^" is to be taken at R ; and therefore 

Pa" = - rn<«>Pa'* - 

= “ i^uPo 2/'i2Po qo +^22^0 

4- + /^i2(7o ) ) + 2w {r^2Vo + ^ 229^0 ) + 'qiqo)- 

* These two results shew that the surface-direction p^\ at R is geodesically 
parallel to the surface-direction p^, qQ, at 0 ; see § 119, post. 
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In the last line of this expression, we use the relations 

«iPo' + Pi9o' = ^iPo + hio = ^oPi +V(ai> 
so as to make that line 


— 2'U'{{afy^ + + (o-oPo'^ PoVo)9i }• 

Further, by the first result in § 98, when we take i=j=0, k—l, ■we have 

/2 1 0„ - '2 ^-^22 
Po ds; 

= - {po'qi - qo'pi) {ddpo + %o') + (■^luJPi'. qih>o> qoY 
+Pi' (2ao* + 2^o^o) + (2« A + 2^oW- 

Hence, writing 

uAVii ~ t{Hpo + iPo^i ~ ^0 Pi )^y 


we have 

Further, accurately. 


= -uS). 


t^Po — —t^(r y^Pq ^ + 2r 12^0 ?0 + ^ 22^0 
= v'^p^' + 2ui;yi2 + '^^Pi' y 

using the symbol denote Ai^>iW + A 2 (i^i'? 2 ' + <Zi W) + A 2 (/i'^ 2 ' ; so that 

t^Po'= v-p” - u^p” + 2ul {aipo + j8i(7o') . 


Consequently, up to the necessary third order, inclusive, 

'2 {^^Pb ~ '^^Pi + U^Pi ) = ut {cl^Pq + ^i<Iq ) — ^Ut'^S, 

Again, as z^=t^ up to the third order, inclusive, we have 

z^pr=t^pry 

where now on the right-hand side only the finite terms (that is, no terms involving 
small quantities) need be retained. Thus 

Ps''=Po" 

— ~ {^llAPo 9 ?0 )^ 

and therefore 

z^p^ — —t^(r iii5po j ^0 

- (Ai#K - ‘^Piy V - 'f^iY 
---- qiip 2 , q 2iPoy qo)- 

Consequently, 

i(z^P5'' -v^P2'' qiiih'y q2iPQ9 qo)- 
Finally, among the contributory terms in the ^-parametric equation, we have, 
up to the third order inclusive, 

^Ps = ^Po - (a^pQ -h Piqo) + Zpo' + 
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so that 

zpg' - lypi + upi= - M<(aiPo' + ^i?o') + ^Po + 

When these various aggregates are substituted in the jo-parametric equation, 
the terms of the first order and also the terms of the second order cancel, as is to 
be expected after the earlier use of those terms ; and, as a surviving condition 
which involves magnitudes of the third order, we find 

Zpo+lV2=lut^S-luvt{riii^p^, giipi, (h'ipo, qo')- 

But 


tS-v(riii^Pi, qiipi, qi^Po, qo) 

= —u > ?i ~ (^Po + ^Qo ) iPo fZi ~ Pi ) ^ ’ 


and so the surviving ^-condition becomes 


Zpo + ^^2— “ 2^“^ y 9o \Vl j ?1 ) (Tq 5^1 (Zo Vl )^^‘ 

Proceeding similarly from the g-parametric equation, when terms up to the 
third order of small quantities arc retained, we find the surviving (/-condition to be 

Zqo+tQt= -iuHi^ni^Po, qolPi, + + 


As a partial verification, we note that interchange of p and q (with the associated 
interchange of relevant magnitudes, such as Pm and J 222 another), 

changes the ^-condition and the (/-condition into one another. 

The permanent arc-relation 




at R has to be taken to one degree of approximation further than before (p. 293) : 
we therefore must retain small quantities up to the second order inclusive. We 
have 


Pi =Po - u {Oipo + ^i?o') + P 
qt = qo - w {eiPo + Tj^qo) + Q 
. dA , 


2j 

25 


the values of the derivatives of A, H, B, being already obtained in § 98. 
The terms on the left-hand side, free from small quantities, being 

Apo^ + 2 IIpoqo + Byo'^ 


balance the right-hand side. 
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The aggregate of terms on that left-hand side, which are of the first order of 
small quantities, are equal to uW, where 

,,dA , ,dH „dB 

- 2 + Hq^) (ttipo' + - 2 {Hpo + %o') + Vilo')- 


On the substitution of the values of these first derivatives of A, //, B, it is found 
that W vanishes identically. Hence there are no surviving terms of the first order, 
to constitute a residual condition — a result to be expected, owing to the earlier 
approximation. 

The aggregate of terms of the second order must vanish ; and they provide a 
residual condition, initially in the form 


0 — 2 (Apq + Hq^') P 2 + 2 (HpQ + Bq^) Qg 

I- U^{A (aipo + PiqoT + 2ff (a-iPo I' A'/o') Vi%') + B(eiPo + 


(lA 

- 2u^Pq (ttjPQ + PiqQ ) 

dH 

2ii“{Pf^ (^iPo +''?i?o) + 5'o ^ fig 


2^“r/o' (eiPo' 


dB 
ds ^ ' 


On the right-hand side, we take the aggregate of terms having as their 
coefficient. 

The part of this coefficient, provided by the third line, has its value given by 
the expression on p. 2G2 when we take i=V. One portion of this value, 

involving /f, 2 


and another portion, involving the magnitudes F^jj. and 


- 2(Apq +nqQ , r/Q ^pi , qi )“ ! 2(IIpQ ] Bqf^ )(^iii§i^o j 7o ^'Pl j </i 


The remainder of this value consists of an aggregate of terms, similar to those 
contained in the last three lines on the right-hand side. 

When this remainder aggregate is combined with the aggregate of the second 
line and the last three lines, after substitution is made for the first derivatives 
of A, Hy B, the corporate aggregate is found to be equal to zero. 

Hence the residual condition, arising from the second-order terms in the 
permanent arc-relation at Ji, becomes 


+ (IIpo +Bq^){2%+u^(Aiyiip^, go'5K. i ^2 
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We thus have three equations involving the magnitudes Pg, Q 2 , Z, viz. this 
residual condition, and the two conditions, emerging from the j>-parametric 
equation and the </-parametric equation when the corresponding approximation 
is taken (p. 296). 

When the two latter conditions are multiplied by + Hq^ and H- Bq^ 
respectively, and the results are substituted in the residual condition just obtained, 
we find, after slight reduction, 


Z=-^K 


sin^e. 


The right-hand side is, of course, not the complete value of Z ; it provides the most 
important term in the approximation and shews that Z can definitely be regarded 
as of the third order in the small quantities u, v, L 

Let this value of Z be substituted in the residual third-order conditions 
surviving from the y-parametric equation and the (/-parametric equation. As 
(p. 292) 

1 V 

Poll - qoPi= - y sin Ro^- -y sin e, 

we find 


^2— “ j (7o J 

1 




-1- ^ y (Hpq -h Bq^) Kuv sin € -h ^PqK -- sm-e 


- , ?o i 9i 




where 


1 'U^V^ 

- 3 j/ i^Pd + Jiqd) sin e + iq^K - sin^e 


tp^ = vp^ - uply IqQ — vq 2 - uq^y - 2uv cos e, 

cos 6 = Api'p 2 + H (pi'q^ + qiPz) + Bq^'q^. 


We thus have the approximate length of the geodesic arc Rl\ and approximate 
values of the direction- variables of that geodesic at R in the direction RT. The 
direction- variables of that geodesic at T in the direction TR can be deduced by 
relevant interchange of magnitudes. 


Angles of the geodesic triangle. 

111. Next, we require a value for the angle ORT denoted by R, for which R^ 
can be regarded as a first approximation. The direction- variables of the geodesic 
OR at J? in the direction RV, that continues through R onwards from 0, are 

+ up," 4 - Wpr, qf + uq- + iu^q^ . 

up to the second order of small quantities inclusive. The direction-variables of 
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the geodesic RT at R in the direction RT are \ and their values have been 

obtained also up to the second order of small quantities inclusive. Hence 

- cos R=cos TRU 

= + H(%'} ip,' + up," + 

+ -f- iq,' + uq," + Wqn- 

We shall require terms up to the second order inclusive ; the necessary values of 
the values of A, H, B, at R, have already been used on p. 29.‘^ ; 

and 

Pb =K - « («iPo' A7 o') + Pj, ?*' = ?o' - u{€iPo + ’7i?o') + Qs, 
the values of Pg and Qg being Imown. 

On the right-hand side, the aggregate of finite terms (that is, of terms free 
from small quantities) 

= (Apo' + Hqo)lh' -1- + ^fZo') qi 

= I [ i-^Pi + iWi - Wi) + (Hpi + Bqi) {vqi - w?i')l 

= ^ (-y cos €-u)= - cos Rq, 
t/ 

thus justifying the declaration that Rq is a first approximation to R, vanishing 
when all the small quantities vanish. 

The aggregate of terms in the expression for -cosi?, which involve the first 
order of small quantities, is where 

W^ = {Ap' + IlqM^ I- {Hp' + Bq')q- 

- -I- ^I'/o') + Hqi) - (e,Po + Viqo) {llpi + Bq^) 

, ,dA , , , , dH , , dB 

+J>.P. *, + (?.?. +?.?.)*;■+'/.?. *-• 

Now 

Pi^ - (“iPi' + - (eiPi' + >?i?i'). 

and the values of the arc-derivatives of A, //, B, are as given in § 98 ; when all 
these values are substituted, and reduction is effected, we find 

or the aggregate of first-order terms in the approximation to -cosii is zero. 
Accordingly, if we take 

R=R^^- w, 

the quantity w is of the second order (including terms of higher orders) of small 
quantities. 

The aggregate of terms in the expression for -cos/2, which involve small 
quantities of the second order, is 

= + Hq^) ^2 + + ^/i') Q2 
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:3()0 

where Z temporarily is given by the expression 

z=uApo' + 

I f , r , , , , /. d^H , , d^B\ 

+ +7oPi)^^^, + ?o!7i 

-2{Aai~\- He^)j)Y ((^\Pq + ^i(Zo ) 

- (Apj^ + //771 + y/ai + 5 ei) (aiPo' + PiQo) + Pi i^iPo ViQo)} 

- 2 (Hpi + (^iPo + Vi9o) 

Pi'{2{Aai-\- H€i)pi + (APi-h H7 ]i-\- Hai-\- B€i)qi 

- A {a^Po + PifJo) - ^ (^iK + ^i?o')} 

+ + Jlr^i + JIa, -f + 2 m, + 

— H(ayPQ + Pi<Iq ) — B{€^Pq H- y]^qQ )}. 

Now 

V\ — “ {^llAVl y T y !Zl “ ~ {^llAPl J ?1 j 

and an expression for the second line in Z has been obtained in § 98 by taking 
i - 1, ^ 1 = 0 , A:=l. When all the values are substituted and reduction is effected, 
we find 


-UAp'-^Hq'){{r^M, q,r}- l{Hp,' + Bq,'){{A,,,ip,', q,')^} 

f }[(Apo' + //(Zo') {(PuiiPly qiT} + {Ap,^ + Hq') {(T^My qohh'y qir} 

I- (Hp,' + Bq,') {( qi)^} + (Hpi + ^^i') {{AiAPo, qM y qi'm 
^- }(Ap'i-Hq,'){(r,uiPo\ qMy qiy}-^Wip^+Bq'){{A,M, q^y 

(Consequently, the aggregate of terms of the second order in the expression for 
- cos R 

qMy qi?) 

+ qMy q^n 


In this expression, we substitute the values of Pg and Qg, as obtained in § 110, 
with the result that there are two sets of terms involving K. One of these sets 


{p^q^ - qxPiDKuv sin e = \Kuv sin e sin R^ ; 


and the other of the sets 


= «{{Api + Hq-^)p^ + {Hp^; + Bqi)q^} K -j- sin*€ 

- \K sin^e cos Ro= - \Kuv sin TqCos Rq sin R^^. 
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Accordingly, the equation for - cos i? now gives 

- cos R= - cos Rq + \Kuv sin e sin Rq - \Kiiv sin 1\ cos Rq sin Rq, 

accurately up to the second order of small quantities inclusive ; and therefore, 
also accurately to the same degree, 

R-Rq = \Kuv sin e - ^Kuv sin 1\ cos Rq. 

Similarly, for the angle OTR denoted by T, we find 

T - Tq—\Kuv sin e - \ Kuv sin TJqCos Tq. 

The length of the side RT, and values of the angles at R and T, of the geodesic 
triangle ORT have thus been obtained, as well as the direction- variables at R of 
the geodesic side RT in the direction RT, the latter being 

—Pq ~'^{^iPq + 5^5 —% ) ^" Q2- 

Either by similar calculations, or by relevant transpositions of variables and 
associated magnitudes, we can obtain the direction- variables at T of the same 
geodesic side TR in the direction TR, in the form 

P^ — Pz +^2(7a) + ^2> 5^6 —pA ~ ^^{^2P'A ) ~^ ^^2^ 

where 

- ^P2y Ha ^ - ^2^ 

(that is, p.;= -/V, -ry^'), while 

^2“ ~ W^PA J 9^3 \P2 f ^2 

1 

- {II ) Bq^)Kuv sin e + Jp/Zv — - - siu^e 

T 2 — — 2'(’^(^lll5P3 I 73 I 72 )“ 

1 

-i- f Hq^) Kuv sin e + iq^^ K -- - sin^e 

the length of the arc RT being 

z=zt-^ — ~K sm-6. 

As the place T is on the geodesic RT passing through R, we have the relations 

because of the two modes of expressing the direction- variables at T : the verifica- 
tion of these relations is left as an exercise. 

Ex. It is not without interest, at this stage, to compare the results with the corre- 
sponding results of ordinary spherical trigonometry. For the purpose, we take the radius 
of the sphere to be unity, so that the arcs OR, OT, arc u, v, respectively ; and we have 

cos z = cos u cos V + sin ii sin v cos e. 
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In this equation u, v, e, are exact magnitudes, while 

z = t+Z 

approximately, the approximation for z being accurate up to the third power inclusive, 
so that 

z^ = t^ + 2tZ, z^ = t\ 

each accurately up to the fourth power inclusive of the small magnitudes u and v. 
Hence expanding the quantities cos 2 , cos'u, cos v, sin Uj sin v, so as to retain fourth 
powers of small quantities throughout, we have 

I- vjV^ = 1 “ 2 • 2^4 + + uv (1 - i + v^)} cos e. 

Accordingly 

2uv cos €, 

tZ I- 2thi^ f 2iH‘^ + 2 a^v^) 

= - sin^ e, 

thus verifying the results for t and Z, on the assumption of unit radius for the sphere. 
Again, in the same spherical triangle, we have 

sin u sin z cos R ^ cos v - cos it sin 2 . 


When the right-hand side is expanded, so as to retain the permissible fourth powers 
connected with the expansion of cos 2 , it becomes 

I - v^) - 2-4 + u^-\- - v'^) - I sin^ e, 


on substituting the value of tZ which has just been verified. But 

2tu cos Rq, 

-v^ = sin^ Rq + 4:tu (1? + u^) cos R^ 

^ sin^ € + Uu + u^) cos ; 
and so the right-hand side becomes 

tu{\ - J -h u^)} cos Rq - sin^ e. 

The left-hand side, to the same order of small quantities 

= uz{i - ^ (u^ + 2 ^)} cos R 
= cos R + uZ cos R. 

If then we take R- Rq = Wj so that 

cos R = cos Rq - w sin Rq, 
the left-hand side, up to the specified order 

= ut{l- -J- {u^ -\- 1^)} cos Rq - wut sin Rq f wZ cos Rq. 

We thus have 

wut sin Rq-vZ cos Rq = ^^ 2^2 gjj ^2 

which, on the substitution of Z and by means of the relations 

sin sin Tq sin e 
V u t ' 
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w = \uv sin e - ^uv sin TgCos 7?o, 

thus verifying the result for the particular instance. 

This property of the particular spherical triangle is distinct from the well-known 
property relating to the difference between the angles of a plane triangle with the sides 
M, V, t, and the angles of a spherical triangle with the sides u, v, t : each such difference 
is one-third of the spherical excess of the triangle. In the present instance, the third 
side of the spherical triangle is t -\-Z, not t ; and the angle e is kept the same for the 
spherical triangle and the plane triangle. 


The Riemann yneasure : sflmricity of the surface. 

112. Now the angles of the geodesic triangle ORT are e, R, T ] and €, jRq, Tq, 
are the angles of a plane rectilinear triangle with sides of lengths u, v, t, not w, Vy z. 
Thus €-i- Rq-^ 2'q=7t. Jbit, from the approximate values obtained for R and T, 
wo have 


and therefore 


R+T -Rq-Tq~ \Kuv sin e - \Kuv sin (i?o + ^o) 
= ^Kuv sine ; 

e 4 R -\-T -7T — \Kuv sin €. 


The magnitude € + 72 + T-tt, the excess of the sum of the three angles of the 
geodesic triangle over the sum of the angles of a plane rectilinear triangle, may be 
called the angular excess of the geodesic triangle. Also, \uv sin e is the area of the 
geodesic triangle when the adjacent sides u and v, containing the angle €, are 
very small. Hence the area of a small triangle, bounded by geodesics of the 
surface, is equal to 

^ . angular excess of the triangle, 


where K denotes the Riemann measure of curvature of the surface. An 
inspection of the analytical expression of K shews that, in geometrical linear 
dimensions, K is of order minus two, being the reciprocal of the square of a line. 
The result is valid for all surfaces existing freely in homaloidal space, whatever 
be the number of dimensions in the plenary space. 

Recalling the corresponding theorem for a spherical surface (being of constant 
curvature throughout its range) in triple homaloidal space, which declares the 
area of a spherical triangle bounded by arcs of great circles (that is, by geodesics 
on the sphere) to bo the afore-defined angular excess multiplied by the square of 
the radius of the sphere, we describe the Riemann measure of curvature of the 
surface at any point as the sphericity of the surface at the point. Thus when a 
surface has a sphericity K at any point, the implication is that the area of any 
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small triangle at the point, bounded by three small geodesic arcs and having an 
angular excess E, is 

E 

K' 

The sphericity at a point of a non-special surface is usually a variable magnitude, 
changing from point to point, so that the specified property is of the nature of a 
limiting result ; if 8>S denote the area pf the small geodesic triangle, and if 
denote its small angular excess, we have 

limit of 

oo 

in whatever way the area of the small triangle decreases towards zero. 
Should the sphericity of a surface be constant, the area of any geodesic triangle 
on the surface (that is, a triangle bounded by three geodesic arcs) is the quotient 
of the angular excess of the triangle by the sphericity of the surface *. 

When the surface exists in homaloidal triple space, this sphericity K is the 
Gauss measure of curvature of the surface, being the product of its two principal 
circular curvatures ; and these are defined as the circular curvatures of superficial 
geodesics touching the curves of circuljir curvature through the point. But, as 
already (§74) stated, such an interpretation is not possible when the plenary 
space is of more than three dimensions. In such a ])lenitude, a surface possesses 
four curves of circular curvature at a point ; and even in a quadruple plenary 
space, there is no relation f between the Riemann measure and the measures of 
linear curvature on the surface ; all of those are independent of one another 
when the plenary homaloidal space of the surface is of more than three dimensions. 

It will be noted that the foregoing interpretation of the Riemann measure K 
for a free surface has been obtained solely from the immediate march of the 
geodesics on the surface. Apparently the earliest explicit statement of the result 
is due to Levi-Civita J, who derives it by considerations of a cyclic displacement 
(originally due to Peres) round an infinitesimal concave circuit ; and these **, in 
turn, are connected with his theory of parallel geodesics, soon to be considered. 

* Interesting examples occur for surfaces, in triple homaloidal s])acc and of constant 
s])hericity, especially for such surfaces as arc of revolution, whether spheres (when the 
measure is positive) or pseudo-spheres (when the measure is negative). Reference may 
be made, upon this topic, to my Lectures on Differential Geometry, §§ 154, 155, 211-214. 

The general discussion of this matter will come later (§137). For these features 
of surfaces in a quadruple plenary homaloidal space, reference may be made to my 
G.F.D., vol. i, chap. xiii. 

t In his treatise Lezioni di calcolo differenziale assoluto (1925) ; see p. 198 of the 
English translation. The absolute differential calculus (1928). 

** It will suffice, here, to refer to the memoirs by Levi-Civita himself, by Severi, 
Schouten, Peres, and Bompiani, which Levi-Civita cites, pp. 171, 172, 198, of the 
English translation quoted in the preceding note. 



113] 


THEOREM DUE TO PlSRfiS 


305 


113. As an inference from the result in the text, we can deduce an earlier 
result, similar in form, due to Peres.* 

Let ORy OT be two geodesics on the surface, both 
OR and OT being small arcs ; through T, let a unique 
geodesic TUT' be drawn making the angle tTU equal 
to TOR, denoted by e ; through R, let a unique geodesic 
RUR' be drawn making the angle rRU equal to TOR ; 
and let U be their point of intersection on the surface. 

The angle R'UT' will differ from ROT by a small magni- 
tude : we represent it by e-f- Se. 

Now taking K as the sphericity at O, we have 

K . area 072C/ = angular excess of ORU 
=ROU-^OUR-^ORU-7t 
=ROU-]-OUR-ROT, 

and 

K . area 0T?7= angular excess of OTU 
^TOU+OUT-ROT) 

hence, adding, 

/f .area ORUT=ROT +TUR-2ROT = h€. 



The area ORUT (later, styled a geodesic parallelogram), with the arcs u (denoting 
OR) and v (denoting OT), is equal to uv sin €, to the second order of small quan- 
tities ; and so we have 


wvsin€=— Se, 
K 


which is the result due to Peres. 

But for this variation Se of the angle ROT in passing from 0 to U, the special 
geodesics RUR' and TUT' have to be drawn, through R and T resj)ectively, 
making the angles rRU, tTU, each equal to ROT. 

There is, however, an inference more general than the preceding Peres result, 
which is cited here as being apparently the earliest instance of the relation between 
the sphericity of a surface and the angles of a figure bounded by small geodesic 
arcs. 

Consider a figure, for simplicity taken to be convex, on the surface bounded by 
a number of small geodesic arcs ; and let the angular excess of such a geodesically 
bounded figure be defined as the excess of the sum of all its internal angles over 
the sum of the internal angles of a plane convex polygon, which has as many 
sides as the geodesic polygon and each side of which is a line I . Let A denote the 


* Rendiconti dei Lincei, ser. 5, t. xxviii^^\ (1919), pp. 425-428. 

f The actual sum for the plane polygon is {n - 2)7r, where n is the number of its 
sides ; the form in the text propounds the angular excess as a relation between the 
superficial geodesic figure and a plane linear polygon with the same number of sides. 
F.I.O. u 
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area of the geodesic figure, necessarily a small quantity ; let E denote the angular 
excess of the figure, and let K denote the measure of the sphericity of the surface 
at any point of the figure ; then, in the limit as the figure becomes very small, 

KA = E. 

The theorem is an immediate corollary from the proposition (§ 112) relating to a 
small geodesic triangle. 

114. In this connection, it is proper to refer to a theorem due to Gauss * con- 
cerning the total curvature (as defined by him) of a geodesic triangle upon a surface. 
His investigations relate to surfaces in triple homaloidal space ; the proof, however, 
of the particular theorem is unaffected by the dimensionality of the plenary space. 

Let the general free surface be referred to geodesic polar coordinates as in 
§ 96, so that its arc-element is represented by the relation 

ds^=djp)^-^T^ dq^. 

The sphericity K is given (l.c. Ex. 1) by 

K--- — 

where ^ is a geodesic variable, which denotes the length of the arc p measured 
along a radial geodesic through 0. 

We take two consecutive points P and Q ; through P we draw the curve PL 

g orthogonal to the geodesic OP, meet- 
ing the consecutive radial geodesic 
curve OQ in L ; from Q we draw a 
line QM parallel to LP, and a line LN 
^ parallel to PM meeting QM in N. Let 
<f) denote the angle OP A ; then 
denotes the angle LQP. We have 

LPQ =^~<f), LQP =(f)-\-d<f), 

and therefore 

QLP=^-d<l>, 

the sum of the angles of the plane 
triangle PLQ being tt ; hence, as LN 
is parallel to PM so that NLP=^, it follows that 

QLN=-d4. 

Next, as PQ is taken to represent the arc ds, so that (after the explanations in 
§ 96) we have LQ=dp=LN, to the first order of small quantities, we have 

* In his classical memoir Disquisitiones generates circa superficies curvas, Ges. Werke, 
vol. iv, p. 245. 
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LP=Tdq. We denote the angle POQ by dd \ and therefore dd and dq vanish 
together, whatever be the value of p. Hence we may take dq=^d6 ; or, absorbing 
p into T as from the beginning, we may take dq=dd without loss of generality, 
and now we have 

LP=Tde. 


Consequently QM=(T-{ dT)d6, and therefore 

QN=dTd0. 


Now QLN, being a small angle (estimated in circular measure), we have 


and therefore 




riT 

d4=- ^ de. 

dp 


The quantity, entitled by Gauss the total curvature of the geodesic triangle 
AOB, is taken to be the integral of the quantity 


K{dp.Td0), 

(where K denotes the measure of curvature at P), taken over the whole triangle 
AOB : that is, it is 

between proper limits. When integration with regard to p along OP from 0 to P 
is effected, we have 

dT 

where a is the value of — at 0. But when P is near 0, the geodesic OP is a small 

dT 

rectilinear arc, and the most important term in P =p : that is, at 0, we have ^ = 1 , 
so that a = 1 . Thus the total curvature ^ 



d0 



= B0A, for the integral of d0, 

+ {OB A - (tt - OAB)}, for the integral of 0, 
= B0A + 0BA+ OAB-tt 
= E, 

where E denotes the angular excess of the whole triangle. 
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This result is Gauss's theorem for the “ total curvature " of the geodesic 
triangle, originally stated for a surface in a triple homaloidal space. In essence, 
it is quite distinct from the theorem of § 112, which interprets the Riemann 
measure K (the sphericity) as given by 

area of a small geodesic triangle 
where E is the angular excess of the small triangle. 


115. As a measurement in a geodesic triangle on a surface which may be 
useful later, we draw any other geodesic OP through a vertex of the geodesic 

triangle ORT already (§§ 109-111) considered. We 
take the direction-variables of the geodesic OP at 
0 to be accurately ; and we shall require 

approximations* to the lengths of the geodesic arcs 
OP, RP. 

We take the direction- variables at R of the 
geodesic RP in the direction RP to be pg', as 
before, so that 



Fig. 8. 


Ps =Po-U (“iK + A?o') + 1*2. ffs' = ?o' - “ (eiPo' + ’Jiyo') + Q2- 
The angle ROP is denoted by 0 ; thus 

sin 8= V (pi'ga' - sin B.f,= V (pi V - 

and we shall take 

sin Po= V (pa'qo - qo'Ps), 

where Pq will be found to be a first approximation to the angle OPR. Hence 
Pi' sin Pq -I- Pq sin 0 - p^ sin Rq = 0, q^' sin Pq -h qQ sin 0 - q^ sin J?o = 0- 

Also let the arc OP be denoted by A, and the arc RP be denoted by [jl. 

At P, the p-parameter must have the same value, whether approached by the 
path ORP or by the path OP, and likewise for the (^-parameter. The first of these 
requirements imposes the condition 

p + upi' + + PPs + Ip-W + 

=p+xp,'+^xw+i^w> 


accurate up to the third order of small quantities inclusive, 
let 


A — M, 


For approximation. 


where I and m denote small quantities of the first order, chosen so that the p-con- 
dition and the similar 5 -condition shall be satisfied exactly in first-order terms. 
The p-condition yields the relation 

up^'-\-mpQ=lpQ, 

* The approximations can be deduced directly from preceding results ; see a Note 
on p. 317, due to Prof. E. H. Neville. 
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uqT^-\-mq^ = lq^, 

is similarly yielded by the q^-condition. We have, at once, 

I m u 

sin Rq sin d sin Pq ’ 

so that there are relations similar to those for a plane triangle with sides w?, n, 
and angles Rq, 9, Pq. 

For terms of the second order, we can take 

A2=i2, 

and 

up to the second order inclusive. Hence as regards second-order terms, the 
p-condition yields the relation 

Lps + IPpa" = iu^Pi” + Mpo' - mu (ajPo' + ^^qo) + hn'^Po"- 

Now 

«Vi" - - ‘^‘niu{aiPo +Piqo) + m^Po' 

= - - (Ai. r 12 , r ^upi + mpo', M?i' + mq^? 

— l^p^ — (All Az) AzJ^^^s > ^3 )*=0 ; 

and therefore 

Lp3=Mpo. 

Similarly the second-order terms in the g^-condition give 

Lq^ =MqQ . 

Consequently, up to the second-order inclusive, 

L=0, M=0: 

thus, the magnitudes L and M are of the third order of small quantities. 

For terms of the third order, we have 

Also we have had (§ 110) 

P5"=K'-“A 

where 


(An5^’l^ qo'r - 1 {Hpo + Bq^) ipo'q,' - qM^ J 

and therefore the third-order terms in the ^-relation yield the condition 
Lp^ + = WPi" + Mpo' + mPg - ^um^S + 

The value of Pg, by § 110, is given by 

Pa= -WiBiiApo, qolPi, qiT + ^y (Hpo+Bq^')Kuv sin e + ipo'K sin*e. 
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The aggregate of terms on the right-hand side of this condition, involving the 
magnitudes 

= — 2uhn(riii^pQ , ^0 ^p^ , )^ “ 2^^^ i Qi 5Po j 9o + 

^ + mpo, Mf/i' + mqoT 

— ~»(^1iA^P 3 ^^l3T — ^^^P3 > 

thus cancelling the corresponding term on the left-hand side. Consequently, the 
condition becomes 

Ijp3 - Mpo = ipo'Km J- sin** e 

+ (^Pq -f BqQ) K (muv sin e - m^u sin Rq) 

1 

== ^Po'K^n sin2 e -h ^ (Hpo + Bq^) Kmu (t - m) sin Rq. 

Corresponding analysis leads, from the third-order terms in the (/-parameter 
relation, to the condition 

1 

Lq^ - Mq^ ^ \q^Km - sin** e - ^ {Ap^ + Hq^) Kmu {( - m) sin R^. 


Apo'^ + ‘2,Hpoqo + Bqo^= 1 , Ap^p^ + U (p^q^' + q^p^) + Bq^'q^' = cos P,. 

where Pq is the angle between OP produced and RP produced, that is, Pq is the 
internal angle of the plane triangle with sides u, Z, m. Hence 

L - M cos Pq = ^K m~ sin^ e cos Pq + \Kmu [t - m) sin Rq sin Pq, 

L cos Pq-M = \Km~- sin^ e ; 

and therefore, after a slight reduction, 

TYt/ 

L = \Kbn {t-m), M= \Klm {t - m) cos Pq - \K -- sin^ e. 

Hence the length of the arc OP, up to the third order of small quantities inclusive, 
is 

l{\+\Km{t-m)] ; 

the length of the arc RP, to the same order, is 


7/2^2 1 

m -j 1 + -J Kl {t - m) cos Pq - sin^e > ; 
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Hr IT 

and as (§111) the length of RT is t-\K sin^c to the same order, it follows 

t 

that the length of the arc TP to that same order is 

1 - \Klm cos Pq “ 6^ sin^e > . 

The magnitude of the angle OPR can be at once deduced from the angular 
excess of the triangle OPR : we have 

iKum sin RQ=d P R - TT 

= P — Pq-\- R — Rq, 

and the value of R- Rq has been obtained in § 111. 


Geodesic 'parallelograms on a surface. 

116. When the theory of parallels on a surface comes to be discussed, there 
will arise the necessity of considering figures, bounded by four geodesic arcs and 
analogous to parallelograms in a plane : they will be called geodesic parallelograms. 
It will appear, however, that there are various types of such figures, each type 
associated with some specific property of a plane parallelogram ; and though the 
plane properties always lead to the same unique plane parallelogram, it will be 
found that the corresponding geodesic properties do not lead to a geodesic 
parallelogram, which is the same for all. 

Thus, in a plane, we can have a line T'R ; two lines T'R', RT, parallel to one 
another and equal in length ; when the line R'T is 
drawn, we have a plane parallelogram. Assuming 
temporarily the characteristic property of geodesic 
parallelism on a surface (thus RT is declared parallel 
to T'R' if the angle between T'R produced and RT is 
equal to RT'R'), we make the corresponding con- 
struction with geodesics on a surface : we take any 
geodesic T'R ; we draw a geodesic T'R', and another 
geodesic RT parallel to T'R' ; we measure equal 
lengths T'R' and RT along these parallel geodesics ; and we draw the superficial 
geodesic R'T. We thus have a geodesic parallelogram : it is a Levi-Civita 
parallelogram. 

Again, in the plane, we can have two lines T'R and T'R' ; when R'T is drawn 
parallel to T'R, and RT is drawn parallel to TR', these lines meeting in T, we have 
the same plane parallelogram as before. We make the corresponding construction 
on a surface with geodesics ; we take any two geodesics T'R, T'R', through T' ; 
through R' we draw a geodesic R'T parallel to T'R, and through R we draw a 
geodesic RT parallel to T'R', these new geodesics meeting in T. We thus have a 


T 
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geodesic parallelogram : it is a Peres parallelogram ; and it is distinct from a 
Levi- Ci vita parallelogram of the last paragraph. 

Once more, in the plane, we can have two lines RR and TT' bisecting one 
another at 0 ; when the lines RT, TR', R'T', T'R, are drawn, we have the 
same plane parallelogram as before. We make the corresponding construction 
on a surface with geodesics ; the geodesics RO and TO arc produced 
through 0 to R' and to T' respectively, where OR' = OR, and OT' = OT ; and 
the geodesics RT, TR', R'T', T'R, are drawn. We thus have a geodesic 
parallelogram ; it is distinct from both the Levi- Ci vita parallelogram and the 
P6res parallelogram. 

What usually is required is a knowledge of geodesics drawn from points in one 
geodesic through 0 parallel to another geodesic through 0 . Thus the properties 
of the last parallelogram arc less useful, in this respect, than those of the other 
two, because the originating point of the parallelogram is its centre and not one 
of its angular points ; accordingly, we shall deal briefly with its properties. These, 
moreover, can be derived from the analysis of §§ 109-111 without reference to 
the theory of parallels. 

As before, we shall assume that geodesic arcs arc small, on a tacit assumption 
that the sphericity of the surface is not constant over its range. It is easy to see 
that, up to the third order of small quantities inclusive in the measurement of 
lengths and up to the second order of small quantities inclusive in the measurement 
of inclinations, the length R'T' is equal to RT, the angle OR'T' is equal to the 
angle ORT, and the angle OT'R' to the angle OTR : that is, up to the specified 
order, the geodesic triangles ORT and OR'T' arc equal in all respects. Likewise 
the geodesic triangles ORT' and OR'T are equal in all respects. The geodesics 
TR' and T'R are parallel, making equal angles with TT' at T and T' ; and the 
geodesics T'R', TR, also are parallel, for a like reason at T and T' relative 
to TT'. But, in angles, 

TRS=7t-0RT-0R'T' 

=7T- OR'T' -ORT' 

= RT'R' + 77 - (OR'T' + ORT' + RTR') 

= R'rR'-E, 

where E is the angular excess of the spherical triangle T'RT : that is, the geodesics 
RT and T'R' are not parallel, estimated with respect to RT'. 

We proceed to find the remaining elements of the geodesic triangle R'OT, 
arising in connection with the third type of parallelogram indicated ; they can be 
deduced from the earlier analysis by simple modifications. We retain R and T to 
denote the angles ORT and OTR, with Rq and T^ for approximations, as before. 
We denote the angles OR'T and OTR' by R' and T, with R^ and T^ as correspond- 
ing approximations. Let p,', , denote the direction-cosines of R'T at R' in the 
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direction RT ; and let y denote the length of RT, The direction-variables of OT 
are 9.2 y before ; those of 0R\ at 0 in the direction 0/i', are -pi,-qi ; 
and we take quantities w, such that 

wp^ = up^ + vp.^, wq^ = uq^ + vq^, Apl^ + ^Rplql + Bql'^ = 1 , 


so that 

where, as before, 


2uv cos €, 


cos e = Ap^ 'p^ -F H (p^q^ -h Pg'?/) + ^91 92 - 

Then we have 


so that 


sin = V - 'piqi), sin 1^= V ('piq^ - piqi), 

sin Rq _ sin _ sin e 
V u w ' 

W cos Rq ~ U + V cos e, IV cos Tq—V + U cos €. 


The length y of the geodesic arc i2'T, up to the third order of small quantities 
inclusive, is 


y=w- 


^ Asime 
w 


and the direction-variables p^' , q^\ of R'T at R in the direction RT, are given 
by 

P7'^K+«(«ii’4'+^i74')- ?4'5K> ?i')® 

1 

+ {Jl'Pi + Rqi) Kuv sin € + Ipi'K 2 sin*€ 

7? ~74 +^(^1^4 +’?i 74 ) “ I 7l )“ 

~ ^.^^{Ap^' -\-IIq^)Kuv sine -\-\q^'K sin^e 

The angles at R and T of the geodesic triangle ORT, up to the second order of 
small quantities inclusive, arc given by 

R - Rq =z ^Kuv sin e - iKuv sin TqCO^ Rq 1 
T-Tq = }Kuv sin e - }Kuv sin Rq cos To J ' 

and modifications of these expressions can be obtained by substituting the values 
of sin Tq, cos 2 0 , sin Rq', cos Rq', in terms of u, v, e. 
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Sphericity of an ampliivde in any superficial orientation ; 
geodesic surface through the orientation. 

117. In his original statement as to the measure of curvature, Riemann 
propounded a measure of curvature of an amplitude by means of geodesics 
of the n-fold amplitude originating in a superficial orientation. For this 
purpose, he postulated * two geodesics in directions w/, and vf, ... , 

and the consequent surfiicc generated by the geodesics in all directions 
aWi' + jS-y/, ..., + for parametric values of a and j8 ; such a surface 

now is usually termed a geodesic surface of the amplitude. He postulated the 
measure of curvature of the amplitude by means of an expression which is, 
in fact, the sphericity of this geodesic surface at the point ; so that Riemann’s 
measure of curvature of an amplitude, being expressed by magnitudes which are 
orientation-variables, is the sphericity of the amplitude in that orientation. 

The propounded expression of the measure can be constructed as follows. 

Manifestly the amplitudinal geodesics through the point are themselves 
superficial geodesics : if they were not, shorter superficial arcs on the surface 
through the point would exist and these, being on the surface and therefore in 
the amplitude, would have to be shorter than the amplitudinal geodesic. Accord- 
ingly, the direction and the magnitude of the radius of circular curvature of a 
superficial geodesic through the point are the same, respectively, as the direction 
and the magnitude of the radius of circular curvature of the amplitudinal geodesic 
originating in that direction : the two curves are one and the same, when the 
surface is geodesic. Consequently, the spatial direction-cosines of the prime normal, 
and the circular curvature of a superficial geodesic through the point, are given by 
equations of the type 

y 

—=2j2j • 

P i j 

To keep the originating directions of all geodesics considered, so that they shall 
lie within the orientation and shall give rise to a geodesic surface, one mode is to 
suppose all the parametric variables . . . , of the amplitude expressed in 
terms of two selected parametric variables, the forms of expression being such as 
to ensure the representation of the surface at the point. The element of arc is 
the same ; it merely appertains to the geodesic, which belongs to the amplitude 
and to the surface. These selected variables may be, either new quantities p and 
q, in terms of which all the magnitudes ... y Xn, are to be expressed : or (what 
is the analytical equivalent) they could be any two of the amplitudinal parameters, 
the surface being determined by the assignment of appropriate expressions for 
the remaining n - 2 parameters in terms of those two. 


* Ges. math. Werke, p. 403. 
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We take two superficial parameters p and q ; for our purpose, each of the 
amplitudinal parameters a; is a function of p and q, and we have 

”• ~ dp ^ d q^' 

for m=], . . . , n. The arc-relation becomes 


where 


Hence 


A 7/_ V' V' A D_'V' X"' A 


Aj> m-V V VVM A -A A \ *') 


with the customary summation for all values i, k, I, = 1 , . . . , n, taken inde- 
pendently of one another. 

The equations, determining the circular curvature of the amplitudinal geodesic, 
are represented by the typical equation 

— =S 

P i V 

This circular curvature, as regards both the magnitude and the direction of the 
radius, is the same for the curve considered as a superficial geodesic ; thus p and 
each of the direction-cosines Y are unaltered. But the modified expression of the 
right-hand side is required. Let it be 

^llP'2 + 2|i2pY + f225-'*, 

where the parametric relation of the quantities ^ to the typical variable y is 
similar to that borne by the quantities ; then, by substitution of the quantities 
x\ we find 

V V ~3p dp ’ ^ y dp 'dq ’ ^ y dq ~dq ‘ 


Hence 


^ 11^22 ^12 - ^ ^ ^ L VikVil) 


When the sum is taken over all the equations corresponding to the space- variables, 
we have 

S = {ij, Jcl), 

W 

the Riemann four-index symbol ; and therefore 

2.fiif22 2.f 12 ^ ^ ^ ■ 

Now let any two directions . . . , x^, and z^', . . . , zj, be taken in the 
amplitude, uniquely determining amplitudinal geodesics for each direction. These 
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determine a geodesic surface in the region ; and we denote by q^, and ^ 2 ^ 92 y 
the superficial direction-variables of these two geodesics, which belong also to 
the surface and define all superficial geodesics through the point uniquely as 
they define all amplitudinal geodesics originating in the orientation of the surface. 
Owing to the relations 

“ “ dp ~dq ’ “ “ dp ^ dq^^’ 

, dxp dxg , ,dxp dxp , 

=-dpP^ ^Tq ^^ ’ +y? ’ 


we have 


and therefore 


Xa J 

= 

Pl> ?l' 



Pi> 


3(p, <Z) ’ 


{Piq2-P2<h'n'^^n^22 - ^ S ^ iv> m 

i j k I 


Similarly 

(PiV -Pi 

Consequently, the value of the quantity 


x/, x/ 


2 ^/, 2 / 



^ D ^ (A,,A„-AnA,,) 

i j k I 



^k', 

Zi', z; 

^k\ 


XI S ^ XI (y. 

i j k I 


is equal to 


XI XI XI XI (AikAj,- Ai,Ajf,)(x/z/ - x/z/)(x^'zi' - Xi'z^,') 

i j k I 

^^11^22“ ^^12“ 

AB-H^ 


This last quantity is (§ 112) the Riemann measure for the geodesic surface. The 
former quantity is the measure propoimded by Riemann * for the geodesic surface 
so constituted, and is taken as the measure of the amplitude in the orientation 
of the surface. Accordingly, wc can declare the measure to be the s'pliericity of 
tJie afnpliiude in the orientation defined by the two directions . . . , xf, and 
Zi', . . . , zf, in the amplitude. 

Two remarks may be made in passing. The denominator in the general 
Riemann measure can be expressed in the form 

which also is equal to sin^ €, where e is the angle between the two directions deter- 
mining the orientation : it is this last form which actually occurs in the statement 
of the measure made by Riemann. 

* Ges. math. Werke, p. 403. 
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Also, in the simpler expression arising from the transformation to the para- 
meters p and q of the geodesic surface, the numerator is equal to the four-index 
symbol (12, 12) appertaining specially to that surface. As the angle € is the same 
for the surface as for the amplitude, and as 

we deduce the law of transformation of the invariantive magnitude represented by 
the sphericity. 

Note on § 115, Brof. E. H. Neville. 

Construct a plane rectilinear figure, having OqRq and OqTq equal in length to the 
small geodesic arcs OR and OT in Fig. 8, p. 308, and the angle RqOqTq equal to the 
angle ROT. Take Pq in RqTq so that the angles RqOqPq and ROP are equal, and 
produce OqPq to P^^ so that i PoPa^ PqPa’ Then 

— ^ 0^0 ^Qp0~^t PqPq — '^^i PqPoPq—^- 

Let Pq Tq = 71 , RqP^^ = m, TqP^ = n, PqOq Tq = € - 0 = (^. By §111, we have, to the 
third order, 

OPR - OqP^Rq = J/fwA(sin 0-^ sin Rq cos OqP^Rq), 

OPT - OqP^Tq = ^KvX (sin (f> - J sin Tq cos OqP^Tq), 

the addition of which shews that tt-P^is at least of the second order. 

In the plane triangle TqRqP^, we have 

{X-l)t sin Pq = mn sin Pj^ 

= ^KXmn{{u sin ^ -i- sin (l>)-^(u sin RqCos OqP^Rq v sin ToCos OqP^^Tq)}. 

Now Msin = ^ ^osOqP;^Tq= - cos OqPj^Rq, to the first order inclusive ; 

so that v/sin 7?oCosOQP;yl2o + '*^®^*^^o^®®^o^A^o third order. Accordingly, 

X-lis of the third order ; and, to this order, 

m-m = {X-l) cos OqPqRq = -(n-n). 

Therefore, to the third order, 

TYlfh 

(A - 1) sin Pq = \K — {ul sin 0 -{-vl sin <f)) = \K 7 nnl sin Pq , 
t 

that is, to the third order, 

X-l = \Kmnl = \Klm (t - yn ) . 

Also, by the result of § 1 10, 

dy2^2 ifj212 

lJL = m-\K~ sin* B = m + \Klmn cos - \K — sin* 6, 
m yn 

to the third order : or, since 

m I sin 0 
t V sin € ’ 

we have 

/ qj2r^2 \ 

/X = m (^1 + ^Kln cos Pq - sin^ ej . 

The values of A and /x agree with the results on p. 310. 
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Parallel Geodesics on Free Surfaces 
Direction-variables of geodesics drawn under assigned conditions. 

118. As a preliminary to investigations concerning parallel geodesics on a 
surface, consider any two geodesics OG^, OG^, through 0 a central point , 

with direction- viiriables p,', qJ , and qJ, fthat is, ^ , and ^ , their 

. 1 T, V ds^ ds. ds 2 dsJ 

inclmation € being given by the equation 

cos e = Apfpf + H (piV/a' + 

Along the geodesic 0(?i, taken temporarily as a base, let geodesics on the surface 
be drawn at successive points, their inclinations (a varying e) to the basic geodesic 
following some assigned law along the base ; then ^2 ^ (72' ? niust change so as t<i 
admit this assigned law. Accordingly, we must have 

- + «?■'> 

+ K (Ap,' + Hq^) + q.’ f {Up,' + Bq,'). 

Now we have 


d 

ds 


^ , rj /X A ff TJ n , ,l^A dH\ dH 

^yp,+Hq,)-Ap, +Hq, +p, + 9^ 


d 

ds 


= (Ap,' f Hq,')a, f {Up/ + Bq,')e„ 
{Up,' + Bq,') = {Ap,' + Hq,')P, + {Up,' + Pq,') r,,, 


with the significance for a^, ej, -q^, as defined on p. 200 ; and therefore the fore- 
going equation becomes 

rf€ 


- sin € 


f~ = {Ap,' + Uq,') [^P^ + a,p,' + P,q^y{Up,' + Bq,') [^^' + .,p,'^-y„q,'). 
Also, because p 2 \ q^^ are variables of a superficial direction through 0, we have 

and therefore 

2 {Ap^ + i??,') + 2 {Up,' + Bq^) J-?' 

/ ,dA „ , ,dU ,^dB\ 

= - 2p,'‘ {Aa, + m,) - 2p,'q,' {AP, + Tji + Ua, + B€,)- 2q,'^ {Up, + Bt,, ) , 
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that is, 

+ Hq^) + a,p^ + + (Hp^ + Bq^) (^+ = 0 . 

Now sin e = F {p^qi - qip^) ; 

and so, when the two equations are resolved, we find 

But we have 

J,(Nj>2'+By2')sin€= pi-p^coae, 

^{Api + Ilq^) sin e= - {qi - qi cos e) ; 


and therefore the equations, which determine the arc-variations of p^, q^ , become 


^ + °-iPi + — 

^9^2 / / 


7 ^1 ' -7?2 'c^S6 rfe ' 
sin e 

(//-172'cose de 
sin e (foi 


If, similarly, geodesics be drawn at successive points on OG2, taken as a 
temporary base, with inclinations (again a varying e) to that basic geodesic 
following some assigned law along the base, then the direction- variables pi\ qi\ 
of the geodesics thus drawn must vary according to the conditions 


We note that 


Is] + 

+e2?>l' + ^//l' = 


P2 — Pi cose de 
sin € ds2 

q2 — qi cos e de 
sin e ds2 


^iPl —^ 2 pl + ^ 2^1 P 2 ^^ 12 (Pl ^2 '^9iP2 ) + ‘^225'i ^2 J 

tlK + Vi 92 = ^2Pl + ViSl =^IiFi'K +-^12(Fi V + ?l'K) +'^22?1 V i 


also that for general laws of variation of the inclination e along the respective 
basic geodesics, the relations 


dpi _ d /dp\ d (dp\_dp 2 
d/S2 ds2 \dsiJ ^ 5 ^ \ds2/ dfSi 
dqi _ d ( dq\_^ d (dq\_^dq 2 
ds2 ds2 \dsj dsi \ds2/ dsi 

are not satisfied. 

Manifestly the simplest law for the construction of the successive geodesics in 
each set is, in both cases, that of requiring a constant inclination e. As will be 
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seen, such geodesics drawn at points along OG^ are said to be parallel to OG 2 , 
and such geodesics drawn at points along OG^ are said to be parallel to 06?!. The 
respective laws for p 2 , q 2 , in the former set, and for p^, in the later set, are 


dv ' 

- —^llPl P2 +“^12(7^1 ?2 P2 )~^ ^22^1 (72 

j / 

“ ^^ = EiP2 +''7i?2 +•^12(^1 ?2 + ?^2 ) + ^22?! ?2 


ds2 

ds2 


— ^2Pl ^2^1 —^llPlP2 ~^^l2(pl^2 +(7l i^2 ) +^22(7 i (72 
= ^2Pl + >72?i'= + ^12{Pl<l2 + (7i>2') + ^22?! V 


Moreover, for such a succession of geodesics drawn at points along OG^ as the 
basic geodesic, we find 

d 


dsj^ 


{Ap2 + Hq2) —ai(Ap2 Hq2) + ^i{Hp2 ^-Bq^) 


+ Bq') = P, {Ap^ + Hq^) + ry, {IIp^ + Bq^) J 
and, for such geodesics drawn at points along OG 2 as basic, 

+ ^2 W + Bq,') 

^ iflpi +Bqi)=Pi {Api + Hqi) + -q^ (Hpi + Bq^) 


Parallel geodesics, 

119. The notion of parallel geodesics on a surface, existing freely in multiple 
space, can be presented as follows. 

At a point 0 on a surface, let ORE be any 
geodesic * ; and consider the tangent planes of the 
surface at successive points along ORE. The en- 
velope of these tangent planes is a developable 
surface ; the direction of any geodesic OT on the 
original surface gives a direction on the developable 
touching OT ; the direction of any other geodesic 
RU on the original surface gives another direction 
on the developable touching RU, where R is any point along ORE. Let the 

* In his original account, the guiding curve ORE was taken by Levi-Civita to be 
any definite curve on the surface : and the account, given here in the text, is obviously 
as applicable to any curve as to a geodesic. But the march of a geodesic on a surface is 
certainly simple, and all the applications are to be associated with a geodesic as a base ; 
accordingly, from the beginning, the basic curve ORE is taken to be a geodesic. 
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developable surface be developed into a plane, without any stretching or tearing. 
In that devcloi^ed plane, the line corresponding to the geodesic ORE becomes a 
straight line ; the direction touching the geodesic OT on the original surface becomes 
a straight line, making an angle equal to ROT with the development of OR ; and 
the direction touching the geodesic 1217 on the original surface becomes a straight 
line, making an angle equal to ERU with the development oi RU which is only 
the continuation of the development of OR. In that plane, the devclo])ed direc- 
tions OT and RJJ are parallel when the angles ROT and ERU are equal ; and so 
the geodesics OTF and RLJ I on the original surface are said to be parallel when 
the angles ROT and ERU are equal. Manifestly, we can have a set of geodesics 
parallel to OT by drawing on the surface geodesies through successive points of 
ORE, each making the same angle equal to ORT with the varying direction along 
the geodesic ORE at the successive points. 

Thus the geodesics parallel to OT are defined by reference to a basic geodesic 
ORE. A different choice of liasic geod('.sic through 0 would provide a different 
set of geodesics parallel to 0T~ as, indeed, api)ears from the figure in § 116 ; 
consequently, the composition of the set of geodesics parallel to OT depends not 
only upon the determining geodesic OT but also upon the selection of the basic 
line. 

Similarly, by taking successive points along OTF and drawing through these 
points superficial geodesics making, with the varying direction along the geodesic 
OTF, an angle equal to TOR, we obtain a set of superficial geodesics parallel to 
ORE ; but, as before, the composition of this set of geodesics parallel to OR is 
governed not only by the determining geodesic OR but also by the selection of 
OT as the basic line. 

Obviously geodesics on a surface, like straight lines in a plane, can be described 
as having the same direction along their course : or, as in the Euclidean definition 
of a line, “ lying evenly between two points 

This association, of the property of parallelism in a plane, with geodesics on a 
surface was first effected by Levi-Civita * ; it was initiated by him for the 
construction of parallel geodesics in any amplitude, not solely in a surface. 
Through Levi- Ci vita’s initial investigations, the conditions of parallelism were 
established by reference to the plenary homaloidal space containing the surface 
and the amplitude, though the actual dimensionality of this plenary space had 
neither significance nor influence in relation to the result. Another parallelism of 
geodesics in any n-fold amplitude was established by Severi, by the use of geodesic 

* Rend. Circ. Mat. di Palermo, t. xlii (1917), pp. 172-205 ; see also his treatise, in 
the English translation (1927), The absolute differential calctdus, chap, v, §§ 10, 26. 

In relation to the theory of parallelism of geodesics in any amplitude, the memoir 
by Severi, Rend. Circ. Mat. di Palermo, t. xlii (1917), pp. 227-259, should be consulted, 
as well as memoirs by Bompiani, Atti d. R. 1st. Veneto, t. Ixxx, Parte 2^ (1921), 
pp. 355-386, 839-859. Other references will be found in these authorities. 
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surfaces of the amplitude as originally due to Riemann ; thus in the preceding 
diagram (p. 320), the geodesics ORE and OTF are taken as defining a geodesic 
surface (§ 117) of the amplitude at O in the orientation defined by the directions 
of the tangent lines at O to OR and OT. The geodesics in this geodesic surface, 
drawn parallel to OT at successive points along ORE as a basic curve, are taken 
to be the geodesics of the amplitude parallel to the amplitudinal geodesic OTF, 
constructed by reference to the l)asic amplitudinal geodesic ORE ; and likewise 
for the geodesics in the surface, drawn parallel to ORE through successive 
|)oints along OTF as a basic curve. 

The analytical developments for parallel geodesics in amplitudes, which are 
more extensive than surfaces, will be reserved for later stages. Here we shall 
discuss some of the properties connected with parallel geodesics, purely as 
belonging to surfaces, without any regard to intrinsic relations which the surfaces 
may bear to enclosing amplitudes. 

Superficial parallelograms, after Levi-Civifa, Peres. 

120. It has already been pointed out that, when any two geodesics ORE and 
OTF through a point 0 on a surface are arbitrarily selected, and when parallels 
are drawn with either ORE or OTF as basic lines, varieties of geodesic paral- 
lelograms can be drawn. 

Thus we have a Levi-Civita parallelogram, by measuring equal arcs OT and 
RU along parallel geodesics OT and RU, and by drawing the superficial geodesic 
TU. Levi-Civita proves that, if r:=i denote the area of the geodesic parallelogram 
OTUR, then 

Kcd^=OR^-TU‘\ 

in the limit as the arcs OR, OT, diminish indefinitely, where K denotes the Riemann 
measure of curvature of the surface*. The fourth side TU of the Levi-Civita 
geodesic parallelogram is not parallel to the opposite side OR ; nor are their 
lengths equal. 

There is a Peres parallelogram obtained, by drawing a geodesic RUI through 
R parallel to OT, and by drawing a geodesic TUJ through T parallel to OR, these 
two new geodesics intersecting in U. Peres proves that 

/fa = angle JU I - angle ROT, 

also in the limit as the arcs OR, OT, diminish indefinitely, with the preceding 
significance f for K and i=i ; so that, if we take JUI = €-\-h€, and an 

* This result was regarded by Levi-Civita as giving an interpretation of the Riemann 
measure of curvature of the surface in the orientation at 0 ; see § 18 of his memoir, 
cited p. 321 , note. 

t At the date of publication of the memoirs of Levi-Civita and of Peres, the inter- 
pretation of K as the sphericity of the surface in connection with the interpretation of 
the result in §112 was not enunciated. 
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element of area at 0 specially constructed, we have 

limit of 

oiS 


an expression formally similar to that of the circular curvature of a curve. In 
the P6rcs parallelogram, the length of the geodesic side TU is not equal to the 
length of its opposite side Oi?, nor is the length of the geodesic side liU equal to 
the length of its opposite side OT. 


Ex. Both these cited results can be illustrated by birectangular quadrilaterals on a 
sphere iji triple space. On a s])herical surface, the 
Riemann measure K (being the same, for any surface in 
triple space, as the Gauss measure) is l/a^, where a is 
the radius of the sjdiere ; for siiiqdicity, we take a = l. 

Let ABj AC, be small arcs of two great circles 
meeting at right angles in A ; and let N, M, be the 
respective poles of AB, AC. Then the great circle BN 
is geodesically parallel to AN. Let AB = a, AC^^y 
where a and are small. 

(i) The Levi-Civita parallelogram is obtained by 
taking BD equal to ^0 and drawing the great circle CD. 

The angle ANB = a. while the arcs CN and DN are each equal to Jtt - ; hence 

cos CD = cos^ (^77 - j8) H sih^ ( Jtt - j8) cos a 



accurately u]) to the fourth order of small quantities inclusive. Thus, accurately to the 
same order, 

and so the limit of 

AB^-GD^ 

as a and ^ diminish indefinitely, is unity : which is the Levi-Civita theorem for the 
present instance. 

To estimate the deviation of CD from parallelism to AB, we have 


cos NCD 


cos ND - cos NG cos CD 


sin P 
cos p 


sin NG sin CD 
tan \CD = ^ajS, 


when the most important term is retained ; thus 

NCD = \TT-\ap. 


A geodesic at C, parallel to AB, is at right angles to AG and passes through M ; thus 
the deviation from parallelism is 

iaP, 

the arcs a, j3, being measured on a sphere of radius unity. 
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(ii) The Peres parallelogram is obtained by drawing the great circle CM ; let it 
meet BN in E. In the particular parallelogram thus drawn, the angles BACy ACE, 
ABE, are right angles ; let CE = x, BE=y. We have 

sin y = sin j8 cos x, sin x = sin a cos y^ 
sin ^ cost/ = cos ; 

thus, when a and are small, we easily find 

E — ^7T = ajS, 

accurately up to the retained order of small quantities in each measure. This last result, 
in effect, is the Peres theorem, the quantities a and j8 being arcs measured on a 
spherical surface. 

The result can be inferred also from the customary theorem concerning the area of 
a convex S])herieal figure bounded by arcs of great circles. The spherical excess of the 
quadrilateral A BEC 

= BAC ^AOE + ABE + E~27t 

= E-l7T^ 

and the area of the parallelogram, when a and ^ are small, is equal to ap, up to the 
second order. The radius of the sphere is unity : hence the result. 

In the Peres parallelogram, the side BE is not equal to AC ; we there have 

AC-DB = la% 

a quantity of the third order. The quantity AC- DB, for the Levi-Civita ])arallelo- 
gram, is actually zero, by the construction of the parallelogram. 

We note that, in the Peres parallelogram, 

AB^-CE^ 

tends to the limit unity with indefinite decrease of a and /3, as in the Jjevi-Civita 
parallelogram ; but this equality of limits is specially due to tlie riglit angle at A. 
Even so, the equality occurs only in the limit, the quantities being unequal when 
further powers of a and ^ are retained in approximations. 

121. The course of the analysis, that belongs to the range of a surface in the 
immediate vicinity of a point, whether concerned with parallels or investigations 
similar to those in §§ 109-111, requires approximations in powers of the small 
quantities involved, these usually being lengths of arcs. The approximations here 
used must proceed to second powers inclusive when they relate to magnitudes 
such as inclinations, and to third powers inclusive when they relate to magnitudes 
such as lengths. Occasional exceptions to this statement, when they occur, will 
be duly noted. 

The symbols, of § 98 defined by 

— +-^127* 1 1 

^\2Pi "b -^225^1 1 Vi ^12Pi 229.1^ 
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where jpi , y/, are direction-variables for any direction ds^ in the surface, are of 
frequent recurrence. The values of ^ ^ , and the values of the second 

dSi dSi dSi 

derivatives of A, H, B, taken along the geodesic in that direction, have been 
obtained (§ 98). 

We shall require, up to the second order of small quantities inclusive, the 
expressions for the direction- variables at R (in figure on p. 320) of the geodesic 
RUI in the direction RU, drawn parallel to OT. Let these direction -variables be 
denoted by ^> 4 ', and the length of OR by u ; as q^, coincide with 
respectively when u is zero, and as they are functions of position along the basic 
geodesic ORE, we have 




ds^ 


ds^ 


a '-a ' + u + J-M* 

(h-qz +u , 

accurately up to the second order inclusive, the coefficients of u and of being 
determined in accordance with the assigned parallelism. Now we have already 
(§ 118) obtained the two coefficients of w, in the forms 

dp ' 

— +^1^2 =^2/^1 + ^2(?1 ~ yi 2 ^^\\ Pl 2 H +^12(^1.72 +7 i 7^2 ) + -^227 i 72 


dql 

ds, 


— ^lP2 +'7i72 —^2V\ ^~V2Qi ~^12—^u]h p2 +^12(?^l72 + 7l 7^2 )+ ^ 22^1 ^2 


l^y direct differentiation, we have 


ds,^ 


But 


— (ai^ + ^iej)/>2 + (<^1^1 + ^i'7i)72 ~^2Pi ~^27i 


Pi —~^vPl ~ Pl^l y 7l —^^iPl ~'7l7l > 
and the value of the second line can be deduced from the general result in § 98 
by taking i=l,j=2, k=}, so that it becomes 

= - i/ir(//K Bq,') {p'q^ - qM - , q^ y 2i? 

- Pi (2cLia2 + ^1^2 + - ?l' {^1^2 + ^2pl + PlVi + ^2'7i)- 

When these values arc substituted and reduction is effected, we find 

+ Bq,'){p,’q,' - qM - qM. q,V 

Similarly, we find 

^=WPi+Hq,'){p^'q,'-qM-{^ni^,', qM. iiV 
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The results can also be inferred directly from the arc-relation at R and from 
the equation, which expresses the parallelism of the geodesic RJJI at to OT in 
the form 




where P^, Q^', denote the direction- variables of the geodesic ORE at R in the 
direction RE, being given in value by 


while denote the values of A, IL B, at R ; and with this equation 

there must be combined the permanent arc-relation, which at R for the geodesic 
RUI has the form 


We have 


dSi (tui^ 


with corresponding values for IP^'^ and B^^^\ To make the necessary approxima- 
tions, we take 

Va = P 2 + ^^1 k 


where P^, Qi, P, Q, are finite magnitudes independent of u. 

When finite terms are taken in the two equations, these cancel without leaving 
any condition. 

When terms of the first order are taken in the two equations, the equation in 
cos e leads to the condition 


{Api 4- Hqi) (Pi 4- CL 1 V 2 ■ I" Piq^') + (f^Pi Bqi) (Q^ -1- e^po 4- rj^qQ ) — 0 ; 
and the permanent arc-relation at R for the geodesic RUJ leads to the condition 
{Ap2 + Hq^) (Pi + OijJa' + ^i(7a') + [Hpi + Bq^) {Q^ + + p^q^) = 0. 

Now 


{Api + Hqi) (Hpi + Bqi) - {Api + Hqi) {Hpi 4 Bqi) = {p^ 'q^ - qipi) = F sin e, 

which is not zero ; and therefore 

Pi -}- aiP2 + Piq2 =0, Qi + €iP2 4- rjiq2 = 0. 

When terms of the second order are taken in the two equations, the equation 
in cos € leads to the condition 


{Api + Hqi){P+ {r,M, qiipi, qi)^} 

+ (^p/+P?i ){0+ (^lll5^>2^ q^^Vi 5 \ 
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and the permanent arc-relation at R for the geodesic RUI leads to the condition 


(Aj,^ + Hq^){P+ q^f) 

+ {Hp,' \-Bq,']{Q+i^M, qM, q^f)=\v^K{viq^ -qM^-- 


When these two equations are resolved, they yield the relations 


/^+ qAv^, qir= - + %') (piV - qM, 

Q + (^ni^Pa'. q-iU'>i^ qxY= v ^ + tiqi) (viqi - q^vi)- 

With these values of 1 \ and P, in ; and with these values of and Q, in q^' ; 
the forms of p^', q^, thus obtained, agree with the earlier forms. 

Similarly, we shall require, up to the second order of small quantities inclusive, 
the expressions for the direction- variables at T of the geodesic TJJJ 'm the direc- 
tion TV, Let these direction- variables be denoted by p./, q^' , and the arc O'T b}' 
V ; in the same way as for /q', <74', we find 


where 


-Pi 






f, ' ^ 




iPqi 


dp ' 

(Is ~ ~ “ ^vV2 ~ ~ ^ uVl V'2 ^ 12 (ih !/2 '^^hP2 ) ~ d^22^1 ^2 

~'^72?l ~ ~^iV2 ~Vl^2 ^ ' ^ViiPl '^^l\P2)~^2‘Z^h^h 

- y<{Hp2 + Bq,’) iv^qx - qM - {I\M, qM: 

d-qx 


(Is^p^ 


- I B i^hh + Bq-iliih'qi - q^pi) - qil7h'> q^f 


It will be noticed that we have 

(I (dp\ dp^' dp 2 d (dq)\ 

ds2 \dsj ds2 ds^ ds^ \ds2/ * 

d ( dq\ dq^' d (dq\ 

ds2 \dsj ds2 ds^ ds^ \ds2l ' 

these relations hold for systems of parallel geodesics but not in general (§ 118 ). 

Note. The preceding forms can be modified by transforming the terms 
which involve the sphericity K. 

There are identical relations 


P2 - Pi cos e = - {IIpi + Bqx) {piq./ - qiP^'), 
q^ - r/i' cos € = {Ap,; + Jlqi) 

Pi -p2 cos {Hpi' + Bqi'){pxq^' -qip^'), 
qx - qi COS e= - {Ap^ + Hq^){piq^ - qxp ^) ; 
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and therefore we have 


dW 


\K - j)./ cos €) - qiJpi, 


Idi {qi - qz cos e) - (JmJPi', qiiV 2 , q^f 

dfi' dqi'_ 

'ds^- 


d^p’ 

dn^^ 

dh]i 


\iK{p2 V\ “ (-^1115^^2 j (Z 2 ^Vl 5 ?! 

\K{qi -qi coa€)-{Aiiilp^, q^^pi, qif 

dpi _ dq2 _ 5 , 

~ds,~ d.s~~ 


These forms are commodious for applications specially associated with a sur- 
face ; the earlier forms are convenient for comparison, when parallel geodesics in 
a region and in more extensive amplitudes are under consideration. 


The Levi-Civita 'parallelogram. 

122 . We begin with the Levi-Civita geodesic parallelogram. When this is 
re])resented in the figure (§ 119), the geodesic is parallel to 01\ and the arcs 
RU, OT are equal : the first requirements are the magnitude of the geodesic arc 
TU, and the direction-variables at T of the geodesic TV in the direction TV . 
As before, we take ()R=u, OT=v. Let the length of the geodesic arc TU he x, 
so that we shall expect to find x-utohao. small quantity of order higher than the 
first (it will be found to be of the third order) which would vanish with v : we write 

x-u~M. 

We demote by p\ q\ the direction- variables at T of the geodesic TU in the direc- 
tion TU : thus p' will be p/ and q' will be q^’ when ?;= 0 , and we therefore take, 
initially, 

p'=--pi-\vPi, q' = q^' + vQi, 
so that M, Pi, Qi, are three quantities to be determined. 

Three conditions are at our disposal * for their determination. The values of 
p and of q at U must respectively be the same for the approach by the geodesic path 
ORU as by the geodesic path OTU ; and there is the permanent arc-relation at T 

+ 2H^^yq' + i. 

It is convenient to obtain the first-order approximations for Pi, Qi, M : the first- 
order approximation for M is found to be zero. 

* The method of the following investigations differs from the methods respectively 
due to Levi-Civita, Severi, Per^s, Bompiani, in their memoirs cited p. 321, note. 
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Up to the first order of small quantities, we have 

{AP^ + + Ha^ + 562), 

When these quantities, and the foregoing assumed expressions for p', q, are sub- 
stituted in the arc-relation, the finite terms (that is, the terms free from small 
quantities) cancel. In order that the aggregate of terms involving the first power 
of V may disappear from the equation, there remains the condition 

2 { (Ap,' + Hq,^) P, + (Hp,' + Bq,') Q,} 

-h 2 {Aa2 + H€2)Pi^ I 2 + Hrj^ + Ha^ + B€2)piqi + 2 (H^2 + ^ 12 ) 

which, by re-arrangement, can be changed to the form 

{Ap^' + Hq^) (Pi + Uap/ + ^2^1') + (Hjh -f- Bq^') (Qi + 63^1' + r] 2 ^i) — 0. 

When the direction- variables at R of the geodesic RU in the direction RU are 
denoted by ^4', q^\ we have (§ 121 ) 


P4 =P2 


ds^ 


-fW “--- + -2-^2 






up to the retained order, the coefficients of u and of being known. Then the 
value of the parameter jo at U by the geodesic approach ORU 

-Pr + VJ)^ + >V" 

=p +upj^ + + + vp^ + \ \v'^Pi", 

accurately up to the third order inclusive : while its value at the same place by 
the geodesic approach OTU 

p^r-v^v ^-2^y' ^-6^y" 

-p + VP 2 + \v'^P 2 ' + + k^^p' + 

accurately up to the same order. Hence, up to the retained third order, the 
p-relation becomes 


Now 


xp' -h \x^p" + ^x^p" = up^ + " + i?^y 

h y (K -P2') -i- -P2") + -P2"')- 

xp' = up^ -1- M^i' -h uvP^ + MvP^, 


Up to the second order inclusive, and only up to that order, the quantities 
MvP^, a^y'", wy'", V^{p^"-P2'% are negligible; s.sp^-p2, q^-q^, are at 
least of the first order, the quantity -P2), being 


= - + ‘^rMq'-p'q')^r 22 {q^ - q^^)}. 
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also is of the third order and so, in relation to second-order terms, is negligible. 
Again, up to this second order, 

/ / /\ d'Dti 

and therefore, up to the second order, and only up to that order, the jo-relation 
gives the equation 

Mpi' + uvP^ ■= uv = -uv (aaPi ' f ^ 2 ^ 1 ), 

(IS^ 

or, what is the same thing, 

UV{Pi + a2Pi + - Mp^' . 

Similarly, the consideration of second-order terms in the rjr-r elation at the 
point U gives the equation 

Uv{Qi + e2Pi+Viqi)=-Mqi. 

Multiply this ^-equation by Ap^-hllqi and this g-equation by Hp^ , add 
the products, and use the earlier equation deduced from the arc-relation at R ; 
then 

that is, up to the second order inclusive, M is zero, ileiice M is a magnitude of 
the third order of small quantities at least. Moreover, the ^^-relation and (^-relation, 
now that M is known to bo of at least the third order, give the quantities 

l\ + a^py -i Qy + e^Pi + Tliq! , 

as of the first order at least ; so we take 

p' ^Pi + 'vPi=Ti - '» { 0 ' 2 Pi + P^qi) + vP=py - uyia + vP \ 

^ ~ l7i + vQi= ~'^'i^2Pi + '’?29'i ) + ~ ?i ~'y8i2+^’Qi 

where the terms vP, vQ, arc of the second order at least, while ^ 12 ^ have their 
former significance (§121). 


123. The determination of the second-order magnitudes vP, vQ, and of the 
third-order magnitude M, can be made by considering the approximation in 
third-order terms in the jo-relation and the g-relation at C/, and the approximation 
in second-order terms in the arc-relation at 72. 

The arc-relation is 

also 
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+ {«Vi 2 * + 2 vPpi'). 

with like values for p'q', q'^. The terms of the first order now disappear, for they 
had been made to balance ; so the first form of the condition, surviving from the 
second-order terms, is 


2 (A2}i+IIqi)vP + 2 (IIpi + Bqi)vQ 

r f]2TI J2K 

-I- I Pi '* + + + 


. ( ,dA ,dll\ .. ( ,dH , 


dBY 

dsj- 


=0. 


The coefficient of \v'^ is, by the results in § 98 , 

= - lVHi{:P^q.: - ?iV)*+ 2 (^yiz*+ 2 //riaS,,+^Si,^) 

-l- 2 (/lpi' ) Hq^)(rM, q^ip^, ?2')* + 2 (//p/ + %'){^iu 5 Pi', ?i' 5 P 2 ', 72')* 
+ 4 (Aj)^ + Hq^ ') (ttgyio 4 - ^2^12) + 4 (Hpi + Bq^) (62712 + ^2^12) 

+ 2 (/lyi2^ f ^^^712812 H Bhy ^) 

“ ‘l7i2{^l 7 i2 + 11^2 + ^2 i^Pi' + IJ (ZiO + ^2 {^7h + Bq^)} 

— 4 Si 2 {-ff 7 i 2 + -^812 + ft ) + +^! 7 i )} 


+ 2 {Ap-^ -I llq^ ) (I , qi ^P 2 5 ?2 )“ 2 {Hpi + Bqi ) , q^ 5^2 » ^'2 )-^ 


Hence the condition, surviving from the second-order terms in the arc-relation, 
has the form 


{Ap' \ Hq'){lP^ 

^{Hp,' \-Bq,'){2Q^v{A,M^ q{ip', q2f} = hvVH<{p'q^^q^p')\ 


The jD-relation for U, accurate up to the third order, is 
xp' I \x^p" + \x^p'" - np^ + \u^px' + 

+ - i^2') + -^^(K' -K') + Wivr ~P2"l 

where p" and p'" are the magnitudes at T and ^4" and p^'" are the magnitudes at 
R. The terms must be taken in turn. 

(i) We have 

xp' = (u -t- M) ip^' - vy^2 + '^P)^ 


so that the third-order contribution is 

Mp^' -I- uvP. 

(ii) Because, up to the third order inclusive, x^=u^, we have 





332 


ELKMENTS OF THE 


[CH. X. 


and so we require ^st-order terms in p". Now, taken at T, 
p" = - 2 - 2ri2(^y</' - 

- 2 (Pi'?i' - vpi^n - n\Yii) 

SO that the first-order terms in jp"' 

by the result of p. 261. Thus the third-order contribution from the term is 

^iUh}K (Hpi + Bqi) (pi'q^' - q^p^) - q^lpi, qi)? 


(iii) Up to the third order inclusive, x^=u^ ; so 

= luY" = 

up to that retained order ; the terms cancel. 

(iv) We have 




Pa = P 2 “ ^>'12 2 ^ ^^^2 » 

so that the third-order contribution from the term v{p^ - p.^) 

" - WvK (//p/ + Bq-^) {p^q^ - q^p^) - \vH qi\p{, q^):^ 

(v) The value of pi^' must be taken at i?, so that 

Vl'=- - 2A2<« ^4 V - A2'^‘>?4'* 

(2^2"^ “ 2wp2 712) 


ir ^ 


hence 


— 2 ^^12 + u (P2 ^ 2 ' “ '^V2 ^12 ~ 712) 

— ^-^22 + u (?2 ^ “ 2W5'2 ^12) J 

P \ ~ P 2 — 2 ^ (^2712 + ^2^12) 

/ , dr , ,^^12 f>^^22\ 

= u{ — -^K (Hp 2 + Bq^ ) {Pi ^2 “ 2^2 ) ~ (^llljpi 9 ip2 9 ^2 )^}> 
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again by the result of p. 261. Thus the third-order contribution from the term 

+ Bq^)('p^qz , Ji'jbz'. 

(vi) The third-order contribution from the term 
seen to be zero. 

Consequently the condition to be satisfied, in order that the third-order 
approximation in the ^-relation may be effected, becomes 

Mp^' -h uvP + \u^vK [Hp^ -h Bq^) {p^q^ - q^q^) 

= - \u^vK {Hpi -h Bq^') (p^q^ - 

- \uv^K (Hp2 + Bq^) (piq2 - qiP2) “ 9x^2^ 92 ')^ 

that is, 

+ uv{P-t^(r^^^fp^\ qi^P2, q2?} 

= - uvK {p^qo - qxP 2 ){\'^{Hp^ + Bq^) -\-\o{Hp^ -I- Bq^)}. 

The corresponding third-order condition, arising from the g-rclation, is 

Mq^ + + , q^lp2, q^y) 

= uvK (p^q 2 - qxpyk^ (Api + ffq^') + (Ap^ +Hqy. 

Thus there are three equations for the determination of ikf, P, Q. Let these 
last two conditions be multiplied by Ap^ -f- Hq^ and Hp^' -f Bqi respectively ; 
then, when the earlier condition surviving from the arc -relation is used, we have 

M + luv^KV^ip^'q^' - qyy=-- - luvmV^ip^q^ - q^p^, 

and therefore 

M= - \uv^KV^(p^qyqyy — - ^uv^K sin^c. 

Accordingly, 

x=u-\-M 
— u-\uv^K sin^e ; 

hence 

- X- ~ uH^K sin^ e = /f 

where o denotes the area of the small parallelogram ORUT. This result is Levi- 
Civita’s theorem. 

When the value of M is substituted, the values of P and Q are derived from 
the conditions arising from the jo-relation and the y-relation respectively. It is 
convenient to modify the forms. We have (§ 121) 


^2 = - qif - s (fivi + -B?/) - Viqi ) ; 
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and therefore the condition from the jj-relation can be ejcpressed in the form 
M/Ji' + uv - l-v (pi'qa - qiP 2 ){u{Hpi + Bq^) + v(Hp 2 + Bq ^)} ; 

while the corresponding condition from the g-relation becomes 
Mqi+uv{^- \o = kuvK (piq 2 ' - qipi) [u {Api -\-Hqi) + v {Ap^ + Hq^')}. 
When the value of M is substituted, we find, after a simple reduction, 


P-iv = - iK {p,'q2' - qM {Hp,' -I- Bq,')(u + V COS e)' 

Q - h’ = IK (piq 2 - qiPi) (Api + Hq^) {u + v cos e) j 

thus completing the second apj^roximation to the direction- variables of the 
geodesic TV at jT in the direction TU, as given by 

p'=Pi -'«yi2+'oP, g''=g'i'-v8j2+uQ. 

The foregoing form shews that, in the Levi-Civita parallelogram, the geodesic 
arc jTf/ is not parallel to the geodesic OR. If 8 denote the small deviation at T 
between this arc TU and the geodesic through T actually parallel to 022, we have 


;sin 8 = 


Pi - vyia + , qi - v8ia + -^^2 


Pi-'^yi2 + vP, ?i'-vSia + vQ 
=iKv{u + v cos e) (piV - qiP 2 ), 


to the retained order of approximation ; and therefore the deviation 8 is approxi- 
mately equal to 

{u + v cos e) V sin e. 


The Reres ^parallelogram. 

124. We now pass to the consideration of a Peres geodesic parallelogram. 
When this is represented in the figure (§ 119), 220 is the geodesic parallel to OT 
and TO is the geodesic parallel to 022. The direction- variables of the geodesic 
TV at T in the direction TV are denoted by p^, ; those of the geodesic RV 

at 22 in the direction RV by p^^, ; and we have 


Pi=P2-uy^2 + W-£\- 
q^^q^-uh,2 + W% 



124] 


LEVI-CIVITA PARALLELOGRAM 


335 


where the arc OR=u and the arc OT=v. The lengths of TU and RU are denoted 
by X and y respectively ; and we write 

x=u + L, y—v + M, 


where L and M are certainly of the second order of small quantities. The initial 
requirement is the determination of L and M. 

We proceed as before. The same values of the parameters at U must be 
attained, when we pass from 0 to by the geodesic path ORU as when we pass 
by the geodesic path OTU. Now, along OTU, we have 

Vv^Vt I - xpi + b Va" + 

-p + vp2 + i-v^Pi" + i^Pi” + xp3 + {x^Pa” + ^a^Pa" ; 


along ORU, we similarly have 




+Wpi 


+ypi +hW 


ill each instance, accurately up to the third order inclusive, while the values of 
and p^" must be taken at R, and those of pg" and p^" must be taken at T. 
Hence 


+ 1 i 

=yp^ - vp^ - vW) 

accurate to the retained third order. There is a similar relation arising out of the 
^-parameter at U. 

When approximation only to the second order of small quantities inclusive is 
made, we have 

xpa^(u+L) (pi -tyia) = upj' -uvyia+ Lp^', 
yPi ={'0 + M) (pa - Myia) == vpa - uvy^a + Mpa, 

SO that 

xpa - upi = - uvy^a + yPi “ vpa = - UVy^a + Mp^, 


the omitted terms in Lv and Mu being of order higher than L and M. Again, 

p," = - r,,<'^)p.a'^ - 2 - raa^V 

= - {rn+v^^){p.'^-‘2mn,) 

-2 (^Fia + v ^ j {pi'qi - vp^'S^a - iVu) 

-[raa + vf^^(q,'^-2vqM 

=Pi +2v(aiyi2 + ^^12) 

/ , fdr^2 /a^^22\ 

— Pi -\-v{^K (Hpi + Bqi ) {piq2 - ?i P2) - (Aii5i^2 ? ^2ltPi j )^}> 
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accurately up to the first order of small quantities inclusive, on using the formula 
of p. 261 . Similarly, 

qM, q^?}- 


Hence, for approximation up to the second order (and only to the second order) 
inclusive. 


hjW=hjW=WP2'- 


The terms involving pg'", p^'", p^'", pg'", are of the third order. Hence, up to a 
retained second order only, we have 


ip/-il/p2' = 0, 


from the p-relation ; and similarly, the (/-relation gives 

Lqi -Mq2=0. 


Consequently, up to that retained second order, L = {), M=0 \ that is, L and M 
are magnitudes of the third order, at least. 

We now take approximations to the third order (but only to the third order) 
of small quantities. Then 

xp^' -(u + L) - wyi 2 + ) 

= wpi - uvyi2 + Lpi -I iMV® 2s i ’ 

SO that 

d^p ' 

XP3 - upi ^ - uvYii + Lpi + luv^ 2g 2 • 

and similarly 

d^p.’ 

yVi -vp2^-- uvy33 + Mpi + luh; \ , 

both accurately up to the retained third order. 

Again, up to this order, we have 


and the values of pg", P 4 ", have been obtained, each accurately up to the first 
order. Hence 


a;2p3" = w2^3" 

— w^Pi -hu^v{^K{Hpi +5^1 )(Vi ^2 ~Qip2)~ (^in§P2 ’ V 2 ’ ?i )^}j 

so that 

l-ix^Ps" - ^Vi") = lKuH{Hp^' + Bq^) {plq^ - q^p^) - , ?2'5Pi', ?i')“ ; 

and similarly 

~ 3Aw2;2(/?p/+5g^2')(K92'-7iV qiiP2.q2Y ; 

in each instance, up to the retained third order. 
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Further, up to that order, 

ajSpa'" = u^p^'", y V" = « V"- 

Hence the third-order condition, which survives from the p-relation, becomes 

^ - iKuv ipj'q^' - yi'pa ') {“ {Hpi + Bqi) + v (Hp^' + Bq^')} 

+ 2W*v(/'ju5P2 > ?2 iPl > yi )* — > ?1 iPi J 72 )^- 

The values of and / \ arc given in § 121 ; when these values are substituted, 
^^2 CLS-^ 

the condition acquires the form 


Xpi' - Mp^ = - \Kuv (Pi'g-a' - y/pj') {u (//p/ -h Bq^) + v {Hp^ -f Bq^)}. 

Similarly the third-order condition, which survives from the fy-relation, 
acquires the form 

/v^i' - Mq^ = ^Kuvipi'q^' - qiP 2 ') {m (Api + Hqi) -|- v (Ap^' f Hq^')}. 

When these two conditions arc resolved, so as to give the values of L and M, 
we find 

L= -^Kuv{v-\-UCOS€), M= -y{uv{u + VCOS€). 

Accordingly, the lengths of the two sides in the Peres parallelogram, opposite to 
OR and OT respectively, arc 

x—u^-L —u - \Km^ (v-hu cos € 
y— v^~M=v-\Kuv{u + vc,os€ 

We note for future use that, if we take a quantity r, and direction- variables 
Ps'j , such that 

rpa' = -f cos e, 

so that p^, is a direction through 0, we have 

Zpi' - Mp^= - \Kruv{pi'q^ - q^p^) {Hpg + Bq^) 1 

L qi - M q^ = iKruv (p^'q^' - q^p^') (Apg + Hq^) J 



125. The length of the geodesic diagonal OU of the Peres parallelogram, and 
its direction- variables at 0 in the direction OU, can be obtained by similar analysis. 

We first construct the values of the parameters p and q at U, up to the third 
order of small quantities inclusive. We have, by proceeding from O along the 
geodesic path ORV to Z7, 

Pu=p+ upl + Wpi' + Wpi" + m' + ^ V' + ^pi"- 


F.I.G. 


Y 
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Up to the retained order, we have 

d^'t) ^ 

— irp^ - uvy^2 + ^P2 + -^“2 • 

In \y^Pi^'y we can take y'^= up to the required order ; and then the value of 
already (p. 332) obtained, is 

qM. g,r}. 

In \y^p^'\ wc can take y^=v^ up to the required order ; and thcji it is sufficient 
to take p^'^'—pi"'- ^Iso 




- IK (Hp^ + Bq^) (p'q^ - qM - ^ ?i')^ 


Hence we have 


Pij-p=up^'-\-vpo' 

+ Ku^Pi" - 2uvyi2 + ^^^P2') 

+Wpi"'-Wviriu^P2\ q2hh, qi?-2^^^{rixilpi, qiip^. q2?-^Wp2" 

+ Mp2 - \uvK V - qiV2) W (Bpx + Bq^) + 2 ?; {IIp)2 + Bq^)}. 

With the direction- variables p^' , q^', defined (p. 337) by the relations 

rp^ = uj)^ + V'p 2 , rq^ = uqy +vq 2 , = + cos e, 


we have, for the second line in the expression of 

-i(r'ii. A2 > m?i'+v? 2')®, =2»‘V«" ; 

and the third line in the same expression 

— ~\{B 111 , /\i 2 , r 122 , B 2225 ^Pi I '^ 7^2 J ^^9"! +^9^2 )^ — ■ 

When the value of ill/ is substituted in the fourth line, the aggregate in the fourth 
line is equal to - Kuv 0, where 

0 = lp 2 (u^v cos €) -h J (pi'q^ - qxPz) W {Bp^ + Bq^) + 2v (Hp^ + Bq^)} 
=lp 2 (u + v cos €) 4- i'W ( - P 2 + Pi cos €) + ^ (pi - p^ COS e) 

= i (up 2 + 'f’Pi) + h^Pn cos 6, 

by the use of the relations on p. 327 (Note). Thus 

Pu-P = - ^Buv (up 2 H- vpi -f irpa' cos c), 
giving the value of the jo-parameter at U. 
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Similarly the value of the y-parameter at U is given by 

9u - ?= (^ 2 ' + ni + cos €). 

Each of the values is accurate up to the third order of small quantities inclusive. 

These results enable us to determine the geodesic diagonal OU oi the Pcr^ 
parallelogram, in magnitude and by direction- variables. The length of the geodesic 
arc we denote by w ; as the quantity r is easily seen to be the first-order 
approximation to w, w(i write 

w—r+ W. 

The direction-variables at 0, of the geodesic OU in the direction OU^ we denote 
by q ^' ; as , are easily seen to be the finite approximations to q^\ 

respectively, we write 

'P% ~P% + } (Zg — (Zs + Q' 

All the quantities P, Q, are of order smaller than the magnitudes of which they 
are the small increments. 

As V is the extremity of this geodesic diagonal 0Z7, we have 
Pu-p^ itps + 

accurately up to the third order inclusive. Now, up to the second order, 

wp(i' = r])s+Wp^'-^rP, 

the omitted terms being of higher order. Hence, equating the new value oipu-p 
with the earlier value, we find that the first-order terms cancel : also that, to 
balance the second-order terms, the condition 

Wp^ + rP~0 

must be satisfied. Similarly, the condition 

Wq^ + rQ=i) 

survives from the second-order terms in the equality of the second-order terms in 

9u-q- 

Further, we have the arc-relation 

Ap^'^ f 2Hpf/q^' -f = 1 

at 0. When we substitute for Pq and q^, the finite terms cancel ; and for the 
next approximation, we have 

{Ap^ Hqg)P -|- {Hp^^ Bqg)Q=0. 

When these three relations are combined, we find 

W=0, P=0, Q=0: 

that is, W is of the third order at least, while P and Q are of the second order at 
least. 
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With this knowledge, we take the third-order terms in the relations which 
arise by equating the two values of Pu~V the two values of - g respec- 
tively. Up to the third order of small quantities inclusive, we now have 

as before, the bracketed quantity being of the third order. Also 

= ^11 7 ^ 6 ^^ + 27 ^ 2^6 '•■^ 2276 ^^ 

= ^1i7^8 ^ + 27 ^ 27^8 78 +^2278 “ 7^8 ^ 

accurately up to the first order inclusive, as P and Q are of the second order ; also 
w^=r^y accurately up to the third order ; and therefore, up to the retained third 
order inclusive, 

Likewise, up to this same order, 

Hence, as arising out of third-order terms in the equality of the values of pij-p^ 
the condition 

TFp8' + rP= - \Kuv {up^ + vp^ -h \rp^ cos e) 

must be satisfied. 

Similarly, as arising out of the third-order terms in the equality of the values 
qij-q, the condition 

+ f - \Kuv{uq ^ -h vp/ -f \rq^' cos c) 

must be satisfied. 

The condition arising out of the permanent arc-relation at 0 is 
{Ap,' + Hq,') P + (Up,' + Bq,') Q=^0, 

the same as before, P and Q now being known to be of the second order of small 
quantities. 

When the p-condition is multiplied by Apg+Hq^, the g-condition by 
Hpg -\-Bqg, and the results are added, then using the condition from the arc- 
relation, we find, after some simple reductions 


W= 



{\r^ cos € + %uv sin^ e). 


accurately up to the third order inclusive, while r is given by 


Again, we have 


= 1/2 + ^2 _|_ 2uv cos e. 


riPqi - Qps)= - hKuv{u{piqa - q^pg) + v(pi'q^' - qiPe)} ; 
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»• {w {P2<1» - qz'Pa) + V {Pi'ia - ii'Pt')} 

= {up^ + upi') (mJi' + vq^) - (m?j' + vq() {up( + vp^) 


SO that 


P<la - QPa = 3^2 “ *’*) (Pi'?*' “ 


Consequently 


F=kK 


uv (u^ - 


V - ?i'K) (^K + 


‘‘ M* + i)2 + 2MVCOSc'^^“ ^o 

and by use of the formulae in § 121, Note, these can be expressed in the forms 

uv(u^ V^\ \ 

P = \K 3 { (v + w cos e) jOi' - (w + V cos e)p 2 '} 

{u^ + + 21 ^- 1 ; cos €)“ 

uv ( u^ 

Q=\K i{{v + ucose)qi - {u + vcose)q2} 

(m* + v*+2M«;cose)' ^ 

The length of the diagonal geodesic arc OU is 

r+W; 

and the direction- variables of that geodesic at 0 in the direction OU are 

\ {Wi + '•’Pa) + P, - ipqi -I- ‘oqi) + Q. 


Ex. It is easy to verify the result, as regards the approximate length of the diagonal 
of the Peres parallelogram, in a simple instance for the sphere. 

The sphere is taken to be of radius unity, so that ^ = 1. k 
The angles at 0, 1\ equal to one another, are taken to be Jtt : / 

and so / I 

coaOU = cos OR CO& RU. / \ 

Now / \ 

OR-u, RU = v-\u^v, j L \u 

the value of OR being accurate, and that ot UR approximately 

accurate (up to the third order of small quantities). Hence, O ^ 
accurately up to the fourth order inclusive, if OU = w, ^2. 

1 - = (A - (1 - 

Then, taking 

r^ = u^-\-v^^ w = r + W, 
we have, accurately up to the fourth order, 

1 - - rW = 1 - > 
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that is, 


- rW = 


which is in accordance with the general result when €= ^ 77 . 

126. Next, we require the angle of the Per^s parallelogram at 17. It is approxi- 
mately equal to €, so that ?7- e is small. This small quantity will contain no term 

in w, because is zero when geodesics parallel to OT are drawn (§ 118) : likewise 

it will contain no term in v, because — is zero when geodesics parallel to OH are 

ds^ 

drawn. Thus U -e will be a small quantity of the second order at least. Further, 
with a set of parallel geodesics along OHE as a base, e is unchanged, so that the 
coefficient of in JJ -e will be zero ; and with a set of parallel geodesics along 
OTF as a base, e is unchanged, so that the coefficient of in TJ -e will be zero. 
Consequently the second-order approximation will contain uv as a factor ; to find 
its actual expression, we proceed to the second-order approximations. 

The values of p and q U arc known (§ 125) ii]) to the third order of small 
quantities ; but only the terms uj) to the second order inclusive arc wanted for 
the required estimates of A, //, B, at U. With the notation of § 121 , we have 


■p=p + rp^' + -lr~])g", q„=q + rq^' ; 


and therefore 


“ d.s-8 ® dV’ 

IKfl If 1 

//(f + Jr*- ,, 

d/S^ 

up to the second order inclusive, the values of the coefficients of r and of being 
those in § 98 when i-^ 8 . 

The direction-variables at U of the geodesics TUJ and RVl in the respective 
directions UJ and UI are required. For the geodesic direction UJ, the value at 
U of the ^'-variable is 

second-order terms being retained. Now (§ 124) 

qM, qxf)> 

and, up to this order, x=u\ hence 

Vj—Vi + "h 
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where Pj and Rj are aggregates of the first order and the second order respectively, 
their values being 

It, =. \ + uv{U {Hp,' + Bq,') {p^'q,'-qM - qM, • 

Similarly, up to the same retained second order, we have 


where 


= ^ Qj + ^h 


Qj — '*^1 ~ 

8, = + uv{%K (Api + l/qi') (p^qi - qipi) - (AiiilPz, qiiPi, q-i'f ) + ■ 

Modifications in the forms of Rj and Sj can be made : they are deferred until the 
magnitudes come into combinations with other like magnitudes. 

For the geodesic direction UI, the values at U of the p'-variable and the 
r/'-variable are 

/v' -'P2'^ 
qi' — (j [2 +Qi ' 

where 

Pi = vp2" 

B,=h’W + (HP 2 + Jiq^) {qiP2 - qM - qM > > 

Qi^vq^" -uSi2, 

8, -\ liv{lK {Ap^ -\- Ilq^) {p^q^ - ?!>,') - {Anih>i\ </i'5K. 72 ')“*} + 1 ■ 

Denoting the angle JUI by f/, we have 

cos \ ; 

and we are to expand the right-hand side in powers of the small quantities u and 
V, retaining terms up to the second order inclusive. 

The finite terms in the expression for cos LI 

= ApiPi + H (p^qi + q^p.;) 4 Bq^'q^' = cos e. 


The aggregate of all the terms of the first order of small quantities in that 
expression 

{ , ,dA , , , , ,dH , ,dB\ 

dij 

+ A (Pi'Pi+PiPj) + II (piQf +P2QJ + qiPi+ qz'Pj) +P(qiQi + q^Qj)- 
With the values of the first derivatives of A, II, B, as given in § 98, the coefiicicnt 
of ^ in the first line 


= r {2agPiPi' + ^8 {pi'qi + <A>a')} 

== ^PiP2 (MOi -I- ‘'< 12 ) + bi'72' + qiP2) (w^i + 
-=^{PiYi2- P2Pi') + '»iP2VA2 - P1P2') 

= -Pi'Pi-Pi'Pj : 
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and similarly for the coefficients of H and B in that first line. The whole expres- 
sion vanishes ; and therefore there are no terms of the first order of small quantities 
in the expression for cos U. 

The aggregate of all the terms of the second order of small quantities in the 
expression for cos U is where 

4 {Api +Hq^')Rx + (Hpi + Bqi) Si + {Ap^' + Hq2)Rj + (Hp^ + Bq^) Sj 
+ »• (p^Pi + P2P.1) + {PvQi +P2QJ + qi'Pr + q,'Pj) + ~ {qi'Qi + q^Qj^ 

f AP, Pj + H [PiQj + QiPj) + BQiQj. 

Ill Qy the terras can be arranged in three sets after substitution for the various 
coefficients is effected, (i) those involving K, (ii) those involving the quantities 
and and (iii) those free from K, Aijj,. We assume the expression for 
the first line as given in § 98 when we take 1, i=S. 

(i). The first set is composed from terms arising out of the first and second 
liiK^s in Q. Their aggregate 

= ( — ^V^K) (pi ~^iPs ) {P2 “ 9^2 2^8 ) + iPi 9^2 “ 9'i .7^2 ) 

where 

0= (Ap , ' + Ilq^') {-luv {Hp^ + Bq^) - \u^ (Hp,' Bq^')} 

-f (Ap,^ + Ilq,') { luv {Hp , ' + %') + + Bq,')} 

+ {Hp^' + Bq^'){ iuv(Ap 2 I- Hq^) + \u^{Ap^ + Hq^)} 

-h [Up.' -f Bq^){- iuv(Api' + //g/) - iv^(Ap 2 + /Iq 2 ')} 

~ tuvV^(piq./-q/p2'). 

Also 


»• (pi'qs - qiW) = ^ (Pi'q2 - y/K). 


r(P2q/ - ?2>8')= - w(Pi'?2' -- qiW)- 


Hence the aggregate 


= juvV^K (p^q^ - q^qi^Y - iuvV^K (p^'q^ - q^p^Y 
- uvV^K {piq2 - <1\P2Y= - Kuv sin^ e. 


(ii). The second set of terms, being those which involve F^j^. and is com- 
posed by selections from the first and second lines in Q. The aggregate of terms, 
which involve the magnitudes P iiki 


^-\r^{(Api + Hqi)(rii^p^' , q^^p^, qf!f+{Api+nq^)(r^^fy^, q^'^ps, qif} 

-f (Api-]-Hqi){-uv{rii^Pi, y/Jpa', q^f-hPiPii^Pi, ?2'5yi', qif + bPpi"} 
+ {A^Pi + Hq^) { - uviTiii^p^, q^lpi, q^Y - (F mJpi', qi^Pi, qif + 
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The coefficient of + Hq^ in the second line 

= qM, qsT; 

and the coefficient of Ap^ + in the third line 

= — (-T'iiiJt?! , q\ 5^8 > q% )^- 

C’onsequently the aggregate of terms, involving the quantities is zero. 
Similarly the aggregate of terms, involving the quantities is zero. 

Hence the contribution of the second set of terms to Q, involving the quantities 
and A^ji^j is zero. 

(iii). The remaining terms in being those which are independent of K and 
of the quantities 

— r^[(Api -h Hqi )(ciay28”l“ ^a^2a) (Ap2 ){^ayia~^ Pa^ia) 

t {Hpi + Bqi) (egVag + TjgSgg) + + Bq^) (cgyig + TjgSjg) 

+ -^yisVaS + ^ (yi8^28 + y28^18) + -SSjgSgg], 

arising out of the first line, together with the third and fourth lines in the expres- 
sion for Q, 

Now 

ry^»=airpg' + p^rq^' 

= “i (“y i' + '>^2) + ^1 (“^i' + 1’!?2') 

- -up"+tJyi2= -Pj, 

and so for the other quantities of this type : the tale is 

^yi8“ ~Pj> '*’^18— ~Qj • *’y2s— ~ Pit ♦'Sgg— ~Qi- 

The fourth line in Q therefore 

= AP,Pj f 11 {PjQj + QiPj) + BQiQj 

~ *'*{.^yiay2a + ^(yi8^28+ y28^18) + -®^18^28}- 

The third line in £1 


„ / ,dA ,dH\ _ / ,dH ,dB\ 

='^‘V'’ dT+'i' dT.k'^'V' *. + «■ dsj 

„ ! ,dA ,dH\ „ I ,dH , 


which, by means of the formulae in § 98, is equal to 


'^PliiAqJi Hqi')ag + {Hpi Bq^')€s -h-4yi8 + //Sib) 

+ rQi { (Apy 4- H q^) pQ + {Hpj' + Bq ^) + BS^^} 
+ rPj{(Ap 2 Hq 2 )ag + (Hp 2 -\-Pq 2 )^a +-^728 + ^^ 20 } 
+ ^Qj { (Ap2 + H qz) Ps + (Hpa + ^ 72 ') + ^^728 + -B828}- 
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When we substitute for Pi, Qi, Pj, Qj, the values -rygs, in 

this expression, we see that it cancels the foregoing aggregate of terms arising out 
of the first line as well as the modified aggregate of the fourth line. 

Consequently the aggregate of terms in the set (hi) in Q, being those which are 
independent of K and the quantities is zero. Hence the aggregate of 

the second-order terms, in the expansion of the expression for cos U in powers of 
small quantities, is given by 

Q= - Kuvmi^e. 

Thus, up to the second order of small quantities inclusive, we have 

cos V — COS € — Kuv sin“e. 

The magnitude 17 - e is small ; and, up to the required second order of small 
quantities, we thus have 

U - e = l\uvmi e. 

This is the theorem (§ 120) due to Peres, w^sine being approximately (that is, to 
the retained order of small quantities) the area of the geodesic parallelogram. It 
has already been inferred (§113) from the corresponding proposition for a triangle. 

Other developments are made when a surface, instead of being regarded as a 
configuration existing in its plenary space, is geodesic to some containing ampli- 
tude. The properties are affected by the geometry of that amplitude, and their 
establishment will be made in association with that geometry. 

Geodesic parallelogram, with opposite sides equal. 

127. The geodesic parallelograms, due to Levi-Civita and to P6res and con- 
sidered in §§ 122, 124, are defined ; the former, by equality of angles at R and 0 
(see Fig. 10, p. 320) with equal sides RTJ and OT : the latter, by a double 
equality of angles, at R and 0, and at T and 0. In a Euclidean parallelogram, 
a definition by equality of opposite sides leads to the same figure *. We therefore 
shall consider a convex geodesic quadrilateral, having the side TU (Hjiial to OR 
and the side JJR equal to OT. 

The direction-variables of OR are p^, ; those of OT are p 2 , ; also 

OR =.u = TU, 0T = v=RU, where u and v are small. After preceding investiga- 
tions, the convex quadrilateral can be expected to have some properties connected 
with parallelism. We shall assume initially (and later shall justify this initial 
assumption) that, if ^3', q^', are the direction-variables of TU, and p^', q^, are 
those of RU, we have 

K=K-n'i2 + -Ps. -uyii + Pi, 

^3 — Qi ~ '*'’^12 + Qat ~ ~ '**^12 I" Qii 

where 

yi2— nVi P 2 j ^12== P2 j 

* Two quadrilaterals can be constructed with these sides, RUT and RU'T being 
equal triangles on opposite sides of TR ; then RU' TOR is such a quadrilateral but it 
is not convex, while RUTOR is a parallelogram. 
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while P 3 , © 3 , P 4 , 04, are small quantities of the second order. These forms for 
the direction- variables of TV and liU, so far as concerns finite terms and terms 
of the first order, are in accord with the corresponding terms, in the direction- 
variables oi RV in the Levi- Ci vita parallelogram, and in the directi on- variables 
of RU and TV m the Peres parallelogram. 

As relations serving to justify the assumptions specified and to determine 
P 3i Qzi 04 , we have (i), the arc-relations 

at T and R res 2 )cctively : and (ii), the conditions arising from the necessity of 
having the same values for and for q at V, by the path ORV as by the j)ath 
OTV. In all instances, the equations must be satisfied up to the order of approxi- 
mations retained, that order being the second for the direction-variables and 
being the third for the parameters. 


(i). We begin with the arc-r(*lations. At T, we hav('. 

dA j , d^A 




with similar values for ainl ; up to the retained order, 


Vz "—pi ^ yi2 f '*^“ 712 “ ^ P3, 


with simiLar values for and ^ 3 '“ ; hence the relation becomes 

( dA (V^A \ 


On the left-hand side, the aggregate of finite terms 

= '£Ap^^=\, 

thus cancelling the right-hand side. The aggregate of terms of th() first order of 
small quantities on the left-hand side 


=v 



dA 

ds.j 


Vi 


- ‘MUPi + Yu I - {JlVi + ^'h') S12} 


but, by the results of § 98, 

S ^ + He^)Pi ‘^ + ^^2 + //t/2 + Ha^ + Bei)pi(i^' + (Up.^ + Brj^) q^ '\ 

-- 2 [(^p/ + Ilqx) + ^ 27 /) + + P^\) {^zjh + '727/)] 

=2 {{A])^' + Hq^) yi2+ (ffpi' + Pji) 812}? 


and therefore the aggregate of terms of the first order of small quantities is zero. 
The aggregate of terms of the second order is to vanish ; and thus there is a 
residuary second-order condition 


ilA A 
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When substitution is made from § 98 for the arc-derivatives oi A, H, B, and 
reduction is effected as in §§ 123, 124, this second-order condition can be expressed 
in the form 

{Ap,' + Hq,') {P, + ( S AuPi> 2 '*)} 

+ {Hpi + Bq^) {Q, + ^ J iiiPiPt^)} = l-Kv^sin^e, 

where e is the angle UOV. 

It thus appears that the arc-relaition at T is satisfied by the assumed forms of 
Pg' and provided this second-order condition is satisfied ; and the condition 
is, in fact, an equation involving the unknown quantities Pg and Q^. 

(ii). We proceed in the same manner with the arc-relation at R ; and it 
similarly appears that the arc-relation is satisfied by the assumed forms of 
and q^', provided a second-order condition 

{Ap,' + /f?2'){P4+ S AiiKX)} 

+ (Ilpi + Bq^) {Qi + inPiy2)} = J Aw^sin^e 

is satisfied. This residuary condition is, in fact, an equation involving the un- 
known quantities and 


(iii). In order that the p-parameter may acquire at U the same value by the 
path ORU as by the path OTU, the condition 

p + wp/ + ^u^p^" + 6 2^^pi"' + vp^' + ^^^ 4 " + 6^ W" 

=p + vp2 + lv^P2' + h’W" + Ws + + WPa'" 


must be satisfied, the values of pg" and pg'" being taken at T, and the values of 
p^' and P 4 '" being taken at R. 

Now 

and we are retaining approximations towards the values of p and q only up to 
the third order of small quantities inclusive ; in this term, therefore, we may 
take Pm=Piii, Ps'^pi' ; hence 


u^Ps"=u^Pj'", 




and, similarly, 

Again, we have 

and Pg" has a factor so that its value up to the first order must be retained ; 
consequently 

P3"= - E 

=pi' + 2 t> E Ai?! V12 Pi'\ 
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up to the required order. By the results in § 98, when i= 1, y= 1, k=2, we have 

~ iA'(^K+^7i')(PiV-K7i') + S 

^ (2^1^ + 2 ^i€i) + (2 ai^i + 

— ~ 3K{Hpi + Bq^ ) (p^ q^ —p2^i)~^ ^ -^111^^1 ^P2 + 2 ^ ^iiPi y]2 ' 
and therefore, up to the first order of small quantities inclusive, 

P3"=Pi" + lvK(Hp,' + Bq,^) (p^q^-p^q,') - V ^ F^^.p'^p'. 

Similarly, up to the same order inclusive. 


P^ —Pz ~ (^Pz +^3^2 )(^^i 9z Pz ) ^^^^iiiPiPz “■ 


Let these values, and the postulated values of p.^' and p^, be substituted in the 
foregoing condition. It then appears that the finite terms cancel ; likewise the 
terms of the first order of small quantities ; and likewise the terms of the second 
order : in each instance, without any residuary condition. In order that the 
terms of the third order shall cancel, there remains a condition 


vP^ - l-uv^K (Hp^' + Bq^') {p^'q^' - p^q^) ~ ^ r-^^pip^^ 

=uP3 + lu^vK {Hpi + Bqi) (pi'q^' - p^q^) - 

and therefore 


^{Pi + W '^P iiiPi>2'} -y-iPi+W'^r uiPiPi^} 

=\K {jj^q^ - p^q^)uv{u {Hp^ + Bq^) + v {Hp^ -t- Bq^)}, 

this residuary condition being, in fact, an equation involving the unknown 
quantities P3 and P4. 

(iv). In order that the g-parameter may attain, at TJ, the same value by the 
path ORV ils by the path OTU, there is a similar relation. When the relation is 
developed, the finite terms cancel, as do the terms of the first order of small 
quantities, and likewise the terms of the second order ; and, for the cancellation 
of the terms of the third order, there remains a condition of the form 

j^U\Vl ^Pz } ~ '*^{ 03 + 2 ^^ ^^^iiiPi Pz 

= - -iKipi'q^ -P2qi)uv{u {Ap^ + Hq^) -^v{Ap^ + Hq^)}, 

this residuary condition being also, in fact, an equation involving the unknowji 
quantities and 
Let 

R 3 + lllPl Pz^— ^3) ^4 + 2 '^^ 2 ^ niPl ^P2 — 

:^^inPiV=Q3, Q.+W ^^uiPiyz=Q . ; 

then there are four equations 

(Ap,' + //?/) Pj + (Hp,' + Bq,') Q, = ^KvWeA 
{Ap2 + Hq^) P4 + (Hp^ + Bq^) $4 = iAVsin2€ J 
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and vPi - up 3 = ^Kuv - Pi'qi) {u (Upi + Bqi) + v {Hp^ + B?a')}l 

vQ^ ~uQ 3=- iKuv (pi'q^' - p^q^) {u {Api + Hq^) + v (Ap^ + Uqt)}} 


for the determination of the quantities P 3 , Q^, P^, Q^, of the second order. When 
these equations are resolved, they give the values 

p3=Kv (piVa' - p^q^) { - {Hp^' + Bq3) + lv {Hp^ + Bq^')}'] 

Qs^Kv (pi'q^ - p^'qi') { ^ {Api + Ilq^) - (Ap^' + Hq^')}} ’ 

P, =Ku{p,'q,'-p3'q,'){-iu(np,' + Bq,') + lv{Hp,' + Bq^'m . 

Q, =Ku{p,'q3'~p3'q,'){ iMM' +fiix}-iHAp2 +Hq2)V ’ 


and now, up to the second order of small quantities inclusive, the direction- 
variables jjg', q^', of TU, and the direction- variables ^^ 4 ', of RU, are 


- ^2 - 2 Aii?iX^+ ^ 3 ! 
fh'= - W^^iiiPiV+ Q3J ' 

P^ —P 2 ~ ^yi2 “ 2 ^^-^ 111^^1 ^P2 + -^ 4 ! 

5^4 “ ?2 ~ '^§12 “ ^P'i + O 4 J 

128. As the parallelogram OTURO has been 
defined by the equality of opposite sides, and not 
(as before) by parallelism at R and at T respectively, 
it it important to know the magnitudes of the angles 
at iZ and at T, and also the magnitude of the angle 
at U. We have 

cos rRU= (^ 1 ' + 

= ^A («){p 2 ' - Myi 2 - W '^PiiiPi^pi H T\ 

where 



}(K+«K'+»r'). 


A<’^>=A + u 


dA , ,d^A 


The finite terms 


= X^J^lW = COSfc-. 


The terms of the first order have the coefficient of u 


^ ds^ 


P 1 P 2 + yAPiPi- 


when the values of the first arc-derivative of the primary magnitudes, as given in 
§ 98, are inserted. 

The aggregate of terms of the second order 


d^A 

= S ^ KK + x: Ap'P, - iu^i'^Ap,' ( s AuK V)} 

d A d A 

+ W^Ap2Pi"' - Pi'yi2 + ^ Pi Pi” - S ^Pi'yii- 
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+ Hq^) P,+ (Up,' + Bq,’) Q, 

= \Kuv (pi'qi - Pi'qiW {Pi'qt - Vtqi) 

\Kuv sin^e ; 

and the values of the combinations of the first and the second arc-derivatives of 
the primary magnitudes have been given in § 98. When these are inserted, and 
reduction is effected, it is found that all the terms, except the cited value of 
cancel one another, so that the aggregate of terms of the second order 

~ \Kuv sin^e. 

Hence, accurately up to the second order of small quantities, 

cos rlW = cos € -h \Kuv sin^e, 
and therefore, also up to that order inclusive, 

rRU —€ - ' 2 KUV sin €. 

In the same way, we find 

tTU—e- ^Kuv sin €. 

Now in the geodesic triangle ORl\ the geodesic RT being drawn, we have seen 
(§112) that, in angles, 

ROT + OTR f ORT - tt---\Kuv sin e, 

ROT being e ; also 

UTR + RT0=7t - UTl TT - € -f- \K\iv sin 6 ; 
and therefore, up to the second order, 

UTR^-ORT. 

Similarly we find, also up to the second order, 

URT=OTR. 

Consequently, in the geodesic parallelogram ORUTO on the surface, the sides RJJ 
and TO are geodesically parallel with reference to RT as a basic geodesic, and 
the sides TV and RO are geodesically parallel also with reference to RT as a l)asic 
geodesic. 

One further inference can be drawn. The area of the small geodesic triangle 
RTU, to the second order of small quantities, is 

=iTU . TR . sin UTR 
=^}OR.RT .sin TRO 
= area of small geodesic triangle ORT. 

As the triangles have a common vertex at T, so that the sphericity of the surface 
at T is the same for both, it follows that the sum of the three angles of RTU is 
equal to the sum of the three angles of RTO, to the second order of small 
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quantities. But UTR=TRO, and lJRT=TRO ) and therefore, to the second 
order of small quantities, 


TUR=T0R=€ : 


or the third and fourth sides of the small geodesic parallelogram cut at the same 
angle as the first and the second sides. Thus in the small parallelogram as drawn, 
the opposite angles are equal ; and the opposite sides have been made equal, 
practically as the definition of the parallelogram. Moreover, the opposite sides 
are parallel geodesically, with reference to the diagonal of the parallelogram not 
passing through the initial point of reference. 

The equality of the angles RUT and ROT, up to the second order of small 
quantities, can be verified analytically. The direction-variables of UT' at U, up 
to the second order, are 


P 3 —Jh' + " ^ Q3 — ^3 + " 

that is, 

^3 1 Pi~ SiAiKH'i' I 

+ %uvK (Hpi + Bq^') {piqi - p^q^ '), 

Qa + <{1 - (Wi + ^ 2 ')} - inPi iWi + «P2')®! 

- luvK(Ap^ -I- Hq^) {p,'q,' - p,'q ')} ; 
and the direction- variables of UR' at U, also up to the second order, are 

^4' = P.' + Q.' - 74' + vq," + Wqr, 

that is, 

A + P 2 - y,{rnP2 {upl + VP 2 )} - i inP2 i^Pi + 

- tuvKillp,' + Bq,’) (p,'q,’ - P,'q,% 

Qi + 72' - S{^ii 7 ’ 2 ' {upl + VP2')} - I ^{^niPa {upi + vpi)^} 

+ luvK {Ap^ 1 //g-a') (piV -p^qi). 

Further, the values of the parameters at TJ, up to the second order, are 
p + wpi' + \u^pi' + vp2 - uvyi2 1- ^^ 2 ". —P d- A + A. 
q f iiqi' + iuY/' + i’ 72' - MvSiz + . = 7 + ; 

and therefore 


A(^)=A(pi-P, + P2,q+Q,+ Q2) 


, dA dA 

— -hU — h V j h -^ U' 

ctSj 


,d^A d^A 

* T— 5 + uv -j — 5 — 

ds^ ds-^ ds 2 


, 1 .<**'< 


with the convention of § 99 as regards the simultaneous differentiation with 
respect to and ^ 2 , a convention that is in accord with the present circumstances. 
There are similar values for and 

Now we have cos T'UR'= When the values of ; 

Psi Qs ; Pa, Qa '■> 3-re substituted, the resulting expression is valid up to the 
complete second-order aggregate of terms. The finite terms = ^Api p 2 = cos €. 
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The terms of the first order of small quantities vanish, on substitution for the 
first arc-derivatives of the primary magnitudes. In the aggregate of terms of the 
second order, the various terms free from the sphericity cancel without modifica- 
tion ; and the aggregate of terms involving the sphericity 


= such terms in N 




.d^A 


+ UV 


d^A 


-f iu* 


d^A 

ds^ 


)] 


+ [ - qM (Fp/ + Bq^) + Pj]{Ap^ + Hq^) 

+ [ - ^imK {p^'q„' - qj'p^') (Api + Hq^) -f- Q-^l {Hp^ + Bq^) 
+ [ - (pi'72' - (7/P2') (//pa' + Bq^) P4 ] {Api + Ilq^) 
+ [ IvuK {p,'q,' - qM (Ap,' + Hq,') + Q,] (Hp,' + Bq,'). 


d^A d^A 

In the quantities ^ j - zViV^ ^ terms involving K have 

ClrSj^ xJbSt^ 

vanishing coefficients (§ 98) ; and (§ 99) in uv^ r Pi fh® terra 

(tS-y^(tS 2 


= luvKV^p^'q2 - rhP2?. 

When the values of P 3 , P.j, are substituted in the last four lines, and the 
sum of the expressions is reduced, it is found to be 

- \uvKV^{j)^q.^ - q,'p2)-. 

Consequently, we have cos T'UR' — co^ e, up to the second order of small quantities 
inclusive ; and the inference, as to the equality of the opposite angles of the geodesic 
parallelogram at O and U, is verified. 

The result can also be inferred * by measuring RT in the triangle RUT. As 
^2— 1 ^ 2 ^ ^2 _ 2 ^^ cos e, a second-order difference between the angle TTJR and e 
would cause a third-order change in t, and therefore also in 


t-lK 


sur 6, 

t 


contrar}' to the fact that, up to the third order, this expression gives the accurate 
value of RT. 


Note. When such a parallelogram is drawn on the surface of a sphere in 
triple space, the opposite angles arc equal whatever be the magnitude of the sides 
— a result due to the uniform sphericity of the surface. But for a surface, the 
sphericity of which varies both in place and in orientation at each place, the 
opposite angles of a small geodesic parallelogram will deviate from equality by 
magnitudes of the third order of small quantities — a deviation that evades estimate 
when only second-order quantities are retained in the measurement of angles. 

Ex. Investigate the relations of the sides of the foregoing geodesic parallelogram 
to the geodesic diagonal OU, with special reference to the division of the angles at 0 
and at JJ. 

* This remark is due to Prof. E. H. Neville. 
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Circular curvature and torsion of a geodesic. 

129. Further developments of properties of the Riemanii sphericity belong to 
amplitudes of more than two dimensions, and tho)^ arise mainly through geodesic 
surfaces in such amplitudes ; they will therefore be deferred until the amplitudes 
themselves are considered. We now return to the consideration of geodesics on 
a free surface, with reference to their curvatures of rank higher than the circular 
curvature and the torsion. 

The circular curvature and the direction of the prime normal of a geodesic arc 
implied in the typical equation (§§ 93, 94) 

Y 

P 

The actual value of p is given by the equation 


1 




where 3k — g + 2b, while the Ricmann sphericity K is given by 


r^K^g-h, 


the symbols a, b, c, f, g, h, being the quantities of the second order as defined in 
§ 105. We shall assume that the plenary homaloidal space is of more than four 
dimensions, so that the determinant Y, where 


h, b, f 
g, f, c 


does not vanish. We also have the relations (§ 104) 


P 


A=^Yr],„ 

_r ^-A 

dp^ dp dq ’ dp ‘ dq 


„ dy dy ^-^dy _f._^.dy 

^'^~dpdq ^^^dp ^^^~dq’ 


where 

also 
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The torsion of a geodesic and the direction of its binormal are implied in the 
typical equations (§ 106) 


V 

(7 


Ap' + ffq', Hp' + Bq' 
Ap' + Hqi , Hp' + Bq' 


+ + ; 

the binormal lies in the tangent plane of the surface and is at right angles to the 
tangent to the geodesic with the typical direction-cosine y\ where 


^ dp^ dq^ 


Also there is the relation 


Obviously 


F _| a//^ + 3hp'2^'4 ^ Ap' + Hq' 

I hp'3 + 3kp'Y + Cry'3, Hp'-\-Bq 


(Ap' + Hq') - kVq', {Hp' + Bq') + W, 


results in accord with the property that, on the one hand, the magnitudes t}rpified 
dy dy 

by ^ and ^ determine two leading lines in the tangent plane while, on the other, 
op oq 

the tangent and the binormal are lines lying in that plane, so that the sets of 
spatial direction-cosines are linearly equivalent to one another. 

In the orthogonal frame of any curve in multiple space, the prime normal, 
the trinormal, and all the principal lines of more advanced rank (these being lines 
with spatial direction- cosines typically represented by ...), when associated 
with the tangent and the binomial, constitute a complete orthogonal system of 
reference. For a geodesic on a surface, the tangent and the binormal lie in the 
tangent plane of the surface ; and therefore all the remaining principal lines of a 
superficial geodesic lie in the orthogonal homaloid (§ 92) of the surface. The 
expression of this orthogonality can be taken in the form 

for -2, when Y, and for />i = 4, 5, ... ,N, where N is the dimension-number of 

the plenary space. Hence 

Si lj={Ap' + Hq') ( Sly') - r?' (S ll)=o, 

Si 1= + Bq') ( i,w) + vp\ y^w = 0, 

for all the specified values of /x. 



356 


MAGNITUDES ASSOCIATED WITH 


[CH. XI. 


We shall find it convenient to write 

J 7 ^ V _ I 

— 2-1 ^2 — Zi 

H,= 2'.|^=SU. ■ . 

R — V/ ^ 

~ ’’Z^ ^ 22 

for the values /x=l, 5, , N ; the symbols A, H, B, have already been used in 

connection with the value jit =2. 

In connection with the Frenet system of equations, now to be applied to a 
geodesic, we write, as usual, 


Pl — Pf p2 — ^y p3— P^ — ^i 

in connection with the circular curvature, the torsion, the tilt, and the coil, respec- 
tively, retaining the symbol for values of n greater than four. 

In the first place, when we differentiate the relations 


along a geodesic, we have 









that is. 

Ip' + Hq' = - (Ap' + Hq')Z Vq', 
P ^ 

Up' + Bq' = - (Tip' + Bq') - - Vj,', 
P cr 


which are in accord with the relations already cited. 

In the second place, when we differentiate the relations 
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+ H,q' =-Vq'-, + B,q' =: Fp' - . 

T T 

We at once have 
and 


leading to the result 








In the next place, we talce the relations 


Vi -^=0 ''‘"i -^=0 

for the values of pu greater than 4, and we differentiate along the superficial 
geodesic ; then 

^ dpdq^ ) ^ 3p\ Pn Pti-J 

^ '"Xdpdq^ dq^^ ) —‘dq\p^ p^_J 


because of the values 


yi ^y-Q n '7 
^''”dp ’ ^''”dq ’ 


for w=4, ... , iV, while there is no term in In+i when n = N. Hence 


A^,p' + H^q' = 0, H^p' + B^q' = 0, 

for all such values of pu ; and therefore there exists, for each value of /a, a quantity 
such that 

A,=q'^T,, H,= -qyT„ B,=p'^T^, 

that is, for all the values /i,= 5, 6, . . . , iV. But these relations do not hold for /x= 4. 


Orthogonal flat of a surface. 

130. Although the second parametric derivatives of the point- variables 
^ 1 , ^ 2 * ••• functions of position only, in space, and do not involve directions at 
their position, there is an analytic convenience in referring the total configuration 
of the surface to the organic frame of a geodesic of the surface in special association 
with the tangent plane. The association is due to the fact that the tangent plane 
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of the surface is also the organic plane determined by the tangent line and the 
binormal of any geodesic ; so that we can substitute the direction-cosines of the 

lines typified by the 
and Z3. 

Now the three quantities typified by 1712b 1722^”*, can be regarded 

as typical direction-cosines ; for, because of the relations 

2l?12»722 = f, 


dy By 

magnitudes -- and ^ for the t3rpical direction-cosines y' 
op dq 


they satisfy the requirements of the direction-cosines of three lines, such that, 
if the inclinations of the three directions, themselves indicated by 1 , 2 , 3 , be 
denoted by 23 , 31 , 12 , we have 

(be)* cos 23 =f, (ca)* cos 31 = g, (ab)* cos ]2 = h. 


Accordingly, the quantities 77^, 7710, 7722, are expressible by means of the direction- 
cosines of the lines of the orthogonal frame of any geodesic referred to any set of 
axes in space : and thus, for a typical quantity 7711, there will be an equation 

Vii~y -^ 1 "^ ^ 3 ^ 3 + 1 ^- 42 + ^444-1- ^5.^5-!- ... 

with appropriately determined quantities A as coefficients. Owing to the specified 
relation between the geodesic and the tangent plane of the surface, we can sub- 
stitute a combination 


for the combination y'A^+l^A^. 

The coefficients can be determined as follows. We hav(' 




for 1 = Y, ?4, ig, ... , Hence multiplying the equation by , and adding for the 

By ^ 

space-dimensions ; then multiplying it by ^ , and again adding for the space- 
dimensions ; we have, in turn, 

AC+HE=0, HC + BE=-0, 

that is, 

C=0, E=0. 

Multiplying by Y, and adding as before, we have 
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where A is the quantity (§ 104) already known. Multiplying by for 
= 5, ... , N, and adding as before, we have 

where is the magnitude defined in § 129. Thus we have 
7j^^—YA + l^A^ 4- IqAq + . . . + 

But {§ 129) we have had the results 

for all the values fjL=r)^ ii, ... , N ; and therefore, if we write 

lT~lf,T^-\- I^Tq-\- ... -i-ijyTjvr, 
we have _ 

Y A-\' l^A^-\- . 

Proceeding similarly with 1710, '*7225 

r^,,= Yn+lJI,-lqYl\ 

As regards the quantity T and the magnitudes I, we have 

T^ly' = {), T^IY^O, T^ll^=0, 

so that I can be regarded as a typical direction-cosine of a line which is at right 
angles to the tangent, the binormal, the prime normal, and the triiiormal, of the 
geodesic. Hence, when we take = we have 


We have already (§ 92) noted the orthogonal (N - 2)-fold homaloid of the 
surface ; but it is possible to have an orthogonal homaloid of less extensive range 
(for iV>5). Consider the flat, represented by the typical equations 


Because the relations 


II?/- 2 /. 11=^0. 

>:>„,g=o, a«|=o. 


are satisfied for the combinations ^y=ll, 12, 22, the flat is orthogonal to the 
tangent plane of the surface ; also, manifestly it is independent of any particular 
direction on the surface ; it therefore will be entitled the orthogonal flat of the 
surface. The directions typified by 7711, 7712, 7722, are those of leading lines in the 
flat * ; and the foregoing expressions shew that we can substitute, for these three 

* It is assumed, at this stage, that the plenary homaloidal space is of more than four 
dimensions. Were that space quadruple, a linear relation would connect the quantiticwS 
771 J, t 7 i 2, 7722, associated with the four space-coordinates : see G. F,B., vol. i, § 214. 
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lilies, three other contained directions, the typical direction-cosines of which are 
y, Z4, 1 . Hut Y is the typical direction-cosine of the prime normal, and Z4 has the 
like relation to the trinormal : so that the flat certainly contains the prime normal 
and the trinormal of the geodesic. The magnitude I is the typical direction of a 
direction, certainly at right angles to the tangent and the binormal because it 
lies in the orthogonal flat of the surface : the direction is at right angles also to 
the prime normal and to the trinormal. Unless the plenary space is quintuple, a 
condition which would restrict the geodesic curvatures to circular curvature, 
torsion, tilt, and coil, we cannot infer that the direction typified by the quantity I 
in the expressions for 1722* is that of the quartinormal ; it is a direction 

lying in the homaloid, which is orthogonal to the surface and which has the 
quartinormal and all the normals of more advanced rank for its leading lines. 
Accordingly, there are relations 

which, owing to the forms such as 

p ^y_r 

are of the nature of partial differential equations of the second order satisfied by 
the point-coordinates of the surface ; but the quantities such as Y, A, on the 
right-hand sides involve implicitly the direction- variables jo', q', of the superficial 
geodesic, to the organic frame of which the whole configuration is referred. 
Further, we have obtained a flat 

II y~yy Via V22 ||~^> 

which is the same for every geodesic and is, in fact, orthogonal to the surface. 



131 . In the construction of expressions for direction-cosines of the trinormal 
and for magnitude of the tilt, various subsidiary results are required. 

We write 

% = Ap' + Hq\ U2 = Hp' + Bq ' . 

Hence 


(lUy^ 

ds 


dA , dH 
ds^ Is 


y' 


+ Ap" + Hq" 


=p'{ 2 A (r,y + A,?') + 2 //(A,,p'+A,,q')} 

+ q' {A (T-^^p' + r + II (A12P' +^22y0 + ^ (-Tiap' + -^ i2q') + B(A iip' + A 12?')} 

-A(r,,p’^+2r,2PY+r22q'^)-ii(Aup'^+2A,2PV+A27'^) 

= (Ap' + Hq') (Ai/ + A2?') + (Up' + Bq') (J^p'+AY) 

= aUi-h€U2j 
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with the former significance (§ 98) for a and €. Similarly for the arc-derivative of 
U 2 ; the two results are 


Also 


hence 


dui 

ds 


= aUi-{-€U2 





1 dy 

V ds 


— (/’ll + J + (^12 + ^ 22) ? — ® ^ 



V 

Mg 

f . 


In connection with the quantity which is equal to Y jp, we take 


Then 


^1 = ’?1iP' + ’7i2?'. ^2=’?12P'+'>722?'- 


d (dy\^d^y , . 

ds \dp) dp dq ^ 


/ ^ j- 

^viiP +’?i29 


dy 

dq' 


Similarly for the arc-derivative of 


dy 

dq’ 


the two results are 


d 

ds 

d 

ds 


\dp) ^ dp dq 

\¥qr^^^^dp-^^dq 


We take quantities Vi, connected with the expression of the circular curva- 
ture, in the same way as and Wg are connected with the arc-relation, and defined 
by the equations __ _ _ 

= Ap' -h Hq, V2 — lip' + Bq'. 


^ dif 

By differentiating the relation ^ ^^=0 along the geodesic, we have 


SI" 1= - Dr , 


and similarly 


S'"!"-- 
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Now 




and we have 

S,„|=0, Si., 1=0. 

for all combinations of i, j =11, 12,^22 ; consequently 
for all these combinations. Thus 




We have 


dp " a?; 


and therefore, on differentiating along the geodesic 

(is ^ \dp^^ dp^dq^ ) ^ dp^ 

—V {^111 + 3 (Ai^ +-^11^^)} 

by the results in § 101 : hence 


Similarly, we find 


dA _ _ 

^ = ^\ i \ P ' + ^112?' + 2 a 4 + 2 eH . 


dH _ _ _ _ 

= ^mV' + ^ 122 ?' +PA-\-T]H+aH-^ eB, 

^ = ^122^' + 6222?' + 2 j 3 // + 2 r ) B . 


For the arc-derivatives of and 'yg, we have 


dvidA , dH 
ds ds^ ^ ds 


q' + Af^ + 


Hq‘ 


— ^111^^ ^ + 2^112/^ q + ^122? ^ 

-f- 2 (olA "h €H)p' + i^A 4- tjH + -j- cB) q' 


— lyi + aVi + eVa, 
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with the significance for as defined in § 101. Similarly for the arc-derivative of 
Vg ; the two results are 

dv. 

fls 

> 

dvo ^ 

-^ = W2-\-pVi-h7]V2 

These results can be verified in association with the expression for the arc- 
derivative of the circular curvature. We have 




=])' {w^ + av^ + eVg) + q' {w^ + -f + v^q" , 


the relation becomes 


p"=-ap- Pq\ q" = - ep - rjq' , 


-pwi + q W2, 


in accord with the former value (§ lOI) for the arc-derivative of the curvature of 
the geodesic. 

Also, when we differentiate 


Y’ - r 
dp~ 


along the geodesic, we have 


on substitution ; and similarly for The two results are 

V V" dy ... V V" 

>.i ar" 


Trinormal of a geodesic : the tilt. 

132. The typical direction-cosine of the binormal of a geodesic on a surface 
is given (§ 95) by 


that is, 


Fi3=(.4/+W)||-(^p' + 5y')^, 


dy Ma 

^^V¥q~Vdp' 
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Differentiating along the arc of the geodesic, we have 
It Y dy ( uA dy( Ut uA 


To this result many forms can be given. In the first place, we have 


hence 


V Y I 

- = viUi - V2W1. - =^ip'+ ^ 2 ?'. - = ■wip' + m' ; 

a p p 

V = (Mifa - Mj^i) -+ (^tP' + ^ 2 ?') (’^iM 2 - «^ 2 Mt)- 

pT p 


On the right-hand side, the coefficient of 


^^2 / / 

-\-p {VyU^-V^U^ 

P 

= U2(- v^q') - p'v2Ui= -V2(u^p' + n2q')= -V2 ; 
similarly, the coefficient of ^2 is equal to ; and therefore 

pr V 

We have 

= + ^2=VuP'-^V22q\ 

and therefore 

l^k^i=p'^hvii+qy^hyji2 

= Atp' + Htq'=-Vq'-, 

T 

^h^2 = HtP' + Btq’=Vp'-. 

T 

When we multiply the first expression for Z* by Z^, and add for all the space- 
dimensions, using the relation '^l^Y =0, we find 

11 ^/. 

- =^-(miP +Uiq ), 

T V T 

which is an identity because 

u-^p' -\-U2q' = l. 

When we multiply the second expression for Z 4 by Z 4 , and add for all the space- 
dimensions, we find 


1 1 V 
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P 

Further, when we multiply the second expression for by Z 4 , and add for all 
the space-dimensions, we also have 

— — '*^i( ^^4^2) “ '^ 2 ( ^^4^1) 
pr 

= - ^2 (^4P' ^ 4 ?') 

= Ap' +Bq', Hp' +Bq' 1 . 

A^' + II^q, H^'^B^q i 

When we substitute the values of A^p' + H^q , H^' ^B^q', again an identity 
ensues. But wc retain the form, as being a covariant (the Jacobian, in fact) of 
the two quadratics 

Ap'^ f 2Hp'q' -h BY^ A^p'^ + 2H,p'q' + B^q '^ ; 
it is analogous to the expression (§ 100 ) 

^ ^ Ap' + Hq', Hp' + Bq' 

Ap' + Hq', Hp' + Bq 

for the torsion of a geodesic, which likewise is a covariant (again the Jacobian) of 
the two quadratics 

2Hp'q' + Bq'\ Ap'^ + 2Hp'q' + Bq'^. 

Similarly when we multiply the first expression for Z 4 by and add for all the 
space-dimensions, using the equation we also have 

^ = Ml (Hip' h B^q') - Mg {Aip' + H 45 ') 

T 

= Ap'+Hq', Hp'+Bq' , 

A^p' + Ihq', Ihp' + B,q' 

once more a covariant (also tlie Jacobian) of the two quadratics 
Ap'^ -\ 2Hp'q' + Bq'\ A^p'^ + 2H,p'q' + B^q'K 
This equation, like the others, becomes an identity when the values of 

A^' + H,q', H^p' + B,q', 

are substituted. 

Again, from the relations established in § 130 in the form 

■qi^=YA + hA^ + lq'^T , 

■q^^=YH + lJI^-lq'p'T, 

■q^^=YB + kB^+lp'^T , 
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we have 

^i=W' + ’7ia?' 

= Yv, + k(A^' + H,q') = Yv, - 1, , 

T 

^2 = 17 i 2P' + 1722?' 

- Yv^ + 1^ {H^p' + B^q') - y«2 + *4 — ■ 

T 

When these values are substituted in the two expressions for 1 ^, the result is an 
identity in each instance. 

It is therefore convenient to retain the two forms of value for Z4, which are 


TO- V 


k-_ 

pr 


1 


r 0’l^2 ~ '^2^1) i 


together with the foregoing values of and ^2> well as the relations 

A,p' + H,q' = - Vq' + B,q’ = Vp' . 

T T 


Moreover, we have 


and therefore 




Y Vii = ^1* + (’?ii’?22 - Vm) ?'*> 


so that, on adding for all the space-dimensions, there results the equation 


1 V 


But 




and therefore 


q'\ 






+1 

p 


1 F*y'*. 

^ H=VyV2- i 
p 


vw, 

^B=v^ + 
P 


1 FV'*. 


Similarly 
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that is, 

JS-H2=F*(^+A'), 

a relation of frequent occurrence. 

Finally, for this set of relations, we have 


^^(AB-2HH+BA)=Av^^-mviV^ + Bv^^+V^ + k) ■ 

Now 

'u;^=(Ap' + Hqy 

u^U 2 = H-\- V^q'p'y 

U2^ = B-VY^; 

and therefore 

y 2 

-2=KV2-M2^’i)* 

G 

= A Vo^ - 2JIV1V2 + Bvi^ - (vyp' + V 2 qY, 

that is, 

Av^^ - ‘lllv^v^ + . 

Hence 

^MS-2HH + iiJ)=7-(^, + i+i + K), 


another relation that frequently recurs. 
The former relation 


when, in it, we substitute the values (§ 104) 

~ = a7)'2 + 2h/g-' + gy'2, 
P 

- = h/* + 2bj9Y + fy'*, 
P 

-=gY*+2fpY + cj'*, 

P 


and use the equation 


F*A=g-b, 



368 


MAGNITUDES 


[CH. XI. 


leads to the equation 

= Iq'* - 2 & 7 'y + (6 + 2g)q'Y^ - ^iq'p'^ + cp'*, 

p T 

where a, 6, c, f, g, h, denote the minors of a, b, c, f, g, h, in the determinant Y of 
§ 105. Hence, inserting the value of p^, we obtain an expression for the tilt in 
the form 

_ ag'* - + (6 + 2g) ^ 2iq'p'^ -I- cp'^ 

3ip'^ + ihp'^q' + (2g + 4b)p'2(7'2 -f + cq^ ' 


The value will be obtained, later (§ 133), in a different manner. 
Again, we have the relation (p. 364) 


Also we have 


while 

consequently 


Further, 


and therefore 


pr V 

l]’?iili = ap' + li!Z'> SW2 = V + g?'. 
2'»7 i 2 ^i = V + V> +^' , 

^’?22^1 = g?' + f?'. ^’722^2 = fZ'' +C7'. 

^*=y{(hp' + gq')v, - (ap' + h 7 ')i.,}. 
^ {(bp'+fq')v, - (hp' + hq'M, 

- iep' + 

pr V 

= ap'^+ Shp'^q' + Skp'q'^ + fq'^, 

P 

^"=h7)'3 + 3kj9'y+3fp'7'2 + C7'® ; 

P 


- 2cp'Y -?iip'\'^ 
P‘t 

~~Il^^-cp'*+ Ip'^q' 

p^T 

- Ip'* - (6 + 2g)p’Y + Shp'Y^ 

p‘T 


+ (6+2g)pY»-V" 

-V?'® l-aj'".. 


- 2a.p'q'^ 
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Note. When the plenary homaloidal space of the surface is quadruple, the 
determinant Y vanishes and its minors satisfy the relations 

6c-f*=0, ca-g®=0, ah -£2=0, 

gE-af=0, £f-6g=0, lg-c&=0. 

The expression for V^jp^r^ is easily seen to be a perfect square, qud quartic function 
of p' and q ' ; and this result is in accordance with the known formula * for the 
tilt of a geodesic on a surface in quadruple space 

pr 

It may be remarked, in passing, that the quantities a, b, c, f, g, h, and therefore 
y, are invariantive for all orthogonal transformations. If therefore it is found 
that, for a surface in multiple space, the determinant Y vanishes, we should infer 
that the surface exists in a plenary quadruple homaloidal space. The quantity Y 
is not expressible, as is the magnitude g-b, solely in terms of H, B, and their 
parametric derivatives ; and therefore this criterion, as to the dimensionality of 
the plenary space of a surface, cannot be framed solely from the constituents of 
the arc-element of the surface. 


Ex. Through any point on a surface, two geodesics with direction -variables q^ , 
and P 2 , ^ 2 ^ drawn. Their inclination is 6, the inclination of their prime normals 
is Oy and their radii of circular curvature arc denoted by Pi, P 2 i I>rove that 

T/2 p __ 

„ V* = +F2'?i')* + 45K V 

D-t On dill U 

- iPiii +P2 9 i) + ^iPiP2'<Ji^z - 4h?i'?2' {Pi<h' i P2<li)- 

Shew also that, when the plenary space of the surface is quadruple, the right-hand 
side can be expressed in the form 

4y^ 1 - 

^ +l>2(*»-'^S)sin2 0, 

PJP 2 T 1 T 2 i 

the radii of tilt of the geodesics being denoted by Tg. 


Magnitudes connected with the trinonnal. 

133. When the quantities a, b, c, f, g, h, are constructed from the values of 
r^ii, 7^12 j ^ 22 j which have been obtained in § 130, the properties 

^P=l, ^IY=0, ^lh=0, 

being used, we find 

+ g= BA + B,A^-hq'Y^-T^ 

c=B^ + B,^+ h^AH+AJI^- q'YT-^ 

*G.F.D.,yo\. i, §§214, 235. 

2 a 


F.T.G 



370 


MAGNITUDES 


[CH. XI. 


In the first place, we have 


it has been proved (§ 130) that 


A^Bi-H^^=- 


and we have g - b = V^K ; hence' 

AB-H’^=V^{^^ + K^, 

a relation already obtained (§ 132). 

Next, the determinant 


A^+ A^, AH+AJI^, AB+Afi^ 

AH+AJI^, m+ HB+H,B^ 

AB+A^B^, HB+n^B^, B^+ B,^ 

vanishes identically, whatever be the values of A, II, B, A^, Hu, B ^ ; and we 
therefore have 


a- q'*T\ h+ q’YT^, 
h+ q'YT^ h-q'Y^T^ 
g-q'Y^T\ f+qY^T^ 


g-q'Y^T^ 

f + q'p'^T^ 
c - p'*T^ 



With the earlier significance of y in § 105, and using the symbols a, 6, c, f, g, t, 
to denote the minors of a, b, c, f, g, h, in Y, this equation becomes 


{aj'« - 2^'Y + (6 + 2g) q'Y^ - 2iq'j,'^ + cp'*} = Y ; 


and therefore 

F*T*=ypV, 


thus giving a value * for the quantity T. 

Again, with the values of A, H, B, cited on p. 367, and using the value of p 
given by 

-V = ap'* + ihp’Y + (2g + 4b) p'^j'* + ifp'q'^ + cq'*, 

P 


* When the plenary homaloidal space of the surface is quadruple, the determinant 
y vanishes {G.F.D., vol. i, § 214). The quantity vanishes — a result to be expected, 
because the orthogonal frame of any superficial geodesic is then complete in the tangent, 
the prime normal, the binormal, and the trinormal ; there are no principal lines of 
higher rank in the frame, so that the quantities Zq, ... do not exist, and therefore the 
composite typical direction-cosine does not exist. The vanishing of T secures that the 
terms in IT disappear from the expressions for 77^, ^22- 
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^(a- 4 *) = 4 cy*g''® 

= cp'* -2g/Y* +aj'«=5o 

^(c-52) = 6/«-4VY + 4W* 

1 " ' 

— (f - HB) = - ip'* + 2gp'^q' + &j9' Y® - 2aip'q'^ — 

P 

\(g-BA)^ 2fp'Y-(6 + 4g)YY“+2V7'® =(^o 

P 

\ (h - AH) = - 2cp"*q' + ip'^q'^ + 2gp'q'^ - iiq'* — Hg 

P 

the symbols A^, Bq, Cq, F^, Gq, Hg, being used solely for brevity. Thus we have 

\{A^ + q'*'n ^Ag, \{H,B,-q'p'^T^) =Fg, 

P P 

{H,^ + q'yn '^) - Bg, J^{B,A, + q'y^T^) = Gg, 

^^[B^+p'*T^) =Cg, y(A,H,-q'yT^)=Hg. 

Hence 

— (A^p' 4- A^H^q) =A qp' -{■ H^q', 

P2 

and, as before, 

Ay + H,q’^Alt. 

T 

therefore 

AtA, = Agp' + Hgq'. 

p^r 

Similarly we obtain expressions for and for ; and when the values of 
the quantities, such as Aq and Hq, are inserted, we find the set of values for 
A,, H„ as given by 

A^= 2yY - Sip'y^ + (6 + 2g)p'q'^ - hq'* 

P‘t 

-y* + ip'y -hp'q'^ +aq'*-, 

-^B^= ip'* - (B + 2g)^j'Y + Zh.p'y^ - 2a.p'q'^ 

P‘t 

agreeing with the previous results (§ 132). 
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When these values of A ^ and are substituted in either of the relations 

T T 

they lead to the equation 

ag''* - 2'ii.q'^p’ + (6 + 2g)y'*p'* - 2lq'p'^ + cp'^, 
already (§132) obtained. 

134. The values of in terms of magnitudes connected with the 

surface are known ; and a value of T has been obtained. Accordingly, the typical 
partial differential equations of the second order satisfied (§ 130) by the point- 
coordinates on the surface become 

r],,= YA+kA, + l^^Y'^q’^ 
y,,,= Yn+lJI,-lP^YYp' 
r„,^YB + kB, + lP^YY^ 

where the coefficients of the typical direction-cosines are now expressed in terms 
of surface-magnitudes. 

It has been pointed out (§ 130) that, in the orthogonal flat of the surface, 
three leading lines can be selected with typical direction-cosines determined by 
Viii Vi 27 V 22 - Another set of three leading lines can be selected, viz. the prime 
normal, the trinormal, and a line perpendicular to these (which, however, is not 
necessarily the quartinormal unless the plenary space is quintuple), their typical 
direction-cosines being Y, Z 4 , 1. The preceding relations can be regarded as the 
equations of transformation from the typical direction-cosines of the one set of 
leading lines to the typical direction-cosines of the other set. The determinant 

I 

of the coefficients of Y, 1, on the right-hand sides, is equal to Y“ ; and, by 
resolving the equations so as to provide explicit expressions for Y, l^, I, in terms 
of Viu Vi 2 y V 22 y values for Y and arc obtained in the same form as before, the 
values of Y and being given by 

Y V 

=iip'+^2q\ — h=ii^z-i2>h- 

P PT 


Now 


SWi=a/ + b?', SW2=V + g?'. 

+bg' , ) 

2^22^1 = if + . 2'^22^2 = ^f + <57' • 
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Multiplying the foregoing typical equation by t7i 2» ^22* turn, and adding 
each of the several products for the space-dimensions, we obtain the results 

- —At = (ap' + hq')v2 - (hp' + bg'') 

pr 

^4=(hp' + bg')v2-(bp'+ 

P'^ 

V 

- -Bt = {gp' + fq')v 2 - {fp' +cq')Vi 

pr J 

When the values of and Vz, as given by 

^ = ap'» + 3 hp'*g' + 3 kp'g'* + fg'», 

P 

'"a = hp'» + 3 kp'*g' + 3 fp'g'* + cg'», 

P 

are substituted, we return to the expressions already (§ 133 ) obtained for 

H^, 

Again, when the equations expressing 1712, ^22y terms of X, Z4, I, are 
resolved for the latter magnitudes, we find an expression of the form 

Z = Pt 7 ii + Qr] 12 + P'^22- 

Multiplying those also by r]^2y ^221 turn, and adding for the space-dimensions, 
we have 

Pa+gh + i?g=2Jr,i,= yKi'\ 

Ph + Qb + itf= 

Pg+gf+i?c-S%2- 9 
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and therefore, comparing the two expressions for I, we find 
-- (UB, - BH ,) = + gp'^ 

pT 

- (BA^ - ABt) =Eg'* - 6y>' + fp'*, 

pr 

-(AH,-HA,)=gq'^- f?y + cp'*, 

pr 

formulaB which can be verified by substituting the values of the quantities 
Ay Hy By A ^y H ^y B ^y m teims of a, b, c, f, g, h. 

Ex. 1. Some of the results can be associated with the theory of binary forms. 
In particular, if 

u = ax^ + 2hxy + hy^y u' = ax^ + 2Kxy + 

J = (a' X +h'y) (hx+hy) - (h'x-\-a'y) (ax +%), 

D = ab-h\ I=ah'-2hh'+ha\ D^ = aV-h'\ 

there exists the purely algebraical relation 

J^ = uu'I-u^D'-u'^D. 

(i) When this is applied to the two forms 

M = 1 = Ap'^ + 2Hp'q' + Bq’’^, m' =- =Ap'^ + 2Hpq + Bq'\ 

P 

taken without reference to the implicit values of the coefficients A, By B, then 

J=I, D = V\ D'=AB-H^ = V^(^ + Ky 
1=AB-2HH + BA; 

and the relation gives 

in accordance with the result on p. 367. 

(ii) When it is applied to the two forms 

u = l= Ap'^ + 2Hp'q' + Bq'^y u' = 0=^A^'^ + 2H^'q' + B^q'^y 

then 

V 

i)=V\ U = A,B,-H^=--^-y 

T T 

and the relation becomes an identity. 

(iii) When it is applied to the two forms 

u = 0 = A _|. 2H^'q' + B^q'^y 2Bp'q' + Bq'^, 
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V 

J = — , 

pr 

and again the relation becomes an identity. 

In cases (ii) and (iii), the term involving the intermediate invariant I disappears 
because the value of the quantic + B^q'^ is zero. The relation can also 

be regarded as determining (except for sign) the values of the respective Jacobians. 

Ex. 2. By means of the formulae 

or otherwise, obtain the formulae 

v{^--\=Ui (hp' + zq') - Ma (ap' + hy') 

\ T a/ 

+fq') -Mj(hp' + bj') ■ . 

\ T O'/ 

V(~^--) =Mi(fp' +cg') -W 2 (gp'+ f?') 

Quartinormal of a geodesic : the coil. 

135. To obtain the magnitude of the coil and the direction of the quartinormal 
for a superficial geodesic, we proceed from the equivalent equations for the 
direction of the trinormal 

^4 ^ 1 / > > X 

= 

r (T V 
pr V 

Differentiating the former along the geodesic, and using the relations (§ 101) 

+ - iq'kVK, -^=6^ + 

we have 

^(l)J y|(l) 

T \k tJ ds\r/ (T\a p/ ds \g/ 

= - (a + rj) i) + ~ { {aui + - {pu^ + rju^) 

+ y 1^1 (^2 + P ^1 + V ^ i ) ~ ^2 (^1 + + «^^ 2 ) + 1 ^ 3 ^ 

~ y (^1^2 “ “2^1) + 3^3^ • 
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and therefore 


Differentiating the second relation also along the geodesic, and using the 
further relations (§131) 


dv^ dv 2 


= w^ + av\ + €V2, -^ = W2-tPvi-{-7jV2, 


we have 


Pt\k tI ds\pi 


= - ^ (a + >?) ^ {(m'i + cn'i + ev^) - (w^ + + tjv^) 

+ y [^^1 (^2 + + V^i) ~ ^2 (^1 + + ^^2) + ^ ^ ^ 

= ^ i^2»’l - ^iM’2) + f M2 - Ml) + i 


Now we have (§ 132) 


i,= Yv,-lJ-^' , S2=Yv,+k-P' 

T T 


and therefore 


^2^1 - ^1^2 = ^4 'r ^ (■) + ^ “ ^ 1 ' 

4iO--W 


V d (a 
[T^ ds \p 


by the result in § 107. Hence the equation becomes 

We thus obtain two expressions, equivalent to one another, for a typical 
direction-cosine of the quartinormal ; they involve the magnitudes 0 ^ and 62 , 
connected with the surface, as well as the magnitudes p, cr, r, the values of which 
have already been obtained. But they also involve the magnitude of the coil ; 
and, by squaring the first of the initial expressions for and adding for all spatial 
dimensions, an equation for the coil can be found in the form 


1 t' 2 /I 1 , \2 ^a'2 2 1 

“2 2'^'~4 V 2"*' 2'*" 3^) 7^4 

T* \(j^ / cr p^ 
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where, again, the sums on the right-hand side are magnitudes belonging solely to 
the surface. Proceeding in the same way with the second of the initial expressions 
for ig, we find 






Both these relations involve the quantities J ^^^.t is, when 

expressed in full, they involve new magnitudes belonging to the surface of such 
types as 


analogous to, but of higher order of derivation than, the magnitudes a, b, c, f, g, h. 
When the two equations for /g are resolved for 0i and 02^ ^hey give 


where 




^ Zc 1 d 

&=--+hr 
TK as 






A slight modification in the expressions for 0^ and 02 can be made. In 0^, 
the whole coefficient of Y 


=--u^ 


d 

ds 



= + W2q') + q' {w^U2 - = w^, 


by the formula in § 131 ; and, in 02, the whole coefficient of Y similarly is equal 
to W 2 . Hence 



which may be taken as the definite interpretations of 0^ and 02 - 

Various analytical results, in the form of summations affecting and 02, may be 
placed on record for reference. 
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I. There is a set involving the direction-cosines of the principal lines of the 
geodesics. We have, at once, 

p p 

2;y0i=«’„ 'Ey 02=^2, 

admitting of partial verification through the relation 

e^'+e^q'=y"'. 

Again, 

= -^q’VK + ^^(uJ-u,H), 

on using the relation 

and similarly 

Also, there are relations 

and relations 

II. There is a set of relations, which involve the direction-cosines of the parametric 
lines of reference in the tangent plane and the orthogonal flat of the surface. We have 


by direct substitution. Again, as 
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. S2=y^2+lJ-. 

T T 

we have 

S ^1^2 = V2 + y^i'p’ 72 . 
iA=‘»2>«i+yYp' 

* S^2^2 = W-^y*^2 : 

and therefore 

2 ( - ^2^l) = «1«’2 - VzM’i = ^ f P • 

by the formulae of § 107. 

We easily find, by using the formulae of § 101, 


^y''nni = -(a7?'+hr/), 

^y'Vu2= 

l^y'vi22= -(^p'^^q). 
I^y'vi22 = -(¥ +cg'), 


^ ^3^112 ~ ^^2 ~ 

^^^hVl22 — ^'^2~ j 

^ ^2^222 ~ ^^2 “ J 


Other relations, arising out of the magnitudes for i, j, A; = l, 2, indepen- 
dently, lead to equations involving the coefficients -4,-,^, of p. 269. 

Because 

^iikP ^^ijkq 9 ^ j ^zViik ~ H gj^P -\- B^jj^q y 

and 

pr 

we have 

^1, ^mP' 

^2» ^ijkP' + ^ijkq' 

For the expression of the quantity as above given, it is necessary to use the 

quantities 2 ^i^ 2 » 2 which is a homogeneous quartic in p' and q\ 

with new coefficients which arise from the twelve magnitudes 


pT 2 " 


2'7ni=-43, 


/‘7i11'7]12“^^3» 2’7i11^122—®3> 2^111^222 — “^3 > 

2^112 = ^3i 2'7 i12'’7i 22 = “^3» 2‘7ll2'7222 = ^3» 
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For the present purpose, we require magnitudes of the type 
>c,l, =1, 2; thus 

'ZviiA = 

^VnA = ^aP'* + 2ffaP'?' + 4?'®- 

When the relation 


T#C 




in the text, ia multiplied by and summation is taken over all the space-dimensions, 
we obtain an expression for the magnitude I similarly for the quantities 

^^hvi22y ^^hVl22- 

By means of these relations, we can obtain the coefficients in the equations 


Vijk ^ijk ^ ^^ijk ^A^ijk “f" ^S^ijk ^H^ijk + • ■ ■ 


Thus we have 


V 

P-^ 


- Rijk= 


^ijkP ~^Ri3k^i 

^21 HiJkP'+Rfik<l' 


and there are relations among the coefficients of Iq, Z7, ... of the type 


^iii/" + 2yii2/?' + W^=0, 

'^luP^ '^^^122P Q +^ 2227 *=^- 
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Curves of circular curvature. 

136. We have seen (§ 54) that, in any amplitude in multiple space, there are 
curves of circular curvature at any point, their directions being defined by each 
of the properties characteristic of such curves upon a surface in homaloidal triple 
space. According to one definition, their directions at a point provide a maximum 
or a minimum circular curvature for their geodesic tangent among all geodesics 
through the point ; according to the other, their directions are such that the 
prime normals of the successive tangential geodesics intersect ; the two definitions 
are equivalent as regards analytical representation. Moreover, this representation 
shews that they have the geometrical property that, at every point in their course, 
the torsion of a geodesic tangent is zero. 

For most amphtudes, the analytical equations, which are to determine the 
directions of the curves of curvature at a point, cannot be resolved explicitly by 
present methods. It is possible, however, to construct the single equation which 
determines their directions on a surface in any plenary homaloidal space ; and it 
is also possible to determine the superficial measures of geodesic circular curvature. 
To some of the results we now proceed ; and it will appear that (contrary to the 
result in the theory of surfaces in triple space) there exists no simple relation 
between these measures and the Riemann sphericity for a surface in space of 
more than three dimensions. This divergence is already known * for a surface in 
quadruple space : we shall therefore assume that the plenary space is of more 
than four dimensions, so that (§ 105) the determinant Y is not zero. 

The magnitude of the circular curvature of a superficial geodesic with direction- 
variables p', q\ subject to the permanent relation 

is given by the equation 


1 


= ap'^ -h 4hp'^g' + 6kp'2g'2 -|- Mp'q'^ -I- 


where k and the Riemann sphericity K are such that 


3k==g-h2b, V^K=g-h, 

the magnitudes a, b, c, f, g, h, being defined as in § 105. 


* G.F.D., vol. i, cb. xiii. 
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For brevity, we shall call the directions of the curves of curvature at a point, 
the principal directions, and the circular curvatures of the geodesics, in the prin- 
cipal directions at a point, the principal curvatures. These principal directions 
and principal curvatures can be determined from the requirement that the 
curvature is a maximum or a minimum among all the possible directions on the 
surface at the point ; and the critical conditions arc that the magnitude, express- 
ing the value of 1 /p^, shall have a maximum or a minimum for direction- variables 
satisfying the permanent arc-relation. These critical conditions are 

-f 3hjo'2gr' + -j. f^'3 — 

hp'^ -h 3k^' Y + 3fjo'^'2 + cq'^=u {Hp' + Bq'), 
where umsi multiplier left undetermined in the actual formation of the equations. 
The value of u is at once obtained : wc multiply these equations by p' and q' 
respectively, and add ; and then we find 


1 



The equation for the principal directions follows from the elimination of u 
between the two critical equations ; it is 

I aY® + 3hp'Y + 3kY(7'^ + Ap' + IIq' =0. 

I hjo'3 + 3kYY^-3W" + c^'^ Up' + Bq' 

In the first place, this equation shews that the torsion of a geodesic in the 
direction p',q', thus determined, that is, of a geodesic tangent to a curve of curva- 
ture, vanishes (§ 106), verifying the general descriptive property of a curve of 
curvature. 

Next, the equation manifestly is a quartic in the ratio p'jq'i so that there are 
four principal directions at any point of a surface ; in this respect, there is a 
divergence from the property of a surface in triple space, which has only two 
principal directions *. Moreover, it is easy to verify that the discriminant of the 
quartic equation for the principal directions does not vanish f ; thus the four 
principal directions are distinct. 

* There is a similar divergence as regards asymptotic directions on a surface, 
according as the plenary space is triple or of more than three dimensions. For triple 
space, there are two asymptotic directions on a surface : for space of higher dimension- 
ality, there are four asymptotic directions. Such directions are given by the vanishing 
values of the circular curvature. 

t It is a purely numerical multiple of the invariant 

/ 92 02 \6 

where Z is the quartic for , H is its Hessian (which occurs in the expression for 
in § 132), while Iq and Jq are the quadrinvariant and the cubin variant of Z. 
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Equation for the principal radii of circular curvature. 

137. The magnitudes of the principal curvatures of the surface are given by 
the equation, which results from the elimination of the direction-variables between 
the two critical equations. These can be written in the forms 

ap'3 + 3hjo'2gr' + 3kp' - u (Ap' + Hf) (Ap'^ + 2Hp'q' + Bq'^) = 0, 
hp'^ + 3kp'2g' + 3 fp '?'2 + cg'3 _ u {Hp' + Bq') {Ap^^ + 2Hp'q' + Bq'^) = 0 ; 

and, in their turn, these two equations imply that the partial derivatives, with 
regard to p' and q\ of the quartic 

0 =: 3Lp'^ + 4:hp'^q' + Gkp'^q'^ -I- 4f p'q'^ + cq'* - u (Ap'^ + 2Hp'q' + Bq^Y, 

are to vanish. The eliminant of these partial derivatives is, in fact, the dis- 
criminant of 0 ; and therefore the equation, which determines the magnitudes 
of the principal curvatures of the surface, is provided by the condition that the 
discriminant of 0 shall vanish. 

When we write 

^2^ao, AH=K AB=go, B^ = c^, AB^2H^=3ko. 

and also 

aQ=3i-u3iQ, ai=h — who, a^^^L — u^L^, a3=f-wfo, a4 = c-wCo, 
the quartic 0 becomes 

0= (rto, «!, «2, tta. «45 p', i'Y- 

The quadrinvariant / and the cubinvariant J of the quartic 0 are 
/ = 

J = a^a^^a^ + 2a^a2a^ — - a^a^ - a^ ; 

and the vanishing discriminant of the quartic, denoted by Z), gives 

Z)=P-27J2=o, 

as the required equation. To obtain the explicit form of this c(j nation, which 
should be a quartic in u to correspond with the four principal directions of 
curvature, we must calculate the values of I and J. 

When substitution is effected in Z, we find 

Z^Zo-wZi-hw^Za, 

where 

Zo=ac-4hf+3k2, 

Zi = aco - 4hfo + 6kko - 4fho + cag, 

^2~ ^0^0 “ 4:hofo + 3ko^ = 3 

Similarly, after substitution in J, we find 

J=Jq- uJ^ + Jg ~ 
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where 

= akc + 2hkf - af 2 - ch^ - ; 

= Cq (ak - h2) + 2fo (hk - af ) 

+ ao (kc - f2) + 2ho (kf - ch) + ko (ac + 2hf - Sk^) ; 

(S'o^o “ ^0^) (hokQ — aofg) 

+ a (kQCg — + 2h (kgfQ — CqLq) + k (aQCQ + 2hQfQ — SkQ^) 

=iF2/,; 

*^3~ ^hokolg — aofg^ — CqLq^ — kg® 

— 27 • 

Of these quantities which occur in / and J, the magnitudes 1q and Jq 
respective quadrinvariant and cubinvariant of the quartic form which gives the 
value of l/p2, while and are invariants intermediate to this quartic form 
and the quadratic form Ap'^ + 2Hp'q' + Bq'^. 

The discriminant of a binary quartic is of the sixth degree in its coefficients ; 
and therefore the discriminant of 0 normally would be of degree six in u. But 
when substitution is effected in the equation 

P-27J^=0, 


the terms in and disappear owing to the values oi J 2 , fhe result- 

ing equation is found to be the quartic 

Cq - C^u -f- 4- 6^4^^ = 0, 

where 

(7o=V-27Jo^ 

Cl = 3 (1(^1 1 — 18e/ qJ i), 

C 2 - 3/o/i2 - 18e7o^iF2 - 27/i2 + 4/^2 

C 3 - V- 18ViF2+187i/oF^- 16JoF«, 


Thus there are four measures of circular curvature of the surface, being the four 
symmetrical combinations of the principal curvatures of the surface represented 

by 


C, C 2 Cl 

C,^ 


0,. 


but a more specific geometrical significance of the measures is not forthcoming. 

138. Two remarks may be made. In the first place, we are dealing with 
two quantics 

V = Ap'^ + 2Hp'q' + Bq'\ 

Z=^.p^^ + 4hp'3g' + 6kp'2g'2 + 4fp'j'3 + cg'4 

The full asyzygetic system of concomitants of a binary quartic and a binary 
quadratic is known * ; and it appears that there are six invariants in that system. 

* J. H. Grace and A. Young, Algebra of Invariants, § 143. 
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But the number * of algebraically independent invariants is only five, so that a 
single relation must subsist among the six invariants ; and, in fact, the five 
independent invariants can be taken to be F^, Iq, Jq, J^. Of these, is the 
discriminant of JJ, while /q and Jq are respectively the quadrinvariant and the 
cubinvariant of Z ; the invariants and are intermediate between the two 
quantics, being merely numerical multiples of the quantities symbolically repre- 
sented by 

e/l=(Ht72)4, 

respectively, where H is the Hessian of Z. The remaining invariant, expressible 
in terms of F^, Iq, Jq, Ii, J^, is a numerical multiple of the quantity symbolically 
represented by 


where 0 is the cubicovariant of Z. 

Again, the total number of concomitants (invariants and covariants together) 
in that asyzygetic system is eighteen. But the number f of algebraically inde- 
pendent concomitants is only seven, so that eleven relations must subsist among 
the members of the system. When regard is paid to invariants alone, five 
can be taken ; and therefore two other magnitudes would suffice to constitute an 
algebraically complete system. It is, however, convenient to retain certain other 
magnitudes, although the aggregate of members in the full retained system may 
not be independent of one another : and we therefore retain, in addition to the 
original quantics U and Z, the Jacobian J 21 of U and Z, the Hessian H of Z, and 
the cubicovariant 0 oi Z. 

A geometric signillcance can be given to the co variants. The quantic U is 
equal to unity ; and the quantic Z is equal to 1/p^. We can take J 24 I'he form 


7 _.i_ f 
*^24—8 I ^“1 


(dZdU_dZdU\ 

\dp' df/ dq' dp'J ’ 


ap'3 + :^hp'Y I- likp’q'^ + fq'\ Ap' + Hq' 
hp'^ + 4- 3fpq^ 4- cq'^, Hp 4- Bq 


V 

pa' 


* The invariants of any binary form, or any system of binary forms, satisfy a 
complete (Jacobian) system of three linearly independent homogeneous partial 
differential equations of the first order. For the invariants in question, eight para- 
metric variables ff, B, a, h, k, f, C, occur in the equations ; and therefore, by the 
usual theorem concerning the algebraically independent integrals of a Jacobian system, 
the number of algebraically independent invariants is five. 

I For the system of concomitants, the total number of arguments occurring in the 
complete Jacobian system is ten, being made up of the direction-variables p' and q\ 
in addition to the eight coefficients A, //, B, a, h, k, f, c ; by the same theorem 
as before, the number of algebraically independent concomitants is seven. 
r.r.G. 


2b 
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by § 106. Again, the Hessian H is 


H= 


but 


so that 


ajj'* + 2hp'q' + kg'*, hg)'» + 2kp'g' + fg'* 
hgj'* + 2kgj'g' + fg'*, kgj'* + 2fg>'g' + eg'* 


ag>'* + 2hp'g' + kgj'* ^ fF^Ag'*, 

P 

h/* + 2k/g'+ fq'‘=^+iV^Kq'p', 
P 

kg>'*+ 2f/g'+ cg'*=^-|F*Ag)'*, 
P 


H= AaS-W)-|F>xi = (i + iK) . 

Further, the cubico variant 0 is 

/az 

® \9j9' dq' dp') 

= (a2f-3ahk + 2 hV®+--- , 

retaining only the first term which always is sufficient to identify the whole 
binariant. Connected with the quadratic forms 

Ap'^ + 2Hp'q' + Bq'\ A,p'^ + 2H,p'q' + B^q'^, 

there is an invariantive form * 

A^B-2I1^H+B^A) 

and so, having regard to the values of A^, H^, B^, obtained in § 133, we find 

- — ( - 2 H 4 ^ = { 2 h (ab - h*) + a (gh - af )}g7''' + . . . 

P‘t \ p p p/ 


= { - a*f + ah (g + 2b) - 2h*}p'® + . 


so that 


(AtB-2HtH+BtA) = 0. 


Again, there exists the algebraical identity 

among concomitants of a binary quantic, so that, if we write 

* See also the later result on p. 399. 
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,^2=1 (423_7^_J). 

P* 

Two instances of the method of reduction of any concomitant, to algebraical 
dependence upon selected and retained forms, may suffice. We have 


but 

(siH -hA)^ = a^(AB- V^) - 2a.hAff + A^^ {ak - (ak - h^)} 
= aA (Ba - 2//h +^k) - - A^ (ak - h^). 


Now Ba-2Hh+ Ak. is the leading coefficient of the concomitant symbolically 
represented by 


-hmf. 


being of the second order in p', 5^' ; the quantity A is the leading coefficient of XJ which 
is unity, the quantity a is the leading coefficient of Z which is l/p^, and the quantity 
ak -h^ is the leading coefficient of H the value of which is given in the text. Hence, 
substituting the value of «/24 j wc have 


2 4 


( UZY = {Ba- 2//h + ^k) p'2 + 2 (5h - 2//k + Af) p'q' + [Bk-2Hi+ Acjq'^ 


==V^ 


a 


1 


1 

t2 


',k). 


Using the same method of identification by leading coefficients, we can obtain an 
expression for the covariant 


Hence 


and therefore 


1 

4 


(HU) 


^^/dHdU^mdU 
\ dp' dq dq' dp'^ 

= {2 (ak - k^)H - A{al-kk))p'^ + ... 




iz (H U) - 2HJ24 ={2 (a% - ah*)// - ^ (a*f - ahk)}j>'8 + . . . 

- {2 (ak - h*) (a// -hA)p'^ + ...} 

= -J{a*f-3ahk+2h3)p'9 + ... 




with the foregoing value of z. 


per p 


The Riemann sphericity in the system of concomitants. 

139. In the second place, the Riemann sphericity K itself is an invariant of 
the surface, independent of directions through a point on the surface. It is not 
algebraically expressible in terms of the foregoing invariants ; they are measures 
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of (curvilinear) circular curvature, while K is a measure of superficial curvature. 
Also, there has been the invariant denoted by Y, which vanishes when the plenary 
space is quadruple, and is different from zero when the plenary space is quintuple 
or is more extensive than a quintuple space. It appears, as follows, that the 
invariants Y*, /i, /q, Jq, F^, are connected by an algebraical relation. We have 



a, h, g 

j 0 — 

a, h, k 


h, b, 'f 


h, k, f 


g, f, c 


k, f, c 


and therefore 

Y-Jq— ac (b - k) + 2fh (g - k) + - bg^. 

Now g-b=FVi, g + 2b=3k, so that 

b-k^-jFVf, g-k=.|F 2 /f, 

k3 - bg2= - ; 

hence 

Y-J^=- (ac - 4fh -I- 3k2) + o'VF^/vl 

Consequently 

r=^F«/v^-.UoF 2 /i + Jo, 

which is the algebraical relation expressing Y in terms of the invariants already 
retained. 


Ex. The dcterniinatioii of the geometrical significance of many of the concomi- 
tants manifestly depends upon the establishment of the respective algebraical relations 
expressing them in terms of concomitants already known in geometrical significance ; 
and this establishment belongs to the domain of the invariant-theory which, so far as 
concerns binariants, allows the leading coefficients alone to be taken into consideration. 

With the customary significance of u^, given by 


= Ap' + H = Ap' + + 2e^ ^^p'q' + 


= lip' + Bq'j V2 = Hp' + Bq'J '^^2 = ^112?'^ ^' 2 ej 222 J'r/ l 

the following relations may be verified : 

Au^ - 2 Hu 2U^ -I- Ba^^ = 

|/2 

AU2V2 - H (^1^2 + ^2^1) -I- Bu^v^ — — 

P 


Av^ - 2Hv^Vi + Bv^ =V’^(^\ + ^ 


AU2W2 — H (U1W2 + U2 Wy) -h Bupjo^ 
AV2W2 - II {V1W2 + -^2^1) + Bv^w^ = F^ 


d f I 


Aw. 


^2^-2lIW2W,-hBw,^=V^[^,-i~^ 
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- 2 Hu^Ui + Bui^ = V^p (^ + ^ + 

A U2V2 - H (u^v^ + ) + BujVi=V^(^ + 

Av^^ - 2Hv^v^ + BV =y +k) 

Au^2 ~ U + JBmjWj = F*/) + 

Av^Wg - H (vjW^ + V 2 W 1 ) + BvjWi = V^(^+I^j 

Awi - 2riw2W, + Bw,^=^2 {^4('^p' -P<^')* +p'^ {\i +^)} 
a - ihu^^Uj + Qku^u^ - + = s •^} 

a.V2* -4:hv2\ +6ky2%2 +cvj* |7j-3F*^~2 + 3^) | 



Stationary tiU. 

140. The geometrical values of H and Z give the relation 


H 

Z 


72 


+ IKV^. 


Hence, as K is a constant, so far as concerns directions through a point on the 
surface, the value of will be a maximum or a minimum for maximum or 
mini mum values of H/Z. Moreover, the algebraical minimum of 1 /t® cannot be 
negative, though it might be zero : that is, along a curve of spherical curvature. 

To determine the directions on the surface which, at a point, provide a maximum 
or a minimum tilt, we have to make H/Z a maximum or a minimum subject to 
the values p', q', satisfying the permanent relation. The critical conditions are 


1 3H 
Zdp’ 

1 dH 
Z^ 


H az 

H \ /Tj f -n t\ 


where A is undetermined by these conditions themselves. To find A, we multiply 
the equations by p', q' , and add ; then, as 
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Consequently 




that is, having regard to the definition of the cubicovariant, 

0 = 0 . 

Hence, owing to the identical relation among the concomitants of Z, wc have 

4H3=/oHZ- 


that is. 


4 - Jo. 


Consequently the directions of stationary tilt are given by ^=0; and the 
magnitudes are given by the non-negative roots, if any, of this cubic in I/t^. 
When the cubic is developed, it becomes 


yVT= 


^ ^ n 


where Y is the determinant 


a, h, g . 

K g, f 
g, f, c 

Now y is an essentially positive quantity when the plenary space is of five or 
more than five dimensions, for it is equal to the magnitude 












where the summation is taken over all the values i, j, Ic, = 1 , . . . , N, the plenary 
space being of N dimensions. When the plenary space is of four dimensions, y=0. 

When the space is quadruple, we can have a value zero for 1 /t^ ; and then * 
the corresponding directions on the surface are given by the equation 

H- + a® ^'2 — 0, 

if such directions are real. For such a space, the other possible values of I/t^ 
are the roots of 


* G.F.D., vol. i, § 235. 
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Wlien the space is of quintuple or higher extension, the quantity Y is definitely 
positive ; hence the product of the three roots of the foregoing algebraical cubic 
is negative. Thus at least one algebraical root is negative : it has no significance 
for the immediate aim. As there can be no zero root, it follows that there must 
be two positive roots ; and we therefore infer that all three roots are real. 

Now return to the equation in the undeveloped form, and write 

<=p(^+5;f), 

SO that the cubic for t is 

This cubic is to have three real roots ; accordingly 

V-27Jo*>0, 

and we must have Zq a positive quantity. We write 


Zo»-27Jo*=27Z>*; 


and the three roots of the cubic are 


<1 = 


^/.‘co.9, 



(cos0 + >/3 sin 6), 



(cos0-n/ 3 sin 6 ), 


where 36, taken to lie between and + hr, is given by 

J tan 36 =D, 

a positive value D being assigned to the square root of D^, and similarly to Iq\ 
If K is a positive quantity, no negative value of t is admissible ; thus ti would 
be excluded, while and must be positive. If /i is a negative quantity, all 
three values of t would be admissible, from this form of the equation ; but the 
earlier shews that there are only two admissible values, and therefore 




is positive for this negative value of K. 


Ex. A geodesic is drawn on a surface in a direction at right angles to a given 
geodesic ; the magnitude of its circular curvature is denoted by 1 /pq, and the inclination 
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of the prime normals is denoted by 6. Prove that pq and 6 are given by the equations 


cos 0 1 1 __ 

=- 2 + 0 +^, 

PPo 


1 

Po^ 


p® V* ^\a- 




where is the superficial invariant of p. 383, while 1 /a and 1/t denote the torsion 
and the tilt of the given invariant. 

Obviously ^ + “ 2 = ^2 "^^ 2 » where Oq and Tq are the radii of torsion and of tilt 

of the perpendicular geodesic. In particular, the torsions of two perpendicular 
geodesics on a Gaussian surface are equal : and it is easy to see that these two torsions 
are in op])osite senses. 


Locus of centre of curvature of concurrent geodesics. 

141. When the plenary homaloidal space of a surface is triple, the locus of the 
centre of circular curvature of all its geodesics through a point is merely the 
normal to the surface : that is, it is either the internal or the external portion of 
the normal bounded by the two centres of principal curvature at the point. When 
the plenary space is quadruple, the locus of the centre of circular curvature of all 
the superficial geodesics through the point is a lemniscatc, which lies in the ortho- 
gonal plane of the surface. We therefore shall assume, for the present purpose, 
that the plenary space has five dimensions at least : and thus, with the surface, 
there is associated an orthogonal flat (§ 130), given by the equations 

II y-y^ Vlly Vl 2 y V 22 11 = 0, 

this flat being orthogonal to the tangent plane of the surface. 

The typical direction-cosine of the prime normal of a superficial geodesic in a 
direction p', q', and the magnitude of the radius of curvature, are given by the 
equation 

Y 

J^-Vnp '^+ + ’?22!Z'*' 

If then j/q denotes the typical space-coordinate of the centre of circular curvature 
of the geodesic, so that 

yo-y=Yp, 

we have 

^2 ^ = ’ll iP'^ + ^Vi2P'q' + 

Hence the coordinates of this centre satisfy the equations of the orthogonal flat ; 
and therefore the locus of the centre lies in the flat. As the coordinates of the centre 
are expressible in terms of p' and q\ which are subject to the permanent arc- 
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relation Ap'^-{-2Hpq'-\-Bq^=l, so that they are expressible in terms of a single 
parameter, the locus of the centre is a curve in the orthogonal flat. 

To obtain the curve, we refer the configuration to three non-complanar axes 
OXy OY, OZy in the flat, with typical direction-cosines 


2?11 '^12 V22 

i J 1 J I J 

a“ c“ 



respectively ; and we write 

— - 1 f 

cos yOZ = - t 2 ‘J?i 2 ^ 22 = 

(be)- (be)- 

j~ cos ZOX= i^^'q22Vll~ T’ 

(ea)* (ea)* 

^=C0S XOY= — f = — -i , 

(ab)‘ (ab)* 

the axes usually being oblique. Let Xc, j/c, Zc> denote the coordinates of the centre 
of curvature relative to these axes ; then by projecting upon the three axes in 
succession, we have 

^0 + +jze = A S’?!! (yo -y)=^^ 

a“ 

+ yc + < = \ S'7i2 iyo -y)=Y 

b“ 

jx,+ iy,+ 2 ,= \ ^-naiyo- y) =z 

e- 


while 


p2 = av" -f + ^2 -f 2jz^x, + 2kx,ij,y 


the last relation being the expression of the distance of x^y yc, 2 ;^, from the origin 
without specific reference to the significance of the point. 

Now we have 


P P 

and similarly for Y, Z : that is, 


'E,vniyo-y) = ^ 


\ XaJ=a,p'^ + 2hp'y' + gq'^. 


~(a^+h^^+g^) = \za% 
P^\ a- b* e*/ 




Hence, as 
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we have 



Similarly from the values of Y and Z, we have the respective equations 



The determinant of the coefficients of the three terms on the left-hand side, being 

a, h, g , 
h, b, f 
g, c 

is not zero ; and therefore 

&^pY^=^Xc, 2h'pYq' = yc, c‘pY‘=Zc- 

The equations of the locus result from the elimination of p', q', among these 
equations and Ap'^+2Hp'q' + Bq'^=l ■, and they can be at once obtained in 
the form 

— ^ A ’ 

(ac)® 

A II B 

aJc* + 2/c“ + Zc* + + 2jzpr, + 2hx^y^ =-^x^ + ^y,+ ~iZ,. 

a" b* c* 

The former equation represents a quadric cone with its vertex at the origin ; the 
latter equation represents a sphere, passing through the origin. The locus is 
therefore a skew quartic curve in the orthogonal flat, being the intersection of the 
sphere and the cone. 

Let the coordinates of the centre of the sphere be denoted by then, 

as usual, they are given by the equations 

a“ 

b“ 

jL+‘i'Vc+ 

c* J 
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If the quantities on the left-hand sides of these equations be denoted by Xc, Yg, Zg, 
respectively, we have 

(1 - i^)Xg^+ (1 -/) P.o-Kl - k‘)Zg‘ 

- 2 (i -jk) YgZg -2(3- ki) ZgXg -2{k- ij)Xg Yg 

= (1 - i * -f -k^+ 2ijk) ($g^ + r,,* -t- + 2ingig + 2jUc + mcVc) 

= D*, 

4abc ’ 

if D denote the diameter of the sphere ; and therefore that diameter is given by 

yD2 = ^2a + 2AHii -h + 2ABg + 2HBi + B^c . 

The magnitude D, an intrinsic quantity belonging to the surface and inde- 
pendent of directions on the surface, will naturally be an invariant appertaining 
to the surface. By direct algebra, its invariantive expression is found to be 

rD2 = J, - iF2/o - IV^KI^ + 

where K is the Riemann sphericity, and Zq, Zi, *Zi, are the invariants connected 
(§ 137) with the principal circular curvatures of the surface. 


142. Thus the locus of the centre of circular curvature of geodesics through 
any point of a surface is a quartic curve in a triple space, when the number of 
dimensions of the plenary space of the surface is five or more than five. (As 
already noted, the locus is part of a straight line when the plenary space is triple, 
and is a plane lemniscatc when the plenary space is quadruple.) 

When the plenary space of the surface actually is quintuple, there exists a 
property of the surface which is peculiar to surfaces in a quintuple space. 
The equations of the orthogonal flat, which now is the complete orthogonal 
homaloid of the surface, can be taken in the form 


for they obviously provide a homaloid orthogonal to the tangent plane 


y-y> 


dy dy 
^ dp^ dq 


= 0 . 


To obtain the equations of the envelope of this flat, we associate its pair of equa- 
tions in the stated form with the additional equations of the type. 
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that is, when account is taken of the earlier equations, 

and '£t{y-y)'nii=H ■ . 

^(y-y)v22=B, 

The five equations also give the limiting position of the intersection of the 
orthogonal flat with the orthogonal flats at all points of the surface immediately 
contiguous to O ; and they involve the five magnitudes y-y linearly. Now 
the determinant of the coefficients of the five magnitudes is equal to 

F a, h, g S 
h, b, f 
g, c 

and therefore it is distinct from zero. Thus the five equations determine a unique 
point, which will be called * the normal centre of the surface in quintuple space. 

As the normal centre lies in the orthogonal flat, we denote temporarily its 
coordinates referred to the former axes in that flat by x^, yn, ; then as 
^*{2 (^""2/) ^ 11 } projection, upon the x-axis, of the line joining it to the 

origin, we have 

Xn + hn +j-n = ^^{'^{y-y)'nii^ = , 

in the present instance ; and similarly 

jXn + iyn + Zn = C^B. 

Hence 

or the normal centre is the extremity, other than 0, of the diameter through 0 of 
the sphere, which occurs as containing the locus of the centre of circular curvature 
of the geodesics on the surface through that point. 

Moreover, the orthogonal flat of the surface contains both the prime normal 
and the trinormal of any geodesic ; and it contains a line at right angles both to 
the prime normal and to the trinormal. This line also is at right angles to the 
tangent and to the binormal of the geodesic, because it lies in the orthogonal flat ; 
and therefore, when the plenary space is quintuple, the line is the quartinormal 
of the geodesic. We consider the projections of the diameter of the sphere upon 
the directions of these three organic lines of the geodesic. 

* Distinct from the orthogonal centre for a direction on a surface in quadruple 
space, which is the limiting position of the point of intersection of the orthogonal plane 
by the orthogonal plane at a contiguous point along the selected direction. There is 
an orthogonal centre for each direction on the surface in quadruple space. 
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(i) The projection of the spherical diameter on the prime normal 

= p X {(^11?^'* + -t- V22q'^) (y - y)} 

= p (Ap'^ + 2Hp'q' + Bq'^)--=p. 

(ii) The projection of the spherical diameter on the trinormal 

— ^h{y~y) 

v2^i) (y - y))> 


;ause of the value of on yj. 3G4. Now 

^^i(y-y)=p''^ {^11 iy - y)} + 7' S {^12 (y - y)) 

= Ap' + Hq' = Ui, 

i, similarly, 

'£,iiiy-y)^Hp' + Bq' = U2 ; 

ice the required projection 

\ P'^ 


;ausc of the value of the torsion (§ 129). 

iii) In the present instance, when the plenary space of the surface is quintuple, 
typical direction-cosine of the quartinormal is 

P7Jll+Ql?,2 + -fil722, 

ere P, Q, P, have the values given in § 134. Hence the projection of the 
lerical diameter on the quartinormal 

^'^hiy-y) 

— ^ {(^’7ii + Q''1i2 + ^^'722) (y ~ y)) 

=AP+HQ+BR 

— .PI. . (ay'2 - hy'p' + gp'^) + H ^q'^ - hq'p' -I- ip’^) + B {gq'^ - iq'p' + cp'®)}. 

T/Va 


: this length be denoted by L. 

Thus, in the orthogonal flat, the diameter of the sphere, denoted on ]). 395 by 
when projected upon the prime normal, the trinormal, and the quartinormal, 
Ids the respective components 


P^ 


pr 

O’ 


L-, 


1 therefore, as these three lines of reference are at right angles, we must have 

o^ 
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When the values of the various magnitudes are substituted, the relation becomes 
an identity. Further, the relations which give the normal centre of the surface 
can be represented by the typical equation 

y-y=Xp + li^- + lJj ; 

(T 

but it must be remembered that the results apply only to a surface which exists 
in a quintuple plenary homaloidal space. 

We may note, in passing, that this magnitude L can be used for the expression of 
the two quantities 

which arc covariants of the system of forms belonging to the surface, the value of 
AB-2HH ^BA being known (p. 367) to be given by the equation 

\ab-2Hh+bA)=y^{^^,+1,A, + k). 

The coordinates of the normal centre of a surface in quintuple space can be repre- 
sented by the tyjucal equation 

y-yJle+^A^^ + EX + Fl, + Gl„ 

with appropriate values of 0, (j>, B, F, G. Owing to the relations 

satisfied by those coordinates, we at once have 

0 = 0, (f> = 0. 

Also, as we havt‘> just established the properties 

'^X(y-y)=--p, Yj^i{y-y)=-\ '^h(y-y)=L, 

we have 

E = p, F = ^'', G = L, 
a 

so that our typical equation becomes 

y-y = Xp + ^4 — + ZgZr. 

a 

When these values are substituted in the earlier equations (p. 396) 

'^{y-y)vu=^> ^iy-y)vi2=JA '^{y-y)v22=B< 

A=pA+^-A^+LTq'\ 

G 

H = pH+^-H^-LTqy, 

G 

B=pB+^Bt+LTp'^ 

G 


we have 
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Let these values oi A, H, B, be substituted 'm AB- 2HH + BAy so that 

_ _ _ 

AB- 2HH + BA=2p{AB- m) (A^B - 2HJ1 + B^A) + L y t ; 

or, when we substitute 

and adopt the known value of the left-hand side, we have 

Similarly, let these values oi A, H, B, be substituted in AB^- 2HH^ + BA^, so that 


AB^- 2HH^ + BA^ = p(ABi - 2HH^ + BA^)+2 ^ {A ^B^ - ; 

(T 


or, when we substitute 


A,B,-H,^=-~ 


and insert the value of AB^-2HH^ + BA^, which has just been obtained, we find 


AB.-2IIH. + BA^ = V’^ 




pan _ 1 _ 1 

T (j2 


Property of the locus of centres of circular curvature of concurrent geodesics. 
143. Returning to the more general case, when the plenary space of the surface 
is not restricted to be quintuple, we can associate one property, of curves of 
circular curvature through a point 0 on the surface, with the skew curve in the 
orthogonal flat which is the locus of the centre of circular curvatures of superficial 
geodesics at the point. This skew curve is the intersection of the sphere 

+ ^2 _|_ 2;2 2iyz + 2jzx + 2kxy =2lx-\- 2my -h 2nz, 

with the cone 

p,y^=2xzy 

where 

2l=AV, 2n=5c% 2/xb = (ac)“, 

the two surfaces being referred to selected axes in the flat. The radius vector r 
from the origin 0 to a point on the curve, in direction and magnitude, is a radius 
of circular curvature p of a superficial geodesic in the direction p\ q\ through 0, 
such that 

^ = -y—=^- = r2=p2 
2b'p'<7' c^q'^ 
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Now ono definition (§ 136) of a curve of circular curvature on a surface requires 
the circular curvature of a geodesic, touching the curve, to be a maximum or a 
minimum among the circular curvatures of all the geodesics through the point. 
Accordingly, among all the radii vectores from 0 to the foregoing curve, those 
belonging to a curve of curvature on the surface must be either a maximum or a 
minimum ; and therefore each such radius vector must be a normal to the curve- 
locus drawn from 0. Let fgj '>?o^ denote the coordinates of the foot of such a 
normal, referred to the axes in the flat. The direction- variables x , y\ z\ of the 
tangent to the curve-locus at 7]q, are given by the two equations 

(^^0 + ^0 +3 So - 0 + (^^0 + ^0 + i So - y' + Uio + '^Vo + So - ^0 2' = 

The equations of the radius vector, referred to the flat, are 

X _y _z 
Vo So 

The condition, that the tangent to the curve and this radius vector shall he at 
right angles, is 

^qX' -h H- ^(,2:' + i {rj^J + ^^y') ( So^^ + ^qZ') + k {^^y I rj^x ) — i). 

Thus there are three equations, homogeneous and linear in x\ y\ z . For the first 
of them, when combined with the third, an equation 

lx' -\- my' ^-nz 

can be substituted ; and then the result of eliminating x' , y' ,z' , gives an equation 

S’o'h^^o'^ySoj Soj ^ 

^■^0+ ^o + «^’So> 

j^0+ ^^0+ So» fo. ^ 

to be satisfied by tjq, This equation represents a quadric cone in the flat, 
having its vertex at 0. 

But the coordinates tjq, also satisfy the equation 

Hence every such normal to the curve-locus, that is, every principal radius of 
circular curvature of the surface at the point, is the intersection of two quadric 
cones in the flat, the cones having a common vertex at 0. Accordingly, there are 
four such principal radii of circular curvature. Their directions are those of the 
four generators common to the two cones. Their magnitudes are the intercepts 
made on the sphere 

+ 1/2 + ^ 2 + 2iyz -h 2jzx -h 2kxy =2lx-\- 2my -[- 2nz 
by the four generators. 
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To obtain more specific expression for the generators, we represent any 
generator of the cone ^y^=2xz parametrically by the equations 

x=2iiJdHy y=26z. 

Then the values of the principal parameters, corresponding to the four principal 
radii of circular curvature, are the roots of the quartic equation 

+2kd + j, 1, Z =0. 

4 . 20 H- i, - 2/X0, m 

2 ^/ 102 + 210 + 1 , 2 / 102 , ^ 

The generator, as to direction-variables 7 ', is given by 

a>'2 2by7' c“7'2 ’ 

so that, in this connection, we have 

2/x02_ 20 _ 1 

2bV(Z' 

When these values are substituted, together with the values of /x, I, m, n, and the 
values of the axial constants 2 , j, k, the equation is easily transformed so as to 
become 

ap'2-|-2hpY-fg7'2^ A, 7'2 =0, 

hY 2 + 2 bpY + f 7 ' 2 , H, -q'p' 
gp'^ -f 2fpq' -h C 7 ' 2 ^ B, p'^ 

that is, in effect, 

A, Ay 7'2 - 0 ^ 

H, Hy -qy 

By By 

being the former equation (§§ 106, 136) for the direction- variables of the curves 
of circular curvature on the surface. 

Locus of centre of spherical curvature of concurrent geodesics. 

144. The locus of the centre of spherical curvature of all the geodesics passing 
through any point 0 on a surface (this centre will be called the spherical centre of 
the surface) is obtainable in the same way as the locus of the centre of circular 

curvature of those geodesics. We measure a length p, along the prime normal of a 

geodesic up to the centre of circular curvature ; and from that centre of circular 
curvature, along a direction parallel to the geodesic binormal at 0 , we measure a 

2 c 


F.I.O. 
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distance The point thus obtained, is the centre of spherical curvature at 
0. If ys denote its typical space-coordinates, we have 

ys-y=Yp+i^p 1 /a a \ 

=p®(w'®+2’?i2pY+ W®)+ y (aj ap“V ' 

Hence the locus of S lies in the hpmaloid 


Vs-Vy Vll> ^12, V22y 


dy dy 
dp ’ dq 


= 0 , 


that is, in the quintuple homaloid generated by the two leading lines of the tangent 
plane and the three leading lines of the orthogonal flat of the surface. 

The last statement implicitly assumes that the plenary space is at least quin- 
tuple. When the space is only quadruple, there is no orthogonal flat of the surface : 
the orthogonal homaloid is a plane. When the plenary space is only triple, there 
is no orthogonal flat : the orthogonal homaloid is a line. These two exceptions 
require separate discussions, respectively, which will come later ; and, for the 
immediate purpose, we shall assume that the iflcnary space is quintuple at the 
lowest. 

The locus is referred to five axes in the quintuple homaloid. Two of these 
are constituted by the parametric directions at 0, taken along tangents in the 
tangent plane, inclined at the angle e ; when the coordinates relative to these 
axes are denoted by and we have 


^ op I 
I ^^dy . . 


The other three axes are constituted by the same three lines in the orthogonal 
flat as are used (§ 141) for the locus of the centre of circular curvature ; when the 
coordinates relative to these axes are denoted by y^, we have 

Xs + -T ^ ■nil {ys - y) 

a* 

hx,+ y.+izs^^'^viiiys-y) L 

b' 

jx, + iy, + 2, = ^ ^ »?22 (2/s - 2/) 

where, as before, 

i(bc)“=f, j{ca,y=g, A;(ab)^ = h. 

Also, regard being paid to the distances measured along the prime normal and 
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along the direction parallel to the binormal (these directions being perpendicular 
to one another), it follows that 


w'^ = + 2^,V3Cos 

+ 2iy,z, + 2jz,x, + 2kx,y, = p\ 

the plane of tg, v^, and the distance w, being orthogonal to the flat of y^, Zg, and 
the distance r. 

Moreover, we require the parametric expressions of p and of ap\ For p, we 
have 

i = a/-H-4VV + 6k/V + W+c,’.. 

The parametric expression of ap' has not yet been obtained. We have had 
(§ 106) 


and therefore 


F_ 

A, A, 

q'^ 

y 


n, II, 

-q'p’ 



B, B, 

p'2 


Vp^ 

A 

H 

B 

a 

y 

P 

J 

P 

P 


A, 

II, 

B 


pY’‘> - 

pYY. 

py 


— T 

— ^ 2> 


a form that will prove useful for substitution. Also (§ 101) 

dJV 
ds \p 

and therefore (p. 270) 


- (' ) = + 3enap' Y + ^ 122 ?' q'^ + ‘’222?'®> 


+ '3p'Y M 112 P'* + 2// ii 2 P'q' + 

+ q'^ {^222?'^ + ‘^H^^^p'q’ + ^2227'^) 
= Cop'® + 6e^p'*q' + ]0e2p'®‘7'^ + \0e^p"^q'^ + be^p'q'* + e^q’^= , 


for brevity ; hence 

= -p- p‘^Qh^ 

the form which will be used. 

To obtain the locus of the centre of spherical curvature, the directi on- variables 
p', q\ have to be eliminated. As we arc to obtain a curve in the quintuple homaloid 
of reference, it will be sufficient if four equations among the five coordinates of 
reference to that homaloid are obtained : and they can be derived as follows. 
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When the general value ot y^-y is substituted in the five equations for 
ysj we at once have 

^ 1 , Vw , 

«, + v,COS€= --T Vapq = iq, 

A‘ 

. 1 T 7 / / Vw , 

'y, + ^,cos€= ~^Vapp= -rP, 

B* S” 

the elimination of j>' and q' from these two equations and the arc-relation 
Ap'^-[-2Hp'q' + Bq'^=\ merely reproducing the value of w. 

Again, as in § 141, we have 

+jz, = 4 + 21^9'?' + g9'“) p® 

a* 


= Bi^p'^p^ -h 2kb''p'q'p^ 

.1 


so that 

(x, - a.YY) + ^iys- 2hYq'p^) -hj {z, - G^q'^p^) = 0 ; 
and, from the two similar equations, 

k (x, - a>'2p2) + {y^ _ 2b> Yp2) ^ i - cV7'2p2) ^ 0^ 

j (x, - ayy) + z (y, - 2hy q'p^) + {z, - c^qY) =0. 

The determinant of the coefficients does not vanish, being equal to 

Y 

abc' 

hence we have 

Xs = ayy, y, = 2hY q'p^, z, = c^q'Y^. 

We therefore have the five coordinates expressed, explicitly, in terms of the 
direction-variables p\ q, which are subject to the relation 

Ap'^ + 2Hpy + Bq'^=l. 

As (equations, the combination of which constitutes the eliminant, we have at 
once 

{ta + v^co^e) _2h^Zs_ a^y^ 

B^ {v, + 1, cos e) cy, 2'\Yx^ ’ 
the common value of each fraction being qjp ' ; and 
A H B 

-i2:,+ -T ys + -^z,=p^=Xs^+y,^+z,^+2iy^,+2jz,x, + 2kx,y„ 

a* b* c’ 

effectively three equations of the second order. For the remaining equation, we 


op'= -ipP*Qi- 


use 
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while 


r.=' ^ 

P P P 

A, H, B 

pY\ -P^q'p', pY^ 


,+ fiy,+jZs=\ '^■nii{ys-y)= 4(ay* + 2h/5' + gg'2)=:-\ 
a' a* a* P 


and similarly for H/p, Bjp ; thus 




a^ ( x, + ky,+jz,). 

A, 

2,C 

h'(kx,+ y,+iz,). 

H, 

-iVs^ 

iy>+ z,), 

B, 

Xg2i 


ii homogeneous quadratic expression of the second degree. Also 

P*Qi=p'p‘' (®oP'* + 4eip'®//' + de^p'^q'^ + degp'®?' + e^q'*) 

+ q'p* (®ip'* + ‘i^iP'^q’ + ^^sp'^q'^ + i^tp'q'^ + ^bq'*) 

=P' ( * + 2 y,* + 2 x,z, + 2 4"i y,Zs -I- 2 /) 

va a’b' ” a"c“ b'c* ^ ' 

+ j' (®i +2 P-, x,y, + y,^ + 2 ^ x,z, + 2 y,s, + ® v) 

\a a'b* “ a‘c“ b'c' ^ > 

=p'R^ + q'S^, 


where and denote homogeneous quadratic expressions of the second degree. 
Hence 

- Vp'R^+ V(j'S„ 

and therefore 


that is, 


(ctp')2T,= - VapYR^^ Vap'q'S^ : 


(Vg^ + 2Vsts cos € + 1,^) T 2 + ^4 * {tg + Vg cos e)iSj. + (v^ + cos t) R^ — 0, 


a non-homogen eons equation of the fourth degree. 

Thus the eliminant is composed of one equation of the fourth degree, and of 
three linearly independent equations each of the second degree ; and no one of 
the equations can be reduced in degree, nor can equations of lower degree be 
obtained by combinations of the equations. The required locus lies in the quin- 
tuple homaloid ; hence it is a skew curve in that homaloid. of degree thirty-two. 


145. The converse of the foregoing analysis leads to the parametric repre- 
sentation of the curve and to a verification that the curve is the locus of the 
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centre of spherical curvature of superficial geodesics through the point. Thus 
the equation 

can be represented by the equations 

a“p'2 2by7' 

the common value of the two earlier fractions being a parameter q'jp ; and then 
we also have 

1 i 

^ COS€) + COS€) , 

As only the ratio p' : q' has been thus far used, we take 

Ap'^-]-2Hp'q'-hBq'^=l. 

Then the equations in v, and tg give 

02 _ y 2 (^^2 2t^Vg cos € 4- Vg^) = Vhv ^ ; 
while the equations in Xg, yg, Zg, give 

r2 = Xg^ + + Zg^ -f- 2iygZg + 2jZgXg + 2kXgyg 

=02(ap'4 + ihp'Y + 6kp'2^'2 ^ 4fpv^'3 c(7'4), 

so that 

<t>=^rp. 

The equation of the sphere, being 


now gives 


A H B ^ 

a?s + -TS^s + - i 2:.,=r2, 

a“ b* c- 




that is, r=p. Then the final equation 

(Vg^ + 2Vgtg cos e + tg^) Ta + A t (tg H- Vg cos e) S 2 + B^ (Vg + tg cos c) R 2 = 0, 
when substitution is made, gives 

W = (Tp\ 

Hence, if R denote the radius vector from 0 to a point on the locus, where the 
coordinates arc tgj Vgj Xgj ysj 

R^ = x^ + y^ + + 2iygZg 4 - 2jZgXg + 2hXgyg 

4- ig^ + 2tgVg cos € + 

= pH((7p')^ 

or R denotes the radius of spherical curvature. 
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We at once infer the equation which determines the direction of the curves of 
spherical curvature. They are such as to make R a maximum or a minimum, and 
therefore (§ 57) they are such as to make the tilt vanish ; hence, from the value 
of 1 /t as obtained on p. 368, the directions of the curves of spherical curvature 
are given by the equation 

cp'" - + (6 + 2g)p' Y" - 26p'y'3 + = 0 

and there are four curves of spherical curvature through each point on the surface. 

146. When the plenary space is quadruple, the determinant Y, being 

a, h, g , 
h, b, f 
g, f, c 

vanishes ; and there are relations among its first minors a, 6, c, f, g, h, which 
may be taken * in the form 

f=gh- af— - (Be)*, g = hf-bg— (ca)“, 6=fg- ch= - (aB)*. 

But now the three directions determined by the quantities 7 / 22 , lie in the 

orthogonal plane and no longer can be leading lines of a flat ; they are connected, 
for all the four variables, by the relation 

For the locus of the centre of spherical curvature, two of the axes are taken in 
the tangent plane exactly as before ; and, again denoting the corresponding 
coordinates by and we have 

Tr ^ / TT , 

ts-^VsCOS€= - V - , q , Vfl + ^aCose= V - , V , 

where 

w=ap, cos € + 

In the orthogonal plane of the surface, we take the lines determined in direction 
by the typical magnitudes rj 22 , at an inclination cu ; then, denoting the co- 
ordinates of the centre of spherical curvature relative to those axes by and 
we have 

X, + z, cos o) = X S ’711 {ys -y)= i + g?'®) /5^ 

a* a* 

X, cos o) + 2, = T 2 "nzi (ys - y) = 4; + Wq' + p*. 

C“ C“ 

* G.F.D.y vol. i, § 214 ; for the following discussion, in part, reference may also be 
made to § 242, l.c. 
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while 

+ 2XgZg cos OJ + 2^2 — 1-2 = p 2 
With these, we combine the permanent equation 

thus obtaining three equations linear in q^. We denote by I the quantity 

l=Ak^ + 

which is an invariant of the surface * ; and we find 

+ \ [ {Be* - Hi*) - - P, 

»■ la’ c' J 

2lp'q' - - 6- + ~ |®U + ^ 4 = 

»■ la' J 

¥"-c' + ^6'| = R, 

»■ Ic’ a' J 

which can also be written in the forms 



Thus two of the three equations of the curve-locus are 

A^ (t„ -h ?^sCos €) _R Q 

(l^,-h^i,COS€) ® 

the common value of each of the fractions being q jp . When the equations are 
taken, by equating the first fraction to the second fraction and to the third fraction 
in turn, they are each of the third order in the coordinates. 

The parametric value of crp' has not yet been used. Being concerned with 
equations which, except for the relation Y=0, are independent of the dimension- 
ality of the plenary space, it is given by the same formula as for the more general 
case ; and therefore 

-^=p'R^ + qSi, 

^4 = + 4eip'3g' + ^ 4e^p'q'^ -h e^q'^, 

= e^p'* + 402 ^'^^' + 6e^p'Y^ + ie^p'q'^ + e-^q'^, 

* G.F.D., vol. i, §§ 240, 364. 


where 
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V 

up 


a^'^ + 3hjo'2gr'-|- 3kyg'2-^f^'3^ + ffy' 

h/)'3 + 3kj9'2g' + 3f^'g'2 cg'3^ //^' + Bq' 



so that 7^4, S4, §4, are homogeneous quartics in jp', q'. Thus 


- Vq'S,- Vp'lt, ; 

P 

and therefore 

Q,^^Pl"=-S,Vq’ap’-R,Vp'<Tp’. 

P 

Hence 


ts^ + 2l,i^co^a€-\-vl 
+ 2x^2., cos w + 2/ 


s. i 

f r^cos e) 
V4 


^5“(^;, + ^3Cose). 
V4 


But 

S4 _ eiP2 + 4e2Pg + e., {iQ^ + 2P/2) + 4e40P + e,R^ Z4 

Q ~ (an-hA)P^^ f {fB - cH ) ~ Z4 ’ 


and similarly 


^^1^4 

^4 


where X^, Z4 are non-homogeneous expressions of degree four in and y , ; 
and the equation therefore is 


Z4(^2 4-2/,?j^cos€ + ^;,2) 

- + 2x^2^ cos oj + zj^) {A (tg + Vs cos e) - (Vs + tsCos e)}, 

an equation of the seventh order, as there is apparently no reduction. 

Thus the locus in question appears to be a curve of degree sixty -three in the 
plenary quadruple space. 


147. When the plenary space of the surface is triple, much of the foregoing 
analysis is evanescent ; for, not merely does the determinant Y vanish as in 
quadruple plenary space, but every first minor a, 6, c, f, g, t, also vanishes. It is 
simple to investigate the locus of the centre of sj)herical curvature directly. 

The normal to the surface at any point is a unique direction at the point, 
unaffected by any superficial direction through the point. Accordingly, to repre- 
sent the locus of the spherical centre for all geodesics through the point, we take 
the two parametric directions in the tangent plane as axes of x and y, and the 
normal to the surface as the axis of 2. Still denoting the angle between the 
parametric curves by €, and denoting the coordinates of the spherical centre 
at 0, relative to these axes, by x, y, 2, we have 

1 

(x-hy cos€)4*= -q'Vup = -q'Vw, 

X. 

(xcos€ + !/)J3^= p'Vap= jp'Vw, 
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while 

Also we have z=pj so that 


2xy cos € + 2 /^. 
^=Ap"^ + 2Up'q' + 


where A, H, B, now are independent of the direction-variables p\ q. Further, it 
is known * that 

Q = + 'iQijy + ZRp'q'^ + Sq'\ 

where P, Q, R, S, like A, II, B, are independent of p', q ' ; and, as usual, we have 
-= (Ijo' + Hq') (Hp' + Bq') - (Hp' + Bq') {Ap' + Hq') 

G 

=a^'2+ 2j3pY + yq'^, 

with obvious significations for a, /3, y, which are independent of p\ q'. Hence 

tv op _ y Pp'^ + '^Qp'^q' + ^Rp'q'^ + Sq'^ 
p^ ap^ + 2^p'q' -\-yq'^ 

For the curve-locus, two equations are required involving x, y, z, only, among 
the magnitudes that vary from one geodesic to another. We have 

— (x^ + 2xy cos € + y'^)~A (p' VwY + {p* Vw) [q Vw) -h B {q' Vw)^ 

z 

= AB {y+x cos €)^-2II (A B)- (x-{-y cos e) (y -f- x cos e) -f- BA (x + y cos 


being an equation of the third degree. Again, 


\(x^ +2xy co^ € + y^) 
z‘ 


- _ y,^ Pp'^ + 2Qp'q' + IW^ Qp'^+JRpY + Sq- 


leading to 


ap^ + 2^p'q' + yq'^ 


ap'^ + 2^p'q' -Vyq '^ ’ 


1 

^2 


(x^ -f 2xy cos e -h i/2) = 


1. 

(x + ycos €)A*, 
1 

{x C 0 S€-|-^) 5 % 


Pp'^-i-2Qpq' + Rq'^ 
ap'^-\-2pp'q' + yq'^ 
Qp'^ + 2R p' q^-^S q'^ 
ap'^ + 2ppq +yq'^ 


When, on the right-hand side, we substitute 


A'^ix + y cose) 
B*{x cos€-\~y) 


for q'lp', the equation is a non-homogeneous equation of degree five. The locus 
required is therefore a skew curve of degree fifteen. 

* See my Lectures on Differential Geometry, § 40. 
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Centre of globular curvature of a superficial geodesic. 

148. The centre of globular curvature of a geodesic is attained by measuring 
a distance p along its prime normal (up to the centre of circular curvature), a 
distance ap along a line through the centre of circular curvature parallel to the 

HR' 

binormal (up to the centre of spherical curvature), and a distance t — ^ along a 

ap 

line through the centre of spherical curvature parallel to the trinormal. If is the 
typical space-coordinate of the centre of globular curvature, then 


V!i-y=Yp + l^p' + liT 


RR' 

/ • 

Gp 


The locus of the centre is a curve, lying in a quintuple homaloid, leading lines of 
which are provided, as to two, by the tangent plane, as to the remaining three, 
by the orthogonal flat of the surface. 

For the more definite coordinate-specification of the centre of globular curva- 
ture, wc choose the same axes of reference in this quintuple homaloid as were 
chosen in connection with the locus of the centre of spherical curvature. The 
parametric directions in the tangent plane are chosen as axes of v and t ; so that 
we have 


while 


1 9?/ , . 1 , 

< -I- U cos e = — ^ ( 77 , -y)=- -T op Vq 

A‘ A‘ 

1 9 ?/ . . 1 . __ . 

v + lco&e = ^^~(T]g-y)= - iopVp 

(ppY = + 2tv cos €-hV^. 


The three axes of reference in the orthogonal flat are the lines determined, as to 
direction, by the magnitudes rj^ 2 y V 22 > hence, when the coordinates of the 
centre of globular curvature (relative to these lines) are denoted by Xg, yg, Zg^ wc 
have, by taking projections along the axes, the relations 

^ 0 + +Pg = 4 D ('no - y)> 

a“ 

b* 

jx„+ iy„+ Zg=\'^-n22(no-y), 

C“ 




3= 


e 


(ca)’“ ’ 


k 



with the former values 
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Thus, when the values of the quantities yjg - i/q are substituted, 


+ A = T i (SLp^ + 2hp'q + gq^)p^-hA^T — > , 


^a+ y® + I (hp'* + 2hp'q' + fq' 2) p2 + /V I , 

b” I J 

1 r Rii'^ 

jx, ^ iya+ Zg= -A (gp'* + 2fp'</' + cgr'2) p^ + B^T 

c* I ‘^P J 


ajo '2 H- "Ih'pq + gq'^ — a^ ( -h k2h^p'q' -^-jo^'q'^), 

hp'2 + 2bj9Y +¥" =b^(i:aV"H ‘ibVf/' + ^cY^)^ 

g2?'‘^ + 2fY^' +C(/'2 = c“(yaY'^+ i2h^p'q'+ t^q^)\ 

and therefore 

(x, - sl^p'Y) + Hyg- 2b>'?'p®) +i (Zg - Aq'Y) = T , 

a* ‘^P 

k (Xg - a,YY) + (yg - 2b’‘>'(/'p*) + i(Zg- cYY) = , 

b* '^P 

j(Xg - n’p'Y) + i{yg - 2b>'yy) + (z, - c^Y) - r . 

c« ap 

The values of ^ 4 , can be taken (p. 368) in the forms 

= y K (bp' + gq') - V, (ap' + by')} , 

- J, K (bp' +%')-«, (hp' + br/)}, 
pT V 


1 


and therefore 


,{vi(f/ + cg'')-?; 2 (gp' + Y)} : 


i44aH 7/4h } /^4g=. ~^^Yv^p\ 


with like expressions for A^A-IIJ-A-B^^^. When the equations 

for Xg, yg, Zg, are resolved, we find 


(^.-aW): 


j33A^.l (1 + + 


^P la' 


tRR' 1 r o . - 

- - r — - (Aga. + + B^g) 

^P a’bc 

tRR' Y pT , 

= r-x-jF^iP. 

°P a*bc ^ 
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Similarly for yg and z, ; the values are 
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Xg- a,‘p'^p^=a,‘ 

y„-2byyV=b“ 

Zg - cy^p* = c‘ 


~Vap' 

pr^RR' 

f^^R R' 

Vap 


iPiT - ^’2?') 
v,q'. 


Thus the five coordinates are expressed in terms of the direction-variables p', q, 
subject to the relation Ap'^ + 2Hp'q' + Bq'^=l ; for expressions for p, op', t, in 
terms of p' and q' arc known, while 

RR' (1\ 1 ..,p'\<r'p' 

p^aY ds^ \pj ctV P^ a p^’ 


SO that the parametric value of RR' is known. But there seems no simple form of 
oliminant, in the shape of four equations between the coordinates t, v, Xg, yg, Zy, 
for the expression of the curve free from the direction-variables p', q . 

It is easy to verify the relations 


^^17 Hyg Bzg pr RR 

— -f — r I 1 =P“+ 'T 7 

a“ h^^ c“ ^ 

i > X P> 

a' b' c* 

^i^gIhy«BtZg RR' 

a" c* ^P ^ 
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Parametric definition of a curve on a surface. 

149. Thus far, the only curves which have been considered in their analytical 
relation to a surface are its organic geodesics ; we now proceed to consider 
some properties of any non-geodesic curve on a surface. It can be represented 
analytically by an equation 

e{p, q) = 0 

between the superficial parameters, the function 6 being unrestricted. Its tangent 
at any point is a tangent line of the surface ; and the direction-variables p', q', of 
its tangent satisfy the equation 

0 ip-\- 62 q' = Oy 

where 6^ and 02 denote the first derivatives of 0 with regard to p and q respectively, 
so that 

f=f^={Ae,^-2ueA+ne,r'^=K'. 


Thus differentiation, taken along the curve, of magnitudes which are functions 
of position alone, such as A, H, B, F, can be expressed as parametric differentiation 
by means of the equivalent operators 


d 

ds 



But this operation cannot be repeated, without modification ; and it cannot be 
performed upon a magnitude which is a function of direction as well as of position. 
For second and higher derivatives in the surface, both in significance and in 
analytical expression, there is a difference according as they continue to be taken 
along the curve or as they are to be taken along a superficial geodesic touching the 
curve. To represent geodesic differentiation, the former notation 


V 


n 


d^p 

d?^ 


d^q 

ds^ 


and similarly for higher derivatives, will be used ; for differentiation along the 
curve (which still is differentiation on the surface), the notation 


-n " ^ n 

Pt , ^2’ S'' 




and similarly for higher derivatives, will be used. 
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For the representation of repeated parametric differentiation of 6 , we shall write 

_d^e dw _d^e 

^11 9^2 » ^12 ^22 3^2- 

Hence along the curve 0 = 0 , we have 

0\Pt' + + ^\\V^ + 2012^"?' + ^22?'^ = ^ i 

and therefore, when we take symbols S'j2» ^22^ analogous to 1711, 1712, t 722» such 
that 

' 9 ' ii = “ ^1^11 ~ ^2^11 1 
'^ 12 — ^ 12 “ ^ 1 ^ 12 “ ^ 2^12 I > 

'^22 ~ ^22 ~ 22 ~ ^2^ 22 j 

as well as a symbol 0 such that 

0 = '1>ii/^ + 2S^12PY+ ^22^ ^ 

the last equation becomes 

^1 iPt" 2 /^ i2P'q + r' 22(7'^) + 62 ~^^iiP'^ + 2 A i2Pq + ^ 22?'^) = - ©■ 

But when we take a differentiation of the permanent relation 

Aj)'^ + 2Hj)'q' + Bq^— 1 , 

merely in the surface along the arbitrary curve and not specially along a geodesic, 
we have 

(Ap' + Hq') ipr + r,,p'^ + 2r,,p'q' + r,,q^) 

-I- (Hp^ + Bq') (q'' -1- A,,p'^ + 2 A,,p'q' + A ,,q'^) = 0 . 

Also 

-(rnY^ + 2n2Y^/ + r22^/2), q''^-(A,,p'^ + 2A,,p'q'^-A,,q'^), 
along the geodesic which touches the curve ; hence the foregoing equations give 

Pt"-P" _ 


where 


Hp' + Bq' -(Ap' + Hq') C 


C=9,(Hp' + Bq')-e^{Ap' + Hq')^ , 


on substituting the values of p' and q'. Thus 

p;'-p'^= K'{Hp' + Bq')&]^ 
q''-q"=-K'(Ap'-hHq')0}' 

Again, for the second variations of the typical variable y, along the curve and 
along the geodesic touching the curve, we have 
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and therefore 

= -«:'©F/3, 

where is the typical direction-cosine of the binomial of the superficial geodesic 
(§ 371), being a line in the tangent plane of the surface at right angles to the 
common tangent of the curve and the geodesic. 

Now let pc denote the radius of circular curvature of the curve and Y c denote 
the typical direction-cosine of its prime normal, these quantities corresponding to 
p and Y for the geodesic ; thus 

Pcyr=Yc, py-=Y, 
so that the foregoing relation becomes 

Y Y 

Pc P 

In considering the relation of the curve 6=0 to the surface, one obvious 
measure is its arc-rate of deviation from the geodesic tangent ; we shall call this 
arc-rate the flexure (or, less briefly, the superficial flexure) of the curve, being a 
quantity similar to the arc-rate of deviation of the curve from its linear tangent 
in the plenary space, that is, similar to the circular curvature of the curve. This 
flexure is denoted by 1/y ; and it will appear that there is a radius of flexure, 
equal to y, as well as a direction of that radius, being that of the binormal of the 
geodesic tangent. 

A typical direction-cosine of the geodesic tangent is y\ At a consecutive point 
along the curve, distant S from 0, the same typical direction-cosine of the tangent 
to the curve is (Ac = ) J/' + y/'S ; while at a consecutive point along the geodesic, 
at an equal distance S from 0, the same typical direction-cosine of the tangent to 
the geodesic is (A=) y' + y''S. If then i denote the same angle between these 
tangents at consecutive points, we have 

cosi= 

and therefore 

2 (1 - cos i) = ^ (K - A)*= 8* ^ {yr - y")^ 

that is, 

to the most significant power of 8. But the arc-rate of variation of the deviation 
of the curve from its geodesic tangent is the limit of i/8, as 8 tends towards zero ; 
hence 

-=-k'0V. 

y 



149 ] 


A PARAMETRIC CURVE 


417 


the negative sign being chosen by reference to the earlier relations. Thus the 
magnitude of the flexure 

- - V@k' 

{Adi^-2Hdiei+Bej^f ’ 

but the first form 

-= -x'V{d,^p'^ + 2d^,p'q'+ ^22q'^) 
y 

will be the more useful. And now, with this interpretation, the former relation 
connecting the circular curvatures of the curve and its geodesic tangent becomes 

Yc_YJj 

pc p y' 

with the selected sign in the value of 1/y. 

We can obtain the specific result in a different manner. Let yQ be the typical 
space-coordinate at the point Q on the curve distant 8 from 0, and let yp denote 
the corresponding space-coordinate at the point P on the geodesic distant 8 from 
0. The common tangent of the curve and the geodesic is 

yi-yi^y2 -y2 ^ . 
yi yz 

we denote the foot of the perpendicular from Q on this line by the typical coordinate 

y+PQy' 

and the foot of the perpendicular from P on this line by 

y+ppy'‘ 

Let Ic and Uc denote a typical direction-cosine and the length of the former 
perpendicular ; and let I, TI, have the corresponding significance for the latter 
perpendicular : so that 

IcHo^yQ- iy + P-Qy'), in=yp-{y + fipy'). 

For perpendicularity in the respective instances, we must have each of the 
quantities 

S ^0 - (y + PQy')}^ S {yp -(y+ ppy')V, 

a minimum. 

For the first instance, the critical equation is 


F.T.O. 


2d 
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the variable parameter being fjLq ; and therefore 

M='Ly'iyQ-y) 

= S y' (y'8+ is v'+W" +•••)• 

Now 

'Ey'^=h 'Ey'yr=-l,yr=-^,-< 

and therefore 


_ 2 ’ 

Pc Pc 


8^ 

/xq = 8 - ^ + higher powers of 8. 

Pc 

Similarly, in the second instance, 

8^ 

IJip=S- -} _ + higher powers of 8. 

P 

Accordingly, up to the second power of 8 inclusive, we have 

PQ=P'P=^- 

Hence 

hnc^^yQ-iy + Sy') 

accurately up to the second power of 8 inclusive ; and therefore 


Similarly, 


0‘i > Rcyt C 

Pc 0“ 

1 2fr , „ V 


Now the component of the deviation QP, between the point on the curve and 
the point on the geodesic, measured away from the geodesic, is 


Vq-Vp 

along the typical spatial axis ; and 

yQ-yp=(yQ-y)-(yp-y) 

up to the second power of 8 inclusive. Consequently, the typical direction-cosine 
of this deviation of the curve, measured away from the geodesic in the positive 
direction of the spatial axis, is ; and if 17 denotes this deviation, 

n=-^K'ev8^. 

If then y is the radius of the circle in the tangent plane of the surface, drawn so 
as to have the closest contact with the curve in that plane, the direction of that 
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radius is along the line with Zg for its typical direction-cosine (that is, it lies along 
the binormal), and the magnitude of that radius is given by 


1 277 


Thus there is a radius of flexure, y, for the curve ; the direction of that radius of 
flexure is the binormal of the geodesic ; and the directions and the magnitudes, of 
the circular curvatures and of the flexure, arc connected by the relation 


Yc_YJ^ 

Pc p y 


Relations of circular curvature and flexure of a curve. 

150. From this relation, it follows that the equations 

II Yc, Y, I, 11=0 

are satisfied ; and therefore the three directions, typified by Fg, Y, Zg, lie in one 
plane. Now two directions determine a plane ; and two of the three lines arc 
the prime normal and the binormal of the geodesic tangent, both being perpen- 
dicular to the tangent line. Hence the radius of flexure of the curve lies in this 
plane, and it is pcirpendicular to the tangent. 

In the diagram, let OG represent the radius of circular 
curvature of the geodesic tangent of the curve, OF 
represent the radius of flexure of the curve (so that OF 
is the direction of the binormal of the geodesic). Then if 
OC represents the radius of circular curvature of the 
curve, OC lies in the plane GOF, the tangent of the curve 
and the geodesic being perpendicular to that plane : 
while the osculating flat has this tangent, together with 
OF and OG, for guiding lines. The angle GOF is a right 
angle ; let ij* denote the angle GOC, the angle between the prime normals of the 
curve and the geodesic, and also the angle between the osculating planes of the 
curve and the geodesic. Now 

1)17=1, S7=1. l^Yk=o, 

while 

Dry,=cos^, '^hY,=sm^. 

Hence, multiplying the relation by Y, and adding for all space- variables, we have 

C03^_l 
Pc p' 



Fig. 15. 
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multiplying by and adding for all space-variables, we have 

sin^^ 1 
Pc ~y' 

and multiplying by and adding for all space- variables, we have 

l_cos0 sinj/r 
Pc~ P 7 ' 

Thus there are the further equations 

Yc=Y cos 0 + ^3 sin 0, 


1-1 } 

Also there is a direction OC" through 0 parallel to GF ; its typical direction- 
cosine 2^3 is given by 

L^=l^ cos i/r - y sin if/. 

Now 

Pc~-p cos ifj = OG cos GOC 
= y sin ^ = OF cos FOCy 

and pc lies along OC ; hence, if OC be drawn perpendicular to GF, its direction is 
that of the prime normal of the curve, and its magnitude is the radius of 
circular curvature of the curve. 


Ex. The simplest example is provided by a small circle of angular radius a on a 
unit sphere. Then i/r = ^7r - a ; the radius of circular curvature is sin a ; the radius of 
flexure is tan a. 


The preceding analysis can be illustrated * geometrically. At 0 let the tangent 
line, common to the curve and the geodesic, be TOD ; from Q, the consecutive 
point (as on p. 417) on the curve, let a per- 
pendicular be drawn on TOD, meeting it at 
a distance /xq from 0 ; and *from P , the 
consecutive point (as on p. 417) on the 
geodesic, let a perpendicular be drawn also 
on TOD, meeting it at a distance jxp from 
0. Now /xq and /xp differ from one another ^ Eia. 16. 

by third powers of 8, the equal lengths of 

OP and OQ ; and their common value is 8, accurately up to the second order 
inclusive. If then we take a length OD equal to 8, the point D can be regarded as 
the common foot of the perpendiculars from Q and from P upon the tangent. 

* The construction, for a surface in triple space, is due to J. Liouville ; see his 
edition of Mongers Applications de V analyse d la geometrie, (1850), p. 675. 
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Thus OD is at right angles to the plane DPQ at D ; the plane ODP is the osculat- 
ing plane of the geodesic, OPQ is the osculating plane of the curve. The line DQ 
is parallel to the prime normal of the curve ; the line DP is parallel to the prime 
normal of the geodesic ; and the line PQ is parallel to the binormal of the geodesic. 
Thus 

2p,.QD=0D\ 2p.PD=0D\ 2y .QP=OP^=OD\ 
accurately up to the second order inclusive. Also, the angle QDP is j/r, and 

PD=QD cos i/r, QP=QD sin i/j ; 

and therefore 

p cos i/r = Pc, y sin j/r = Pc- 

Finally, taking the equal projections of the line QD and of the broken line 
QPD upon the spatial coordinate-axes, we have, as their equality upon the typical 
axis, the equation 

Yc.QD=Y,PD+k.QP, 

leading to the two relations 

yc= Y cos 0 -hi, sin — = — + 

Pc p y 

which arc the fundamental equations for the directions and the magnitudes of 
the circular curvature and the flexure. 


151. Some preliminary lemmas are required for the evaluation, in relation to 
the surface, of second and higher differentiations along the curve, in so far as these 
are connected with the curvatures of the curve. For the purpose of curve-differ- 
entiation we shall use the symbol ^ ; so that, if / denote any function, we shall 
require the value of 

(If df 

dt ds ’ 

the value being zero only when / is independent of any direction ; and to obtain 
such value in all other cases, the formulae 


will be used. 

(i) We have 


1 




-^ = + ihp'^q' + Gikp'^q'^ + ifp'q'^ + cq'*, 


-{Ap' + Hq') = a.p'^ + 3hpy + 3^p'q'» + fq'\ 
P 

- {Hp' + Bq')^ hp'^ + Skp'^q + 3fp'q'^ + eg'® ; 
P 
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and therefore 


= ~k’@{ (Ap' + ffq') (Hp' + Bq')- (Hp' + Sq') (Ap' + Hq')} 
P 


= iK 


,v& 

: 

pa 


by the expression (§ 106) for the torsion of a geodesic. Hence 
at \pj as \pj a ya 


(ii) Again, in the relation 

Y 


= ’7iiP'“+2wY + ’?22?'®. 


the quantities ^ 22 * ^.re functions of position only ; and therefore 

I m (s-m 

= 2K'0{(r]iip' + -qi^q') [Hp' + Bq') - {-q^^p' + -q^^q') (Ap' + Hq')). 


But (§ 132) we have 


qnV' + l,2q'=Y{Ap' + Hq')-lJ^, 


VuP' + 122 ^' = Y (Hp' + Bq') + 


Vp' 


and therefore 


’?iiP' + ’7i2?'. 

Ap’ + Hq', 


Consequently 


’7i2P' + ’?22?' 

Hp' + Bq' 


= V Ap' + Hq', 
Ap' + Hq', 



Hp' + Bq' 
Hp' + Bq' 



\a Tj y \t a! 



The left-hand side 


\(dY _dY\^^(d / 1 \ ^ 

p\dt ds ) \dt \p/ ds 

1 /rfY_dn_^ 

p\dt ds J ya ’ 
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so that, finally, 


(iii) Next, in the relation 


dY 

dt ds yr 


at p a yr 


Vl,=(Ap' + Hq') {Hp' + Bq') g , 

dy dy 

the quantities F, A, //, 5, - , ^ , are functions of position only ; hence, as before, 

dp oq 

V Ti^y\ 

\dt ds) \ dq dp) \dt^ ds^) \ dq dp) \dt^ cfcv 

-/c'@Fy, 


on reduction. Consequently 


dX^ dl^ y 

dt ds y ’ 


and, after substitution from the Frenet equations. 


dt y a T 


(iv) With the denotations 


u^=Ap' + Hq', U 2 = Hp' + Bq\ 
where A, H, B, are functions of position only, we have 

du^ du^ f d^p d^p\ [ d'^q d^q 


dt ds 


dt^ ds^ 


and similarly 


du^ du^ V , 
dt ds y^ 


(v) Next, A, H, B, are functions of direction as well as of position, given by 
relations _ 

-=ap'*+2h/y' + g5'2, 

P 
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where a, h, g, and other coefficients in Hjp and Bjp are functions of position only. 
Therefore 

til if) ~ i 0 == ^ + eq')x'&u,} 

= -2k© (hp' + gq') - U2 (ap' + hq')} ; 

also 

d (^]_dn\_ 2 , 

dt \pj ds \p/ ya ’ 

hence 

Similarly 

These, by the result in § 134, Ex, 2, can also be expressed in the form 

dA dl p . 
dt~ ds~‘^YT^^' 

dHJH o 
dt ds~ yr *’ 

dt ds yr * 

(vi) With the denotations 

Vi=Ap' + Hq', V2=Hp' + Bq', 

we have 

dvi dvi ^(d^p d^\ fj/d’^q d^q\ Jdl dA\ ,/dH dH\ 

* - [d?-d?r‘‘[dp-W’k’‘ Kii-Tsn U- *-j 

=fc'0{^«2-/fWi) + — (Afp' + Il4g') 
yr 


dv^ dv2 
dt ds 


1 

yV 


^Hu2-BUi 




and similarly 



151] 


A PARAMETRIC CURVE 


425 


(vii) The torsion of the geodesic is given (§ 106) by the relation 

V 

— ^1^2 ~ ^2^1 > 


and therefore, V being a function of position only, 

-g-j. { d /l\ d /I Nl / dun du^\ / duy dwi \ 

^ [it W “ ^ W/ 1 "" "’n j “ \ ■ “ ds 7 



The first line on the right-hand side 

V V 
= - {Vip' + v^q')=~ - . 

Y YP 

The second line on that right-hand side 


and 



- 2Hu{U2 f + 2 


V^\. 

t 2 r 


Au2^-2Hu^U2^Bu^^^A(B- Fy2)-2ff(ff+ Fyg')-f-fi(4- Fy) 


Hence 


that is, 


P 


V 



=2- -\aAB- 2HH + BA) -2 
YP Y^ 


Vp 


yr 


2 » 




2_ 

yp 




The value of the concomitant AB-2HH+BA is known (p. 367) ; but the form 
here stated for the right-hand side is convenient. 


(viii) With the first set of values obtained in (v) for derivatives of A, H, B, 
we have 

ias-B’)Aas-H>) 

J-P2{AB-m) + %{u^rt,-u,^,) 

ya y y 

^ (7*'^ ^ ~yY ~ 

|,=5(a/ + hq') - 2H(hp’ + bj') + A(gp' + fq'), 
r,,= 5(ajj'+ gg')-2^(b/+ fq') + A{fp' +cq'). 


where 
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When the values of A, H, B, are inserted in and rjg, we find 


(up' + hq') {gp'^ + 2fp'q' + eg'*) - 2 {hp' + bg') (hp'* + 2bp'g' + fg'*) 

^ +(gp' + fg')(ap'* + 2hp'g' + gg'*) 

= p'* (2c + 2aF*h:) + p'*g' ( - 3f + 6h V^K) 

+ p'g'* {B -+■ 2g + 2 (g + 2b) V^K) + g'» ( - 1 + 2mK) 

2cp'^ - + (6 + 2tg)pq'^ - ^q'^ 

+ 2 72/1 (ap'3 + 3hjo'2y' -h 3kjo'^'2 -f fy'3) 


7 

q ' ^ p 




by the results in § 133. Similarly 


Now 


P P 


V^K 

P 




^ ^4M2+ ^ B^u^=Afi+ f^4 ^ + ^4 O + B^A=A^B- 2H,H+B^A, 

q p \ ft P / 

because of the relation (§ 129) 

A,p'^ + 2H^p'q' + B^q'^ = 0-, 

and therefore 


1 7 72/f 

- (ui-go - “2^0) = -o {A^B- 2IIJi + £4^) + 2 - u^v^), 

P pf P 

that is, 

7 V^K 

pT <7 

When this value of u^rj^ - is substituted, we have 

I, (IS - S*) - (IS - S*) = + -- (^4S - 2S4S + S4^). 

ac cwf yoT^ yr 

But 

JS-S*=F*(i + z), 


and 7, If, are functions of position only ; hence 



-^+^^-(^ 45 - 2 ^ 4 ^+ 54 ^ 1 ). 
ycTT V^y 


Another form can be given to these expressions. With the second set of values 
obtained in (v) for the derivatives of A, H, B, we have 
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0=(a2f-3ahk + 2h3)p'fl-h... ; 

and then we have 



When the two values of the derivative-differences of AB - are compared, 
they require the relation 

(A^B - 2HJ1 + B^A)=A^B - 2HtH+B^A, 

GT p 

which is verified by means of the relations 

A,p' + H,q'=-V^, H,p' + B,q' =V^' , 

T T 

- = {Ip' + Hq') {Hp' + Bq') - (Hp’ + Bq') {Ap' + Hq'), 

(T 

--A= 2(An-HA)p'q' + {AB-BA)q'^, 

P 

^^--H={HA-AH)p'^ +{HB-BH)q'\ 

P 

--B=(BA-AB)p'^+2 {Bli - HB) p'q'. 

P 

This relation, in a slightly modified form, occurs in § 142. 


(ix) We have had, by (ii) and (vii). 


d n 
di 


d /I 
ds \a, 


dY_dY_2p 
dt ds yr 

yp yn y 


and therefore 




(x) Finally, for the present, there is the relation (§ 132) 


h Y_ 1., ^ , 

— ~ TT (^1^2” ^ 2 ^ 1 ) » 
T (7 V 
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and therefore 



_1 J i (d‘i^_duj\\ 

dsj ^^\dl ~ds'Jj 

- y |(^ n «2 - {£2 - ^ a )} • 

The first line on the right-hand side 

IF Y 

The second line on that right-hand side 


— y2^ (Vii^2^ ~ 122^1^) 

= vy^) - 2r,,,(H+ vyq') + r,,,(A - vyy 

= iViiB - 2vi2H+r),2^) - ^ . 

Hence, when wc use the derivative-differences of Y/a as given in (ix), we have 
d(k\_d(k\ 

dt \t) ds \t) 

= Y+~{B(r],,- YA)-2H(yi,,- YH)+A{ri,,- y5)}. 

y<TT yr v y 


We had the relation 

dt \ t / ds \t) 

and therefore 


-^- + ^~{A,B-2HJ1+B,A)-, 

yoT v^y 


i_(dh_^\,^y 

T\dt ds) yr^ 

=l^'J'(B!'"+2H?y+V)=V^!. 

by the relations on p. 359. Also, by § 133, 

yi 
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while the value of Z, the t}rpical direction-cosine of the line in the orthogonal flat 
of the surface perpendicular to the prime normal and the trinormal, is given on 
p. 359. Hence, we have 


dl^ _^Py. pT^y * j 
dt ds~ yr yV^ 


Binormal of a curve : the spatial torsion. 

152. The binormal of a curve is at right angles to its tangent and its prime 
normal ; hence the binormal of the curve d(p, g^) = 0 is at right angles to the line 
with a typical direction-cosine y' and the line with a typical direction-cosine 
where 

Y cos^-hZgsin^. 

The direction with a typical direction-cosine where 

L^ = 1^cosiIj— Y sin(/r, 

is at right angles to the prime normal of the curve ; also, because it lies in the 
plane determined by the prime normal and the binormal of the geodesic, this 
ig-direction is at right angles to the tangent of the curve. Now an orthogonal 
frame in the plenary space is constituted by the organic lines of the geodesic, 
with typical direction-cosines y', Y, Z 3 , Z 4 , Z 5 , ... ; and thus another orthogonal 
frame in the plenary space is constituted by lines with typical direction-cosines 
y', Yc, L^, Z 4 , Z 5 , ... . Let A 3 denote a typical direction-cosine of the binormal to 
the curve, which is a direction in the frame ; hence there is a typical relation 

^3 — +M2^c + /^3^3 + /^4^4 + Z^5^5+ ■ 

Also we have, for the curve, 

SAoy'-O, 

SO that Pi = 0, )Li 2=0 ; the remaining quantities are to be determined. 

Let 1/gc denote the torsion of the curve, the arc of which will continue to be 
denoted by dt ; then, by the Frenet equations for the orthogonal frame of the 
curve, we have 

dt Pc ’ dt Gc Pc ' 


With the foregoing value of Yg, we have 

dYc dY , dl 

dt dt ^ dt 

But (pp. 422, 423) 


= — cos ifj -1- sin ifj f (Z3C0S i/f - Y sin 0) ^ . 


at ds yr p g yr 


yr 

dt ds y y g t * 
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and also 


therefore 


COS0 sin0 1 p 


OXIA yr j. y I • I 

H — , - cos0=sini/f ; 

P y Pc Y 


dt 


Equating this value to the value from the Frenet equations, we have 

^=^3 (- + ^) + 3^sinf 

Gc \g at / T 

Consequently, when A 3 is expressed in the form 

^3 = + /^ 4^4 + /^ 5^5 + ■ ■ ■ » 

we have 

Lio I M M 4 3 . , 

Gc G at <^C 

The binormal of the curve therefore lies in the plane, which is determined by the 
trinormal of the geodesic tangent and the line having Z 3 for its typical direction- 
cosine. Let X denote the angle between the binormal of the curve and this L^- 

direction ; we can take p^ = coB x, ja 4 =sin x- Thus the equations for the direction 

of the binormal of the curve and for its torsion become 

A 3 — (/g cos ^ - F sin ip) cos X'^h 


COSY 1 sinv 3 . , 

— + smifj. 

Gr G at Gr T 


Obviously 


tan x = 


3 . , 

- smip 

T 


3-^- 

yjL 


1 1 difj^ 

G dt G dt 


j #y 

G^ \<7 dt ) 

The equations involve the curve-derivative of ip. Because 




it follows that 


tsi.nip =~- , 


/I l\cbp 1 d /IN 1 d /IN 
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that is, 

Pc^ dt p dt \yj y \pl yaj ' 

It is to be noted that, when the plenary space is triple, there is no tilt, so that 
analytically x = ^ equation for the torsion of the curve becomes 

1 

(Tc <T dt ^ 

a known result *. 

For a general plenary space, the positions of the prime normal and the binormal 
of the curve, relative to the orthogonal frame of the 
geodesic tangent, can be indicated by a diagram on 
a spherical surface, of radius unity, and centre 0. 

Consider the flat the leading lines of which are the 
prime normal OY of the geodesic, the binormal OB 
of the geodesic, and the trinormal OT of the geo- 
desic ; the tangent, of the curve and the geodesic, 
is orthogonal to this flat. Let the direction typified 
by be OB', which must lie on the great circle YB 
because 

7,3 = ?3 cos ifj—Y sin ifj. 

Because of the earlier result 

Yc=Y cos ^ + ?3 sin ip, 

the prime normal of the curve lies in the plane OYB and makes an angle ip with 
OY ; accordingly, if YYc=^, then OYc is the prime normal of the curve. Also, 
as the Lg-direction is at right angles to this prime normal, the arc Y^B' is ; and 
therefore BB'—ip. Also, the binormal of the curve (typified by Ag) lies in the plane 
TOB', which contains OB' (typified by L.^) and OT (typified by l^). We take 
B'Bc = x ; now OBc is the binormal of the curve. 

The inclination of the curve-bi normal to the geodesic-binomial is BB ^ ; so that, 
as the angle at B' is a right angle, 

cos BBf. = cos BB' cos B'B^. = cos ip cos y, 
a result in accordance with the analysis, which gives 

cos BB^ = ^ ^3 Ag = ( 2 ^ 3 ^ 3 ) X ~ X- 

The inclination of the plane OB^Y^, through the prime normal and the binormal 
of the curve, to the plane OBY, through the prime normal and the binormal of 
the geodesic, is the angle B^YcB \ being measured by the arc B'B^, because Y^ is 
the pole of B'T, this inclination is x- 

* Lectures on Differential Geometry, § 106, where the angle corresponding to ip 
ia measured in the opposite sense to tp. 
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Let oj denote the inclination of the same plane OB^Yc to the plane OBT, 
through the binormal and the trinormal of the geodesic, the intersection of these 
planes being OA, so that 

ay=TAB,] 

then, as the angle AB^T is a right angle, while ATBc=iff, we have 

cosaj=sin0sin x- 

It is easy to verify the results : 


sin^T_ coa AT _sin^Fc_ coa AY c 1 

cos X ^ 0 < 2 os X sin oi ' 


Finally, if B'T is produced to so that TL^ = B'Bc = Xy the typical direction- 
cosine of OZ4 is 


X4 = ?4 cos x~^3 X- 


Trinormal of the curve : the spatial tiU. 

153 . The trinormal of the curve 0 = 0 , being at right angles to the tangent, 
the prime normal, and the binormal of the curve, is at right angles to the lines 
which have y', Yc, Ag, for typical directions, where 

Yc=Y cosj/r-hZgsin^, £3=^3 cos i/r- Y sin 0 , A3=i3Cosx + ^4sin;\;. 

There is an associated direction with a typical direction-cosine L^, where 

7^4 = ^4 cos x~ ^3 X- 

This associated direction, in the plane through the trinormal of the geodesic 
tangent and the Lg-direction, is perpendicular to all lines to which the trinormal 
and the L3-direction are themselves perpendicular. Among such lines are (i), the 
tangent and the prime normal of the curve with typical direction-cosines y' and 
Yc, and (ii), all the principal lines of the geodesic tangent of rank subsequent to 
the trinormal. Also, we have 

S^3J^4 = 0. 

Thus the directions A3 and L^, perpendicular to one another, can take the place of 
directions Z4 and X3 in the orthogonal frame of a geodesic and still leave an 
orthogonal frame ; and so there is an orthogonal frame, with lines having 
y\ Yc, A3, L4, Z5, Zg, ... as their typical direction-cosines. 

Let the typical direction-cosine of the trinormal of the curve 0=0 be denoted 
by A4 ; it is a direction in any orthogonal frame of the plenary space, and there- 
fore there are relations typified by 

^4 = niH' + V2 Yc + V3^3+ + Vih + Vih 
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But because it is the trinormal of the curve, it is orthogonal to the flat determined 
by y\ Fc, Ag, and therefore 

= ^6^6 + '*76^6+ j 

where the quantities 7 / 4 , 7 ^ 5 , T/g, ... remain for determination. 

The Frcnet equations, giving the direction of the trinormal and the magnitude 
of the tilt of the curve, are typified by 

dt Tc (Jc ’ 

where l/r^. denotes the tilt of the curve. The foregoing value of Ag is 

Ag^Lg + 


and therefore 


dAo , f- ■ V dx dLn dl/A 

irr ^ ~ X) cos sm X 

— dx dij't dJ/A 

^ dt dt ^ dt ^ 


Now 


dL^ / r ' i f \ di/f dl/^ I w j. . , 

^y=(-LgSm0- Y COS^)-^+^^ COS^- — Slllf/r 


dY . 

dt 


= - f + (r - ^ - V ) ^ - S - » + ^ rr 


On the right-hand side, the total coefficient of - - 


= Y cos Zg sin 0= Fg J 


and the total coefficient of y' 


therefore 


cos 0 sin 0 ^ 

= --=0; 

r p 


dL^ 

~dt 


\a dt / r cos ip 


Also, by (x) in § 151, 


Y^P^Kli=b.^h_2^- Y I I 

dt ds yr yF® #c t yr yF^ 


2e 
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Accordingly 


A 

dt 




sinx 


+ COS 




By using the formulae 

cosx 1 # sinx 3 . . p ^ . 

^=-sinf/r, - = tani/r, 

a dt cTj. T y 

£4= Z4 cos X ~ -^3 sin X 

= Z4 cos X - (^3 cos 0 - y sin 0) sin x, 

the second line in the last expression can be transformed to 

1-3 sin^ 0 Yc 


T cos 0 


and therefore 




dAg . 


When this value of ^ is compared with the value given by the cited Frenet 
equation, we have 

,A ^ 

Tc \dt Tcosip / \/c yV^ / 

where T is a covariant already known (§ 133 ). 

The necessary relations 

E^Y,=0. SA«A3=0 

are at once verified. 

We take a magnitude U and a typical direction-cosine A, such that 

~ + ^^=A£ 7 . 

K yV^ 

this new direction lying in a plane having, as its leading lines, (i) the quartinormal 
of the geodesic tangent of the curve and (ii) the line in the orthogonal flat of that 
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geodesic which is at right angles to the prime normal and the trinormal of the 
geodesic. Kegarding these lines as oblique axes in the plane, we have 

1 tT 

where a>, the angle between the lines, is given by 

cos CO ^^5" 

Take a sphere, centre 0 , in a flat, which contains the Jr 

foregoing plane and the line OD having the quantity \ 

for its typical direction-cosine ; let OQ be the direction of 
the quartinormal Z5, and OL be the direction of the line / \ 

with typical direction-cosine I ; then / 

QL=<jj. D 

Now 1 ®- 

cos DQ= 2 -^4^5= S ^5(^4 cos X - (h cos ^ - y sin ifj) sin = 

cos DL = 2 -^4^ {h cos x~ (I' cos 0 - Y sin ijj) sin x) = 

so that, on the spherical surface, D is the pole of the arc QL. The line OA, 
with A for its typical direction-cosine, then meets QL in some point A ; and, 
if QA=Wiy AL =0)2, so that a>i-haj2=co, we have 

1 tT 

U cos a)i—U^Xl^= -h—^cosaj, 

K yV^ 

1 tT 

U cos OJo = U^Xl =- cos OJ -h ' - . 

K yV^ 

The equation for the trinormal of the curve now is 

—=L^ — sin^-f Ai 7 sin x- 

Tc \ T yr at/ 

The line OA, in the plane OQL, is perpendicular to the line OD ; and therefore we 
can take 

A4=L4 cosc^-j- Asin 0 , 

cosci COS 0 ^ P . , dx 

-- ^ = — ^-2^sm0+ A, 

Tc T yr at 


-=U8m X, 


which determine (f>, and give 




tT 

^^C 08 a> + ^^ 


,)sin*x- 


Finally, if on the arc DA we take a point such that 

DTc=<f>y TcA=i7T-cf>, 
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then OTc is the direction of the trinormal of the curve and the quantity I/t^ is 
the magnitude of its tilt ; and the inclination of the trinormal of the curve to the 
trinormal of the geodesic tangent is 

cos“^ ( S ^ 4 ^ 4 ) — cos~^ (cos cos x)- 

The last result follows also from the fact that, if we take a globe with OT (from 
Figure 17, p. 431) and OL, OD, OQ, as radii, so that OL, OT, OQ are orthogonal, 
the arc DT = x and the arc DTc=<t>. 


Superficial normal to the curve. 

154. Thus far, in the discussion of the curve 9(p, y) = 0, account has been taken 
solely of its successive curvatures ; and the only arc-directions considered were 
along its course. But it can have other relations within the range of the surface in 
which it lies, such relations implying surface-deviations from the curve. Thus 
the curve might be a member of a family, distinguished among themselves by a 
parameter : the simplest form occurs as an equation 

e(p,q)=e. 


where, on the right-hand side, 0 is a parameter unvarying along the curve and 
therefore not entering into the foregoing relations, but varying from one curve of 
the family to another. 

We require variations of such a parameter within the range of the surface : 
and, in particular, we consider directions which, lying in the surface, are normal 
to the curve. We denote the surface-direction at 0, which is at right angles to 

the curve, by the direction- variables ^ ^ , where dn is taken to be an element 

an an 

of arc dn in that normal direction, so that 



For repeated arc-differentiation along the curve, we shall continue to use dt as the 
element of arc, the distinction from ds arising in second differentiations ; thus 

dp dp _ 

dt ds dt~ds~^’ 

while 

d^p d^p d^q d^q 
dt^ ds^ ' dt^ ds^ ’ 

are different from zero. 

The perpendicularity of the two directions is secured analytically by the 
relation 
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Hence 


dp dq 
dn dn 
-U2~u^ 


where the common value of the two fractions is given by the equation 


Also, we had 
so that 


where 


Thus 


1 

A2 


Au^ - 2 Hu^U 2-\- Bu^^= V^. 







F - {Hp' + Bq') = - #c' {He^ - Be^), 

F^= Mi= Ap' + Hq' = K'(Ae^-Hei). 


dd 

We term the magnitude -y , the limiting value of the ratio of the parametric 

variation dd to the rudimentary normal dn, the dilatation of the curve, and we 
denote it by 6^ ; thus 




dq 

dn 


1 

F 


K'{Ae^^-2He^e^+Be^^)=~ . 


The equations become 


Vd 


n 


dp 

ds 





'”'’ 4 = 


and we have, from these values, as also from the fact that the directions on the 
surface are at right angles. 
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Also the equations (§ 149) for the second variations of p and q along the curve 
now become 

(iPWor ^^4-r 

dt^ \ds/ ds ds ^^\dsj y dn 

dt^ \dsj ^ ^ ds ds^ \dsl y dn J 

while the radius of flexure y is given by each of the forms 

y2Q 3 


We note, in passing, that if the curve 0=0 is a geodesic of the surface, the function 
0 must satisfy the relation 

(011 — diF 11 — ^ 2 ^ 1 i )^ 2 ^ ~ (^ 12 ” ^ 1 -^ 12 “ ^ 2 ^ 12 )® 2^1 + (^22 ~ ^1^22 ~ ^ 2 ^ 22 )^ 1 ^~^» 

which accordingly is the partial differential equation of all geodesics on the 
surface. Also that, if /(p, q) be any function of position alone on the surface 
(that is, a function independent of directions at a point), then 


ds 

dn 


~veA^dp ^dqj’ 




Thus 


dV 


^ — (^1 1 + ^ 12 ) ( “ HO 2 + Bdj) + (J'lg + id 22 ) (-402 - 
iJA 

VA -£ = 2 (^Ai +HAi)(- Hd^ + B0 ,) + 2 (Ar,2 + HA, 2 ) (A02 - He,l 

and similarly for variations of H, B, along the normal to the curve. 
Proceeding from the equation 

VWy? - ^02^ - 2^0201 + 501^, 

and differentiating along the curve, we have 

2P0„^« + 2P0„*{(Al+ill2)p'+(A2 + ^22)?'} 


- 2 {Ae^ - Hd^) {e^^p' + e^^q') + 2( - Hd^+se,) + e^^') 
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= 2 (Aff, - H0,) + ^^22?') + 2( - H02 + i^llP' + '9‘12?') 

+ 2 (A02 — H0i) { {0ir 12 + 02 ^ 12 ) P (^ 1-^ 22 + ® 2 ^ 22 ) 9. } 

+ 2 ( - H02 + B0i) { {0ir 11 + 02^ 11 ) p' + (0ir 12 + 02^ 12 ) ?'} • 

When this value is used, when the values of A', //', B', are inserted, and when 
reduction is effected, we have 

( - H0,+ B0 ,) + a-i*?') + {A0, - H0 ,) ; 

and therefore 


ds 


— d'liP 


dn 


+ ^12 


{p 


,dq 

dn 


+ ?' 


dnj 


+ '9^22!/ 


A 

dn^ 


providing a covariant in the system of concomitants, together with its geometrical 
significance. 

Proceeding from the same equation for and differentiating along the 

normal to the curve, we have 


2F20. 20.{(ri,+ J 12 ) ( - H02 + B0,) + (ri2 + J 22 ) - H0,)} 




dn dn 




dn ' 


The first line on the right-hand side 



When this value is used, when the values of the normal-derivatives oi A, H, B, 
are inserted, and when reduction is effected, we find 


— .= q- ^^4-q. (^Y 

dn^ \dn) dn dn ** \dn) 

We thus have three magnitudes, 

d(d^\ ^ 

y ’ ds \dn} ' dn^ ' 
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which are linear in the quantities '9^22 i we find 

i q ^ 

\ds/ dn^ ds dn ds \dn) \ y ) 

1 ^ dq dp d^6 /dp dq dq dp\ dO^ dq dp / OA 

ds ds dn^^ \ds drX ds dn) ds dn dn \ y / 

^•»-= 4-r?-+(s-)‘(--) 

F“ \dsj dn^ ds dn ds \dnj \ y! 

Also, we have 



providing another concomitant of the system, together with its geometrical 
significance. The result can also be deduced from the foregoing values of 
'9'll> '9'12> '^22- 


Ex, I. Verify the following relations : 

(iii) + 

(iv) 4 W».> - 2H»„ + 59.,) - 1 — -t - S - f ("i + 


pV-'«22 -“•U12 . ^ ds "yVo* 




It should be noted that all the quantities, on the left-hand sides of these relations, 
arc members of the system of concomitants belonging to the surface and the curve. 


Ex. 2 . Prove that, if /(p, q) be any function of position on the surface, 
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Superficial variations normal to the curve. 

155. Proceeding from the equation 

differentiating along the arc of the curve and (as usual) denoting the element of arc 
by dt, while ds is reserved for repeated differentiation along the geodesic tangent, 
we have 




dp dOn 
ds ds 


-0 ^ 


— ^12 ^ + ^22 ^ + (^1^ 12 + ^2^ 12) ^ (^1^ 22 + ^2^ 22) ^ * 

When, in the term V , the value of is inserted and the whole quantity is 

transferred to the right-hand side of the equation, the coefficient of on that 
right-hand side 

dpfdpV 
dnXdsJ ’ 

the coefficient of ^12 

ds ds \ds dn ds dn) dn ds ds^ 

because of the relation 


vl^P^ -^^p\ = l- 

\ds dn ds dn) 


the coefficient of < 9*2 


dq y dp dqdq 
ds ds ds dn 


dn \ds) ' 


because of the same relation ; and therefore the aggregate of the terms involving 

O*!!, O' 12> '^22> 

= - f|(WH2Wj' + W) = F«-"|. 

When the other terms are collected, the equation leads to the result 

dp dq 


d^p 

dt^ 


+r 

^ ”U/ 


4.9 r /^y_ ^ 

ds ds \ds) y dn ' 


in accordance with the result already established. Similarly for the second curve- 
derivative of the parameter q. 
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Proceeding from the same equation, and differentiating along a superficial 
direction normal to the curve, we have 




"dnXdsJ 
dp 


,d^6 dp 
dn^ ds 


(^11 + ^12) (^12 + ^22) 


=e, 


dq_ dp 


dq 




'dn' 


^2^ dp , . 

We transpose the term V ^ -- to the right-hand side, at the same time sub- 

CLTh CiS 

d^O 

stituting the value of ^ - from § 154 ; then, in the same way as in deducing the 


dn^ 
d^p 

preceding value of , the aggregate of terms involving Q'aj, is found 

to be ^ 


dn 






+ '9'22? 


dn 


dn ds 


When the other terms are collected, the equation leads to the result 


d (dp\ 
dn \ dsj 


fdpdq dqdp\ „ dq dq _ 1 dOndp 

ds dn^^ W 5 dn) ^ ^"^ds dn 0„ ds dn 


+r..*^+r, 


Similarly 


^ A ^P ^P A (^P dq dp\ A dq dq 1 dO^dq 

dn\ds}^ ^^dsdn^ ^^Kdsdn^dsdru ‘^‘^dsdn 6,^ ds dn' 

, we proceed similar! 
we take the equivalent form 


dn 

Next, we proceed similarly from the expressions for ^ place, 


v^P=-n^-B^ 

dn ds ds' 


and differentiate along the curve ; then 


d^p ^ d'^q dp dH dq dB 
dt^ ds ds ds ds 


On the right-hand side, we substitute the values of ~ , verified above. From 


the terms involving - , we have the aggregate 

-1(h4+j5^)=-1i'p'. 

y \ dn dn) y 

When the remaining terms are collected, the equation leads to the result 
ds \dn) ds dn \ds dn ds dn) ds dn y ds' 
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Similarly, we find 


\dn/ ds dn ^^\dsdn ds dn) ^^ds dn yds' 


It is to be noted that 


(d'pX d (dp\_l dp 1 ddndp d fdq\ d (dq\_l dq 1 ( 

\ds/ ds \dn) y ds 0^ ds dn' dn \ds) ds \dn) y ds ds ^ 


More generally, for any function <t>{p, q), we have 

d (d^\_ d I dp dq\ d (d<l)\_ d I dp dq\ 
dn\ds) dfiv^ds^^^ds)' ds\dn) dsv^dn^^^dn/' 
and therefore 


(dxl>\ d fd(j>\ , j d (dp\ d (dpVy , j d (dq\ d fc 

\ds/ ds \dn) \dn \ds/ ds \dn) f \d/ri \ds/ ds \o 

the terms in cancelling : that is, 

d I d<^\ d / dj>\ _ 1 / j d]) dq\ 1 ddn ( , dp dq 
dn\ds) ds\dn) yV^ds^^^ds) 6^ ds v^d7i^^^dn. 


1 1 dOn dd> 

y ds d„ ds nd ' 

Wc thus verify the expectation that, for any function of position alone (even the 
simplest) on the surface, and a fortiori for a function which also involves direction, 
d^d^ 

the operations and ^ — are not equivalent. An example of this property 
for a function of position is provided by 0, originating as it does with a suggestion 
(though not the fact) of direction ; for ~ is always zero, so that ~~ is always 


zero, while 


d fdO 


ds \dn 


, — , is different from zero. 

ds 


In the second place, we proceed from the same expression for ^ - in the form 

dn ds ds 

and differentiate along a superficial direction normal to the curve, so that 


— H ^ B ^ i 

dn \ds/ dn \d^/ ds dn ds dn * 

Wc substitute for ^ and ^ their values already obtained ; and after 


reductions, similar to those which precede, we find 


2 r ^ + r 


ldq^_ \ ddn( 
\,dnj 0,j d/S 



444 


THIRD DERIVATIVES OF THE 


[CH. XIII. 


Similarly 

\dn} dn \dn} “0„ ds ds ' 


156. In the expression for the flexure of the curve, second parametric deriva- 
tives of the quantity 0 occur ; and its third derivatives are required for the curve- 
derivative and the normal-deriVative of that flexure. It is found convenient to 
introduce magnitudes bearing to d an analytical relation similar to that 

borne to y by the magnitudes of § 100 ; we write 


- ~- l- {An + 3 (AiAi + A 2 ^u)} - ^ {^ni + 3 ( ^ixAi + ^n^i.)} 

- 3 (xl iiF 11 + H 12^11) 

~ ~ dp ^ ^ (^12^1 + ^ 12^12) + (^11^12 + ^ 11-^22)} 

dO 

- ^ {^112 + ^(^ 11-^12 + ^ 12 ^ 12 ) + (^ 12^11 + ^ 22 ^ 11 )} 

“ 2(^1i/^j 2 + ^12^12) ~ ('9*12-^11+ t}22^ 11) 

}} 122 “ {-^122 + (“^11^22 + -^12^22) + ^ (^12^ 12 + -^22^12)} 

dd 

- ^ {A 122 + (^ 11^22 + ^ 12^ 22) + 2 (^ 12-^12 + ^ 22 ^ 12)} 

- ('9'11^22+ '9'12^22) ~ 2 ('9'i2^ 12+ '9*22^12) 

d^0 dd dd 

^ 222 ~ ^3 “ Qp {^222 + 9 (^1 2-^22 + ^22^ 22)} ~ 222 + ^ (-^22^ 12 + ^ 22^ 22)} 

- 3 (' 9 ' 121^22 + ' 9 ' 22^ 22) 

We have 
and therefore 

r ^d ^^--d 

dp dp^ dp^ dpdq ^ dp ^ dp ' 


When we insert the values of 


dr^ 

dp 


and 


from § 97, substitute 
dp 


d^d d^d 

O' 11 + ®iAi + ^2^ii> d^dq~^ ^ ^1^12 + ®2^i2> 


and reduce, we find 


aOi 


dp 


— 9'iii + 2('9'ii-/^11 + '9'i2^1i)- 
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Similarly for the remaining first parametric derivatives of '8*12, ^22 ^ 
complete set of values is 

-g^ = ' 8 ’lll + 2(0^11/^11 + 0 l 2 ^ 1 l) 

-^- = -^112+ ^>11^2+ + 0-22^11 + i- K V^d„ ^ 

^?=S-,..+ ^nA2+.%2^22+-^12A2+^22^12 + i/^F»^nf^ 

2 ({>i,ri,+ J - i KV^9„ f- 
~ ^222 + 2 (O' liP 22 + ■ 9 ' 22^ 22) 

which are analogous to the formulae in § 101, regard being paid to the relations 
defining ^ and ^ in terms of 0 ^ and d^. 

We have 

--»=c^^y*+ 29 -i 2 pY+ 9 ' 22 ?'" ; 
y 

and therefore, differentiating along the curve. 




dp 


dq dp 




+ 2 (OiiP' + Oi2(Z') ^2 (^12?^' + ' 9 ' 22 /') • 


When substitution is effected for the first derivatives of On, O12, O22) the terms 
involving K disappear from the aggregate ; and the full set of terms involving 
the magnitudes Oi^* 

— (Oiii, O112, Oi22> ' 9 ' 2225 i^ J ? )^- 


d^p d^q 

When substitution is made for and 


, the set of terms involving 1/y 


- ^ + ^12?') ” + ( 9 - 12 P' + ^22?') 

_2 ^ 

y dt 

It appears that all the remaining terms, now aggregated on the right-hand side, 
vanish ; and therefore 

~ dt '9'i22» ^222^iP j ? * 
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which can be modified into the slightly different forms 

~^^dt (y) ~ ^ ^ ^ 222 ^? > ? ^ y ~dt ’ 

“^■"2 ^ '^1121 ^122> ^ 222 ip f ? )^ 

“ = '5'112» '9'122» '9*222 5^2* “ ^l)^- 

Ex. It is easy to deduce the relation 

d (]\_± (]_)__ ?_ 

d,t\y) ds^y/ yO^ dt 


Next, differentiating the relation 
d^O ^ (dpY 




dn) 


/d^y 

\dn) 


along the superficial direction normal to the curve, we find 


d3d_^ii 
dn^ dp 


/d^y ^ ^ 2 ^^12^ / ^y 

\dn) \ dq dp J \dn/ 

-\-( 2 ^--4- ^ 

\ dq dp / dn \dn) 

+ 2 


dq 

dn 


■ ^'9^22 




/dy\ 

\dn) 


dq^ 


22 ■ 


d^q 
dfi ^ ' 


When we substitute for the derivatives of O-n, '9'i2» -9*22^ ^.ggregate of terms 
involving the magnitudes S'*;*. 

= (^ 1 I 1 > ^lie> ■^ 1 * 2 , ■^222 jj J . £) ; 

and the aggregate of terms involving K is equal to zero. When we substitute 

d^ dO 

for and , the aggregate of terms involving the quantity 



2 (de„\ 
9 Ads) 


The aggregate of all the terms now remaining after both sets of both sub- 
stitutions is found to be zero. Hence we have 



a-i 




■9' 2 


# 2 /^y 

dn ’ dn) 6„\ds ) ' 
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Differentiating the same relation along the arc of the curve, we have 
/7# I / I T’ + ? / 


(^\(dpy(d^,d^^ 

‘ \<Zm*/ \dn/ \ dp ^ dq 

I ndpdq /d&ii , 

dn dn\ dp ^ ' dq 


dp dq f 9‘9-i2 , ^-9~i2 ,(d ^\( / , ^'9' aa 


dp ^ dq 


dp^CL dq\d (dp 




\d(dp\ ( dp dq\d(dq\ 

) dt \dn} + ^ dn ^ dn) dt \^) ' 


When the values of the derivatives of O-n, '9‘i2, ^ 22 ^ ^.re substituted, the 
aggregate of the terms in the magnitudes 

= (^111, ^112, •{>122, {>222 jj ?' ij £ > dn) ’ 

while the aggregate of the terms involving K is zero. When we substitute for 
^ (^) (^) ’ 3,ggregate of terms in - 

_ 2 dOn 

y ds 

The aggregate of all the remaining terms, after both sets of substitutions have 
been made, is found to be zero. Hence 

dt W) ~ r “1’ y ^ y ^ ’ dnj " y • 

Proceeding similarly to differentiate the relation 


■ - (^' £ + £) + ' £ 


along a direction normal to the curve, and using the expressions for 

dp' d^p dq' d^q 
dn' dn^' dn' dn^' 


d^ldQ, 

dn\ds 


/a a a a ^ d' ry' ^ ^ 1 

v^7 ~ r y ^ ^ y dn’ ~y ds~e„ ds . 


A comparison of the last two results leads to another example of the non-equi- 

^2 ^2 

valence of the operators and J for give the relation 


^ 

dw dn dt 


) " Kdn dn^ y) ds ■ 
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When the lelation 




is differentiated along the curve, and the values of the quantities 


d^p d (dp\ d^q d /djX 

dt^ ’ is \dn} ’ dt^ ’ ds \dnl ’ 

are used, we find, after some reduction, 

S . . i) 

Finally, when we differentiate the equation for the flexure 

- - " = •9^11?'® + 29-18^'?' + 928 7 
Y 

along the normal to the curve, we find 

The last two lead to the equation 

We thus have relations, giving a single value to each of the forms 

(9 111> '9'122» ^ 222 ^ 7 ^ J (7 )^J 

(9l„,9ll8,9l82.9882jj £) , 


dn ' dn, 


and two values to each of the forms 


(9ui, 9 u2, 9i28. 9228 ^ , ?') > 

(9in, 9 u8, 9i 82. 9822 jj jj £ . ■ 


AUemative derivation of the hinormal of the curve and the spatial torsion. 

157. The results, obtained in § 152 for the direction of the binormal of the 
curve and the magnitude of the torsion, can be obtained in a slightly different 
manner by means of the formula for the curve-variation of the flexure. We use 
the fundamental equation 

Yc Y h 
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L- 1 ^ 

When the last relation is differentiated along the curve, we find 



ifd 21 Id m 

p [r/.? \p/ yaj y dt \yj 

all the quantities on the right-hand side now being known ; and we can take 



where an organic angle ifj has been introduced such that 

COR ifj 1 sin i/j 1 
Pc p’ Pr. y‘ 

When the fundamental equation is differentiated along the curve, we have 

dY,j,y 

dt (Tc Pc ’ 

with the former notation ; and we have established (§ 151) the equations 

(it \ p/ as \p/ ya p \(j p) yr 
dt ds y T (J y 

Accordingly, 

Pc Pc/ dt \pc/ 

y \t a yJ dt\yj [as \p/ ycrj p per yr 

The terms in y on the two sides cancel. Also one form of the fundamental 
equation is 

Yc ~ Y cos (/r + /g sin iff ; 

and thus the equation for the magnitude of the torsion and the direction of the 
binormal of the curve becomes 



F.i.a. 
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The coefficient of I 3 can be expressed in the form 

\ds \pj yo 

and the coefficient of Y can be expressed in the form 


-\ 

[di \yj pa j 


CO&^(fl- 


sin^cos^; 




(d /1\ _ 3 1 . 

\ds \p/ yaj " 


sin*^; 


if therefore we write 


fd/l] 1] , fd fl] 31 . , 

If = -^-r - + — ^C 08 ^-< , - - -> Sill dl, 

[dt\y/ pa) p/s \p/ yaj 


the equation can be written 

-^1 = 3 ^' + (/3COS.^-ysm0)lf. 
Pc<Jc V 

Accordingly, we can take 


and we have 


A 3 = (/a cos ^ - 7 sin i/i) cos x + k sin X< 


sin X 3 
PiPc yT 


GOSX 

P,Pc 


= lf 


two equations for the determination of x and a^. The former equation can be 
taken in the earlier form (§ 152) 
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Free Regions ; Preliminary 
Parametric representation of a region. 

158. We pass to the consideration of three-dimensional configurations in 
multiple space. When such a configuration is homaloidal, it is called a flat : 
otherwise, it is called a region. 

A region can be defined by the analytical expressions of any contained point. 
These involve three parameters which will be denoted by p, q, r, (instead of 
used for general amplitudes, though occasionally it will be convenient 
to revert to Xy, x.^. The plenary homaloidal space is of any number of dimen- 
sions, though necessarily for a region that number is not less than four. As always, 
we denote the typical space-coordinate by y. In our intrinsic geometry, the space- 
coordinates occur most frequently through their parametric derivatives ; even so, 
these occur in combinations of a covariantive character. For the sake of brevity, 
we shall speeify derivatives by numerical subscripts affixed to the typical co- 
ordinate y, at any rate for the first three orders : thus we take 

V V V = 

yx,ji,y3 ay’ dr dx^’ dx^’ dx.,’ dx^dx/ 


where Xi=p, Xi=q, x.j = r, 
of i, j, k. 


Thus 


and i,j, = I, 2, 3 ; and, with the same range of values 
dxidxjdxj,' 


d'^y d^y 

2/111 


and so on. With this significance *, each subscript 1 is associated with a dif- 


* Later (§ 176), for explicit or implicit derivatives of order higher than the 
second, a different notation is used, according to the definition 


gl+w+n y 

for all positive integer values (zero included, but stated when it occurs) of Z, m, n. 
Due notice of the change will be indicated when it occurs ; meanwhile, the second 
notation is less suited for the cases I +m+n = \y or 2. 
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ferentiation with respect to p, likewise for a subscript 2 and q, and for a subscript 
3 and r. 

The notation used to denote regional magnitudes is an extension of the 
notation used to denote magnitudes belonging to surfaces in free space. The 
magnitudes of the first order, usually called primary magnitudes, are denoted by 
A, B, C, F, G, H, according to the significance 

B='^y^i, 0^'^ y^^, 11-='^ yiy^, 

the summation in each instance extending over all the point- variables, unspecified 
in number and typified by the single variable y. The arc-element in the ultimate 
plenary homaloidal space is given by the equation 

ds^ - ; 

when the arc-element belongs to the region, we have 

X) iVi^P + Vz <k+yi dry 

A dp^ -\-2H dp dqi- B dq^ 4- 2G dp dr -f- 2F dq dr-\-C dr^, 
a relation often written in the form 


ds^-- dp^. 


where the summation-symbol now implies extension only over the homogeneous 
second -order combinations of the differentials of the three parameters. It is 
customary to write 


dp 

Is 


--P 




and thus there is a relation 


^Ap'^^Ap'^ + 2Hp'q' + Bq'^+ 'IGp'r' + 2Fq'r' + Cr'^= 1, 

often called the permanent arc-relation. 

This quantity Ay'^ is a ternary quadratic. We denote its discriminant by 
Q, so that 



A, H, a 
H, B, F 
O, F, C 


:=ABC+2FGH-AF^-BG^-CH ^ ; 


and we denote the first minors of ii by a, b, c, f, g, h, so that 


a=^BC - F^= ~, f=GH-AF= l 

b=CA - G^=i~ , g=HF- BG=i 
oB 

c=AB-H^=~“, h=FG-CH^\ 
oL 


dF 

dq 

dG 

dq 

dH. 
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Types of variables for a region. 

159. The variables dp, dq, dr, with the associated magnitudes p\ q , r' , are 
connected with a direction at a position in the region, and may be described as 
line- variables or direction- variables for the region. But we have to consider not 
merely lines and elements of length along lines, but also surfaces and elements of 
area on surfaces ; and additional variables are required to represent orieptations 
on surfaces. We have taken a length ds in connection with a set of line- variables 
dp, dq, dr. We take a different set of line- variables at the place p, q, r, in the form 
hp, 8q, 8r, with a corresponding length 8s, so that 

8s‘^= ^A8p^. 

These two small lengths ds and S.s*, taken as adjacent sides of a rudimentary 
parallelogram, determine an element of area dS ; and, if oj be the angle between 
the directions of ds and S.v, we have 


dS=(ts . 8s . sinoj. 


Now, as usual, we have 


cos OJ 




^ dy 8y 
ds 8s 


that is. 


^ / dp dq dr\ / 8p 8q Sr\ 

= 1/ !!'■*+!'.* + !'.*; (.S'. £ + !'-& + !'■ &) ■■ 

ds . 8s . cos OJ = ^ (2/1 dp 4- 2/2 + 2/3 (.Vi + ?/2 + 2/3 

— A dp 8p) + H{dp 8q + dq 8p) + Bdq 8q 

+ G {dp 8r + dr 8p) -f F {dq Sr -h dr 8q) -h C dr 8r, 


which is often written 


Hence 


ds . 8s . cos w — ^Adp 8p. 


ds^ . S.s^ . sin^ co = ds^ . 8s^ - {ds . 8s . cos co)^ 

^ dp^) ( 2 ^ 8p2) - ( V ^ dp 8p)2. 


When the expressions on the right-hand side are expanded, certain combinations 
of dp, dq, dr, and 8p, 8q, Sr, occur in the forms 



dq, dr 

, = i dr, dp 

, (ip, 

dq 


8q, Sr 

Sr, 8p 

I ^P, 

8q 


and we have 

dS^ — + 2hiT] -h bif -h + 2fr]^ I- c^'\ 

an expression for a general element of area within the region. These new quantities 
i, 7], being bilinear combinations of line- variables, are called surface- variables, 
or orientation-variables. 

There is no necessity, in the case of regions, to consider variables for the 
representation of volumes, in a manner analogous to the representation of surfaces 
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by variables rj, In fact, if ds, Ss, ds, be three conterminous arcs with the 
parametric elements dp, dq, dr ; Sp, Sq, 8r ; dp, dq, dr ; then the element of volume, 
being that of the parallelepiped which has ds, 8s, ds, for conterminous edges, is 



dp 
ds ’ 

dq 

ds’ 

dr 

dsSs ds = S2~^ 

dp, 

dq. 

dr 


8p 

Ss ’ 

Sq 

Ss’ 

Sr 

Ss 


Sp, 

Sq, 

Sr 


dp 
ds ’ 

dq 

ds’ 

dr 

ds 


dp. 

3?, 

dr 


so that a regional variable, arising out of three non-complanar combinations of 
the line-variables, is a covariant in itself. 

It thus appears that, for a region, there are two generically distinct classes of 
variables : the line- variables (or direction-variables), denoted for one set by 
dp, dq, dr : the surface-variables (or orientation- variables), denoted for one set 
by $, r), 

Moreover, the surface-variables can be associated uniquely with a parametric 
equation 0(p, q, r) = 0, which represents a regional surface that may be individual 
or may be a member of a family. Let dS be an element of area on this surface, 
arising in connection with two linear directions dp, dq, dr ; 8p, 8q, 8r ; on the 
surface. Then, because 


we have 


01 dp -\-02dq-\- 02 dr—-0, 0^^ Sp -h 0^ Sq H - 02 Sr=0, 






where /a temporarily denotes the common value of the fractions. Further, let dn 
be an element of length, measured in the region and normal to the surface ; and 
let dp, dq, dr, be the parametric variations specifying dn. As dn is perpendicular 
to every direction in the surface, we have 


(A dp + H dq + G dr) dp f {H dp B dq F dr) dq -1- {G dp -I- F dq 4- C dr) dr—0, 
(A Sp+H Sq +G Sr)dp+(I/ Sp + B Sq + FSr)dq+(G Sp + F Sq-j-C Sr)dr=0. 


Hence 

dp 

(^Hdp)(^GSp)-(:^HSp)(^Gdp) 

^ ^ 

~(2JGdp)(^ASp)-(^Adp)(^GSp) 

__ dr 

^ {^Adp){'ZHhp)-{'^Hdp)C£,Ahp)' 

dp _ dq _ dr _ 
a$ + hiq+gl h^ + bg+f^ + 


that is, 



159 ] 


VARIABLES 


455 


where A temporarily denotes the common values of the fractions. Now 

= X^Q'^a^'^=X^QdS\ 


so that 


A— 

~ Q^dS' 


de 


Again, if we denote by 6^ the magnitude which may be called the normal 
dilatation of the surface, we have 

fl _fl ^ 


] 


{ai + Ar, + ^0 + ^2 ^ +/0 + ^3 (3i +fl + cO} 


- V:a0A 

Q^dS 

from the relations connecting tj, with 0i, 0^, d^. But, from the same relations, 

dS^= Va0i* ; 

and therefore Qd„^= 

dS 

/a - -T—- . 

Q^d„ 

Consequently the relations between the surface- variables for the surfticc 0=0 
and the derivatives of the parametric function d are 

^2 ^3 Q^d„’ 

dS denoting an element of the surface. 

Moreover, there are two concomitants in variables of the system ; and their 
geometrical significance is given by 

'^ad,^=Qd„\ 

The regional direction- variables for the normal to the surface will be written 
%'%-tn’ »i«l they are given by 


Q^~J^^dS=a^+hr]+g!i 

Q'^^^dS=h^+b-q+fi 


— dd^ -|- hdt^-\- gd^ 

Qd„^^=hd^+bd^+fd, 

dr 

^6r,^=gdi^fdi+ce^ 
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as well as by the equivalent forms 
\ an an an/ 




an an 

+ ^’^^ + (7 

an 


,dr\ 

dnj 

'dnJ 


(IS 


(IS 


A'‘/’+nf-+0^' 

cm an an, 


)1 


e(=--e„ ( 


The angle a>, between two directions dp, dq, dr, and Bp, Sq, Sr, corresponding 
to elementary arcs ds, Sa-, in the region, was given by 

ds . 8s . cos (jj—^^Adp Bp. 

The angle rj, between two orientations t], and ^q, tjq, ^q, corresponding to 
two elementary areas dS, dSQ, in the region, is given by 

dS . dSQ . cos 77= ^ 

where 

(lS^{'^ae‘)K (lS,..(^a^,^)‘. 

This result follows by using the customary definition of the inclination of two 
surfaces as the inclination of their unique positively-drawn regional normals at a 
point ; thus, if the normals have the direction- variables 



dp 

dn’ 

dq 

dn' 

dr dp dq dr 

dn’ dtig’ ~dng’ Jrig’ 

we have 



V' A ^P 

Hence 

dSg. 

cos 7] 

(I'Th L \ cLv^qJ — • 








dra d^ ^ dr\ 
dn\-\ dnQ dn^ dnj 


')dS, 

q/ j 




and therefore 


dS . . cos •>, = f 0 (Z<S + 170 dS dS 


The result can also be established by considering the direction of intersection of 
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the surfaces, the perpendiculars to this direction in the respective surfaces, and 
still taking t) as the inclination of these perpendiculars. 

Ex. 1. Shew that the bisectors of two directions in the region lying in the orien- 
tation so that 

while their variables satisfy the equation 

+2ai3pV' }-2fl23<?'^' 

have variables satisfying the equation 

auP' \-ay/, Ap+H(ji' ^Gr, f =0. 

Ugip' I- ^227' + 1 

fh\V' + fh2fl' + ^ 

Ex. 2. Two orientations in the region are composed of the directions 1,2; 1,3; 
respectively. Shew that 

^ 23 - cos 12 cos 13, 

where ah denotes the angle between the directions p^', q^^\ r „' ; and 

Christqffel symhoh for a region. 

160. There are various sets of combinations of second derivatives of the spac(‘- 
coordinates of a point in a region. 

The simplest of the sets defines magnitudes F, A, 0, according to the relations 

'^yiyij^Arn+HAii+G&^i 
'^y2y,i=Iirij-^BAij-\-Feij ■ . 

2^2/3?/,, =Gr,; \-FAt, fO©,, 

for all the combinations i, j, — 1, 2, 3 ; the subscripts in F^j, A^j, ©,y, arc merely 
symbolic, to connote association with the derivatives 7/,^, where the subscripts 
denote differentiations. When the Christoffel symbols for any multiple space are 
used, there are the equivalences 

'Lyiyu = [y . i ]. = [y . 2], '^y^u = [ij, 3], 

= 1}, J,,= (y, 2}, 0,,= {tj-, 3}. 

The first derivatives of the primary magnitudes A, B, C, F, G, //, and the 
first derivatives of a, 6, c, /, g, h, the minors of Q, can be expressed in terms of 
F, A, 0, the expressions being 

iA,=AF,,-^HA,,^-G0,; 
li^i~HF2i + BA2i-\- I@2i ’ 
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Fi = {Hr,, + + F0„) + {Gr„ + FA,, + C0,,)' 

G, = {Gr^, + FA,, + C&„) + {Ar„ + HA„ + GQ„) ^ . 

Hi = (AF 2i ■\-HA2i + {HF + BAj^ + F Ou)^ 

■k^=r„+A,,+ &,,, 

2 ~ ® ^ ~ ~ ^^^r jj AgT 3,) 

^[b,-b^J)=-{hA„+bA„^fA„) 
i ( ~ +/02i + C03() 

/-/§- - (<7^1i+/J2^ + c4^) - (A01, + 6@2,+/@3,) 

+ (5^Ai+/Aj J 

for all the values i = 1 , 2, 3. 

These results can be more compendiously expressed by taking 

Hij= 

using Bij to represent the minor of Eij in Q, and using t^, to denote p, tp r, 
respectively ; then 

BE ■■ 

= {H\)Fj^i + E^jAjci + E^j @jci) - 1 - (EiiFjcj + E2iAjcj + E^^ ©*:>)> 

01^ 

{^')=ei,{W, + i) + e„{k&, i^ + e,i{kl,ji} + e„{k2,j) + e,,{k^,j}, 

for all the combinations i, j, k, =1,2, 3. 

All the formulae are, in fact, particularised instances of the formulae, as given 
in § 12, relating to the corresponding magnitudes of a configuration of n dimen- 
sions existing in a multiple plenary space. They can, of course, be established at 
once, without recourse to the general formulae. 

Regional geodesics. 

161. To obtain the intrinsic equations of geodesics in the region, we minimise 
the integral 




that is, 
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The three critical equations are, first, 

which easily reduces to 

Ap” + Hq" + Gr" = - 1^1 p'2 - A^p'q' - A^p'r' 

+ {\B ^ - Ih}q'^ + {F ^ - 7 / 3 - G^)q'r' ^r - G^)r'\ 

In accordance with previous notations, we write 

^ + 2^>i3P V + 'l^P^q'r' + ^33 r'^, 

foT 0~r, A, successively ; and now the right-hand side can be expressed in the 
form 

-A'ZrnP'^-H^^nV'^-G^ @uP'^ 

SO that the first critical equation becomes 

A{V"+ + 'L^^,p'^) + G{r"+'^@,,p'^)^0. 

The other two critical equations similarly become 

//(/'+ ^rnp'^) + 7I(?''+ + ^ 0 uP'“)-O, 

G{V"+ + >:^uP'^) + C(/'+ y:0nP'‘‘)=O. 

As the determinant Q of the coefficients on the left-hand side does not vanish, 
these equations are equivalent to the set 

p"+ Il)AiP'^= 0 , (?"+ S^iiP'*= 0 , r"+ ^ 0 uP'®=O, 

which accordingly arc the intrinsic equations of a geodesic in the region. 

The three equations provide only two independent equations when account is 
taken of the permanent relation 

y:Ap'^=i; 

for differentiation of this relation along any arc in the region yields the condition 

dA 

(Ap' + Hq' + Gr')p" - 1 - (Up' + Bq' + Fr')q" + (Gp' + Fq' + Cr') r" + ^ ^ £~ p'^ = 0. 
Now 

^^A,p' + A,q' + A,r' 

— 2A(r iip' + F i2q' + ri3r') + 2JI(Aiip' + Aj2q' + Ai3r') 

+ 2G(@,,p' + 0,,q'+@,3r'), 

"''^^Ihp' + H^q' + Ihr' 

= A {Fi^p' + r^^q' + r^r') + H (A^^p' + A33q' + A^r') + (7 + O^^q' + @,^r') 
+ H{r np' + Fi^q' + Ti^r') + B (A np' + + ^ 33 /) 

+ 7’(@up' + 0i3?' + @i3r'), 



460 


PRIME NORMAL OF A GEODESIC 


[CH. XIV. 


J ^ ^'2 1 


, , . , 1 \AJM^ , l«/A- , , 


and similarly for the others ; hence 

dB „ dF 
ds^'^ds 

= {Ap' + IIq' + Gr'){^r,,p'^} 

+ {Hp' + Bq' + Fr'){'^A,,q’^) 

•■ +{Gp' + Fq' + Cr')(^@,,q'^). 




Thus the differentiated permanent relation, affecting all arcs in the region, leads 
to the necessary condition 

(A p' + Hq' + Gr') (/' + Yil'nV"') 

+ (Gp' + Fq' + Gr’) (r" + ^ = 0. 


It follows, from this universal condition, that the three critical equations for 
regional geodesics are effectively equivalent to only two independent equations, 
under the permanent arc-relation which applies to all arcs in the region. 

Let the direction-cosines, in the plenary homaloidal space of the region, of the 
prime normal of a regional geodesic be denoted by , Yy ; a typical 

direction-cosine, corresponding to the typical point-variable y, will be denoted by 
Y. When p is used to denote the radius of circular curvature of the geodesic, 
then 

y=py", 

SO that 


y" ^ 2/i 7^" + .«/2'Z" + .%»■" 

p 

+ «/i 1 P'- I- 2«/i22>Y + 22/13 T’V' + 2/22?'^ 


+ 22/23?V + y33/2. 


On the right-hand side, we substitute for p", q', r" , their values in terms of 
p' i which arise from the property of the geodesic ; and wc introduce 

symbols rjij, for all the combinations i,j, =1,2, 3, according to the definition 


Vij Vij Vl^ij Vz^ir 


Then the typical direction-cosine of the prime normal of the geodesic is given by 
the equation 


y 

p 


- + 2 t?i 27>'?' + ^ViaP'r' + Tjaa?'* 


+ 2t?23?'»‘' + ’?33^'*, 


which often will be taken in the form 


There are N such equations, corresponding to the N dimensions of the homaloidal 
plenary space. There is also the general relation ^y^=l, the unspecified axes 
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in the plenary space being assumed an orthogonal set. Thus the equations are 
adequate to determine, both the circular curvature of the regional geodesic and 
the direction of its prime normal. 

We note, in passing, one property of the symbols 17 , j. We have 

verified by substituting the value of 77 and noting the original definition of the 
magnitudes F, A, &. 

Ex. A region of constant positive sphericity 1 /k: has its arc-element represented by 
the equation 

CZ.S‘2 ^ ^,,2)^ 

where 

i) = l+A(y,2+^2+^2)_ 

Obtain the general integral equations of its geodesics* in the form 

2 , 

^ = 1 -h cos a cos t, 

P = 2k^ (I) - l)’‘cos fj, cos(// 

q = 2 k:“ (I) - l)“{cos A m\(u -\-p)- sin A sin fi sin (u - 1 - jS)}, 

1 I 

r 2/c“ (7) - l)"{sin A sin (y/ + j 8 ) H- cos A sin j.L cos 4 - j 8 ), 
where ^ = 5 k-~ “ , and 

tan t = tan u sin a, 

the, (juantitics a, A, jjL, being arbitrary constants, and an arbitrary constant being 
absorbed into the variable s. 

Obtain the corres|)onding equations for a region of constant negative sphericity. 
Derivatives of the quantities F, A, 0. 

162. Wc shall require the first derivatives of the magnitudes F, A. 0. In 
the first place, certain linear relations between these derivatives are to be satisfied, 
arising out of identities of the type 

BE., _ BE., BE^ _ BE^ BE^ _ BE^ 

Bq Br ' Br Bp ’ Bp Bq 

where E denotes any one of the six primary magnitudes A, B, C, F, G, II ; and in 
the second place, the actual values of these derivatives are used in connection 
with third parametric derivatives of the spatial coordinates. 

To formulate the relations, we use the notation 

Arar,,+F{A„&,^ + 0,,ZI«) 

+ EAijAki + G(0ijFjci-\-F^j0j,i) 

-^C0ij0jci-{- H (FijAjci-{-AjjFj,i)^ 

* The. result is the s])ecial case of Ex. 1 in § 17 when n = 3. 
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for all the combinations i, j, k, I, =1, 2, 3, independently of one another. To 
obtain the necessary relations, we first construct certain combinations of the 
second parametric derivatives of the spatial variables. For example, we have 

^2/22/11“ ^^1 “ 2^2> ^2/22/12“ 

and therefore 

“ '2 (^22 “ 2^i2 + -®ii)” '^^22^112+ ^ 2/112/22 ~ ^2/22/112 “ ^2/12^ 

— ]^(2/ii2/22“^12^)- 
Now we had quantities such that 

Va ~ Va Vi^ij 2/2^ ij ih 

while 

for all the admissible values of i, j, k ; and therefore 

for all combinations. Consequently 

-i(^,2-2^,, + 5n) = i:^n^22-i:^i2^+(*51iP2^ 

There are six such relations for a region, the other live being obtained by a similar 
process : in full tale, they are 

(23, 23) = A:ji= ^'>722'^33~ ^'^23 

- - \{B,, - 2F,3 + C22) - (* 522533) + (* 523523) 

(31, = k 22 = ^ V 33^11 ~ ^vli 

= -i(Ci,-26^3i + ^33)-(*533511) + (*531531) 

= -UA,,-2ii,,+B,,)-iHnm)+(nmi^) 

(12, 31) = A23= - 

= ^^3 - »i2 - -^^13 + ^’ii) - (* 5 1 2 P3) + (♦ p 1 523) 

(23, 12) = fc3i= '^V23'n21~ ^^V22’l31 

-i(B3i-^33-^2i + G'23)-(*P3521) + (*522531) 

(31, 23) = fci2= '^V3lV32~ S''?33'’?13 

- (?32 + ffaa) -(* 531532) + (* 5335 12) 

Tt will be noted that these quantities kij, in value, are the six non-vanishing 
four-index Riemann symbols of a region, as in § 16. 

Ex. Verify, as in the example in § 90, that all the six quantities k^j vanish when 
the region is a flat. 
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In the next place, we consider certain combinations of third-order parametric 
derivatives of the space-coordinates of any position in the region. On the 
analogy of the definition of the Christoffel symbols \ij, h], we define symbols 
^iiki Sijk, Tij^, according to the scheme 

YiViv ijk ^ Jiijk + H Sijjc -\-GTiji. \ 

^y2y iik — HRijjc + BSijjc + FT r , 

^y-^yiik^ GRijjc + F Sijjc + CT ijjc J 

for all combinations i, j, k, =1, 2, 3, in all possible combinations, ten in number. 
There was a relation 

^yiy a = -4 r ^ + ha ij + g & ij, 

holding for the six possible combinations ij ; hence, differentiating with respect 
to Xj^ (where x^—p, x^ — q, x.^~r), wc have 

= A - " -f 2 r,, (AF,, + HA,, + G0,,) 

ax^, 

^ ^ + HA 2fc + G 02k + HF ifc + BA + F 

OXk 

When we substitute for ^^yyicyu ifs value obtained on p. 462, this equation becomes 

^^VikVi3~ ^ (^~^^ ~~^FijFij^-\-A^jF2Jc'^G^ijF‘^j^ 

+ G J,,02fc+ 0„03t) . 

Proceeding from the relations 

^y^ya — HF i, + BA ij + G0ij. ^y^ya = GF ij FA jj + C0„, 

differentiating with respect to Xj,, and re-arranging, we obtain expressions for 

^^V2kVi3f ^^y^yUk'^ 

similar to the preceding expression, with coefficients ff, 5, F, in the first, and 
coefficients G, jF, (7, in the second. 

In the three equations, let the values of the quantities 

'EiViym (i=l,2, 3) 
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be substituted ; there then are three equations, linear in the magnitudes 
Riju, Sij/cj Tijk ; and when they are resolved, they give the results 

dr 1 

Rijk RijRlk ^ij^Sk ^ ^ V2k 

^ijk "t Rij^lk ^ ij^2k ~ ^ ^ ^ ^ nV 2k "t f ^^'^ijV^k)^ 

'^iik Rij^lk'^ ^ij^2k ~ ^^LjViJ'Vlk V2k ^ V^k)’ 


Now in the definition of these symbols ^ijkj ^OA’j re-arrangement of the 

numbers in the combination ijk Ic^ives the values unaltered. The same property 
therefore must appertain to the values obtained for those symbols respectively ; 
and therefore there must be relations 


dr 1 

Afc + U Al- + At - ^ ’?! fc + li] ’72fc + S' ^ ’?3ft) 

dr 1 

RjkRli~^ ^ jkR2i~^ ^ ikR^i~ ^ ^ j V ikVii 11^21 ^ jVik.V:\i) 

dr 1 

R'kiR'a ^ ^ kir2j ^kir^j ~~ ^ ^ j VkiV\ i I' ^ j Vki '^2) ^9 ^ jVki'n^i)i 


arising out of the value of R^jj , : r(*lations 

Rjk^li ^jk^2i ^3k^3i ~ ^ ikVl i "t ^ ^ jVikV2i ~^.f ^ j V^kV^i) 

^ki^lj~^^ki^2j ~ ^ ^^ijVkiV2J t/* ^ jVkiV‘M)i 


arising out of the value S^jj ^ : and relations 

^ ij^2k~^ ~ ^^9 UVlk ~^f^^^VijV2k~^ jVijV^k) 

^ ^f^--\-r3k&u + ^ik&2i + @3k&3i -^i9^VjkVu -I-/ ^Vjk.V2i + ^’^VjkViu) 

"f Rki^lj ^ ki^2J ^ki^Zi ~ ^^VkiVlJ ~^f ^ijVkiV2J "t ^ kiVzi) f 


arising out of the value 

It is easy to see that there are eight significant relations affecting derivatives 
of the quantities r, eight affecting those of A, and eight affecting those of 0. As 
there are six quantities r, and as there are three possible derivatives of each, it 
follows that the eighteen first derivatives of the quantities r provide only ten 



163] 


THIRD-ORDER DERIVATIVES OF PARAMETERS 


465 


independent quantities, which is in fact the number of magnitudes Similarly 
for the magnitudes 

Moreover, these relations can be arranged so as to be expressible in terms of 
the Riemann four-index symbols instead of the quantities ^rjijrjjdy and therefore 
in terms of the magnitudes kij which (as already pointed out) arc the six Riemann 
symbols that do not vanish for a region. In fact, we have 

= a ( , ik) I- ^ {j2, ik) + y (j3, ik), 

where a, p, y = ci, k, g, when 0 = r, 

= K b, /, when 0— J, 

/j when 0—0. 

The properties of these four-index symbols iire given in § 16 ; in particular, the 
quantity denoted by a symbol {ij, kl) vanishes if i=j or k — l. And all these 
results can be compared with the corresponding results given (in § 22) for a general 
amplitude, of which they are the special instances when the amplitude is a region. 


Valuer of p'", q"\ r'", along a regional geodesic. 

163. To obtain the values of p'", f", r”\ along a regional geodesic, we 
differentiate its characteristic equations. Thus the equation 

differentiated along that geodesic, gives 


-V 




ds 


ds 


+ 2 p'r' + 2 qV + 
ds 


ds 


ds 


+ 2 (T + r'laS'' 

+ 2 (r* 12^?' h r'la g' -h -T 23/) q” 
+ 2 (r'laT?' -f 7^23 g' -h r* 33r' ) r" . 


When substitution is made for the arc-derivatives of and for p", q" , r", the 
equation can be taken in the form 


- V'" - 

+ 3/^ |i3j> ^ + 6/’j23j) qt + 

+ 3ri33pV* +zr^3q'r’^ 
+ A33»''“ 


To express these coefficients we use an abbreviated s 3 nnbol with the definition 


= 0^ (ij). 


F.I.O. 


2g 
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for fi=l, 2, 3, and €>=r, zJ, ©. Then 

fiP fiP 

3rn,="-^^ + 2^^-*-4n(12)-2A(ll), 

and so on. Now the parametric derivatives of F, A, &, have already received 
one form of expression, by means of the quantities Sijjc, in § 162. When 
these are used, we find two kinds of relations : first, those connecting the magni- 
tudes Fijjc and Rijjc, similar to the relations in § 23 connecting 


and {ijk, /a} : 


next, those expressing the derivatives of Fij individually in terms of the quantities 
Fijj,. Thus we have 

dF 1 A 

-^112 ~ (2-/ '’?ll'*?12) + VHV 22 ) + 5^ ( ^ '’?ll'’?23)} > 

dF 1 ^ 

^112 — + “^1 (12) - ^ {a ( ^ T]l 2 nil) + ^ ^ V 12 V 12 ) + ^ ^ '’712'*?13)} J 

when these are combined with the foregoing expression for ^11 2j we find 
-Ri 12~^112“ 2ri(i2)+r2(ii) 

- ^ [3a ( 2 ViiVm) + H{^ Vii’?82) + 2(2 VizVit)} 

+9{{ 2 ViiV23) + 2(2 Via^ia)}]. 

dF 2 

■ ^ — -^112 + 2/^1 ( 12 ) + (^^33 “ 9^23)1 

dF 1 

112 + -^ l(12)+-f^ ^ ~ 

and so for all the other coefficients. The full tale of values is 


- + ik)} + h{{2i,jk) + i^2j, ik))+g{{U,jk) + {^ij, t'A:)}], 

Riik = At + ri {jk ) + A + r ^ {ij) 

- ^ [a { 2 (ViiV^k + VisVki + Vikln)} 

+ A{ 2 {‘nziVik + 'n2iVki + vzkVii)} 

+^{ 2 iVsiVik + VsiVki + Vsfc’J.v)}]. 

with the conventions x^=p, x^^q, x^=r. 

Similarly for q"\ r'" : we have, in all 

-/"=2AiiP'®, -q"'='L^niv'\ -r'"=2®iii/*- 
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The relations between the quantities /S,-,*, the parametric derivatives of J*,-, and 
the magnitudes Ai^y . ; and the relations between the quantities the para- 
metric derivatives of 0,^, and the magnitudes 0*-,;^. ; respectively are 

Siik = ^ iik + + i^i) + ^k {ij) 

“ 3 ^ ^ iViiVik + TluVki + VikVii)} 

+ ^ { S iViiVik + V2iVki + likVij)} 

+f { ^ (ViiVik + VsiVki + l3kVij)}li 

30 ■ 

.^-^=0,,,+@,(jk)+&,(ik) 

-^\9{{ii,jk) + (lj, ik)} \-f{{2i,jk) + (2j, ik)} \ c{(M,jk) + (3j, 

Tiik = @m + &i ijJi) -I- i^i) + &k{ij) 

- ^ rfl'{ iViiVjk -t- ViiVki + VikVii)} 

+f{ ^ iV2iVik + V2iVki + V2kVii)} 

+ c{ ^ iVaiVik + laiVki + l3kVii)}l 

The relations between the derivatives of F^j and the magnitudes Rijj,, as given 
on p. 464, arc verifiable by the foregoing values ; and likewise for the derivatives of 
Aij and the magnitudes Sijjf, and for the derivatives of 0i, and the magnitudes 

Geodesic polar coordinates. 

164. The intrinsic equations of a geodesic in a region are 

y"+Vj^y2=0, r"+^@iip'2=0. 

We proceed to obtain the form of the expression for the regional arc, when one 
of the parametric curves is a regional geodesic. 

Let the parametric curve 

p = variable, q = constant, r = constant, 

be a geodesic of the region ; then the equations 

p"+Aip'=*-o, 

must be satisfied, and therefore 

Ju=0, ©11=0. 

Hence, from the general results in § 160, we have 

‘2^1 Hi — lrA2=Hrii, Gi — ^A^^GF u, 
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SO that 


d 

dp\^ 




Sq'"'’ dq\^l 

There therefore exists some function I, of the parameters of the region, such that 

di II di G di 


A^ = 


dp ' ^ a dq ’ ^2 dr' 


Now, as the arc ds of the region is given by ds^—^Adp^, the substitution of 
these values leads to the modified form 




di di di di 

^ + 2 dpdq + 2 —^dpdr~\-Bdq^-\-2Fdqdr + Cdr^ 


= dl^ + Bq dq^ H- 2-Fo 


where 




dq) 

In this modified expression, the (piantity I manifestly is the length of the geodesic 
arc measured along the selected parametric geodesic curve. 

The surfaces in the region, for which the element of arc is given by the expres- 
sion 

dt^ — B^dq^ -f- ^F^dqdr + C^dr^, 

are also given by the equation Z— a parametric constant ; and therefore any 
direction on such a surface, with j- , as direction- variables, is such that 

citr dt d/t 


that is, 


dl dp dl dq dl dr 
dp dt ^ dq dt^ dr dt ’ 


The direction-variables of the parametric geodesic are 

dp 1 




dr 

ds" 


Hence we have 
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iind therefore every direction in the surface is at right angles to the parametric 
geodesic. Consequently the regional surfaces, given hy 1= a parametric constant, 
are orthogonal to the parametric geodesic. 

On the analogy of polar coordinates in homaloidal triple space, the representa- 
tion of a regional arc in the form 

where /, (f), x, ^^re three independent functions of p, q, r, is called a geodesic polar 
representation ; occasionally, the new parameters Z, 0, Xi called geodesic polai- 
coordinates. 

The partial differential equation, satisfied by the surfaces orthogonal to a 
polar geodesic “and referred to the initial representation ds^=^Adp^ of the 
regional arc, can be constructed as follows. Equating the equivalent expressions 
for the regional arc, we have 

'^Adp^-dl^+{P, Q, R\d<j>, dxY, 

so that 

A - Q, Xl)^ F-kk^(P, Q, RU„ X 2 U 3 , X 3 ), 

B-1./-MP, Q, RU 2 , X 2 Y, G-ia=--(P, Q, Rlh, X 3 U 1 , Xi)> 

C - (P, Q, Ri^„ x,)\ H - kk= {P, Q, RUi, X 1 U 2 . X 2 )- 

Hence 

A-l,\ U-kk, G-hk = 0 , 

H-U.„ F -1,1, 

G~U„ F-l,l„ 

for the substitution of the values of the various constituents of the determinant, 
as given in the preceding six relations, makes the determinant vanish identically. 
When this equation in the derivatives of I is expanded, we find the equivalent 
form 

the partial differential equation required. 

This result is in accordance with the equation 

for the normal dilatation (§ 159) of any parametric surface €(^?, q, r) = constant ; 
for, in the case of surfaces orthogonal to polar geodesics, we have 

€=Z, dn=dly 


and therefore €^=1. 
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Ex. 1. Prove that, when an integral of the partial differential equation of the 
surfaces orthogonal to polar geodesics is known, the quantities ^ and x 
independent integrals of the partial differential equation 

+ {c - = 0. 

Ex. 2. In connection with the four-index symbols, and their expressions (§ 162) 
in terms of the derivatives of the juimary magnitudes of the region, verify that the 
following results hold when the expression for the regional arc is 

+ F, C,\dq, dr)^. 

The values of Zl, 0, are given by 

-^13 ^22~ ^23~~2^lJ ^n3~ 

FA,^^C&,^ = \ fJ ’ FA,, + C0,3 = W, J ’ 

BA 22 t ^^22 ~ 2^2 1 . -^“^23 + ^ ^23 ~ 2 ^^33 ~ 2^2\ 

FA22 + Ce22 = F2-lB,r FA2^3+C&23-I02y FA„+C0„ = ^C, /■ 

The values of the four-index symbols are 
^11 = ~ 2 (^33 “ 2^23 + ^^2) 

- iB/’i - i [0(2B,i\ - B,C,) 

- 2 F{B^Cs + { 2 F^- S3) (2^3 - C3)} + B ( 2 F.,C\ - B^C,)] 

+ + h scy [CBY - 2FC,B, + BCY], 

^12~ i(^l2 ~ -^13) “ ®135^23> ^23)~^(^> ^12?^33> ^33)j 

^’l3~ 2 (^13 ~ ^12) “ ^5^23* ^235^12? ^12) + ( ^> ®135^22> ®22)- 

^22=-i^ll+(^,^\^R3, 013)^ 

^23 ~ i^y ^ y ^^^12y ®125^13j ®13)> 

^33 ~ ”2^1l+('®j ^y ^i^l2y ^12)^- 

Ex. 3. Prove that the Riemann measure K (the sphericity, in §§65, 217) of the 
region in the orientation of a surface orthogonal to the geodesic p = variable, when the 
expression of the regional arc is 

ds^ = dj>^ ^{B, F, C\dq, dr)^ 

TZ _ ^11 

BC-F^' 


is given by 
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Ex. 4. Prove that, if a region could have two families of geodesics orthogonal 
to one another, its elements of arc would be expressible in the form 

ds^ = dp^ +dq^-\-Cdr^ ; ' ’ 

and obtain the four-index symbols in the form 

* 13 = 0 - 

^-23 = 0 , 

^22= — i^ll > ^3 = 0- 

Hence (or otherwise than by shewing that the region would then contain a jjara- 
metric family of surfaces with zero sphericity) prove that the region is of limited 
generality as being developable into a flat. 


Minimal regions in free space. 

165. The general equations of minimal regions in a plenary homaloidal space 
of n dimensions (where w>3) are obtained by the customary methods of the 
calculus of variations. We use y as a typical space-coordinate of any point ; 
and, in the region, we have 

^ 5 ^= dp^. 

The element of volume of the region is 

1 

dp dq dr, 

where Si is the determinant of the primary coefficients in ds^ ; and accordingly, 
we have to minimise the triple integral 

^^^Si^ dp dq dr. 


the independent variables being the parameters q, r, and the dependent variables 
being the space-coordinates. The critical equation * 

d (dSih ^/dSih d /dS^\_ 
dy ^ dp \dy^)^ dq\ dy^^ /dr \ dy^) 


holds for each of the dependent variables typified by y. 

Now is composed of magnitudes constituted from derivatives of these 
dependent variables and it does not contain any one of such variables explicitly ; 
hence 



* See my Calculus of Variations, § 606, and chapter xii generally. 
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Again, as 
wc have 


CHARACTERISTIC EQUATIONS OF 
B='Eiy^3, g^^jV^vi, n^Yjyiy2, 


dQ^ 

^Vi 

dQ\ 


Jl L 


(ayi + %2+^2/a), 


1 

I3‘ 


Qiyi + hy^+fya), 


dQ^ 1 , . 

Thus the t5^pical critical equation becomes 
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Now 


“ . (««/u + 2*^12 + 2gyyi + 6^22 + 2 / 4/23 + ct/j.,) 


+ 


{ d ( a\ (1 f h \ d / g \] \ 

^ 2/1 { ~i J + y ( ~ 1 ] + T~ ( — f If = 0 . 

•- dq\Q-^/ rfr\^-.7JJ 


by the formulae in § 160, with similar expressions for the other like quantities. 
When these arc substituted, and the typical equation is re-arranged, it becomes 

®'*?ii + 2 At 7 i 2 + 2^17^3 + 61722 + 2/1723 + C1733 =0. 

There is one such equation for each of the space-variables ; the complete set are 
therefore the point-equations of the minimal regions in a plenary homaloidal space. 


Ex. 1. When the plenary homaloidal space is quadruple, so that there are four 
such ecpiations, and when the properties of regions in quadruple s^iace * are used, the 
four equations lead to the central relation 

aA 2hH + 2gG -\-hB + 2fF^ c6= 0. 

Thus the sum of the three principal circular curvatures of the geodesics belonging 
to a minimal region in quadrujile space is zero. 

Ex. 2. Shew that the (primary) sub-amplitude 

+ •• • +yn?) =/(«Wi +c). 

in a plenary homaloidal space of m-f-1 dimensions, is minimal if the function f(u) is 
such that Q 

/'M«) ={/(«)}"• -^j/(M), 


the quantities a and c denoting constants which affect only scale and position. 


* G.F.D., vol. ii, § 416. 
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It has been proved that mil-lines satisfy the equations of minimal lines 
(geodesics) in an amplitude (§ 18) and that nul-surfaces satisfy the equations 
of minimal surfaces in an amplitude (§75). The same property, as between 
nul-regions and minimal regions, holds for any amplitude ; it can be verified at 
once when the amplitude is the plenary homaloidal space of the regions. 

The typical critical equation, as Q does not involve the variables y explicitly, 
has the form 

f (fVf 

dp \ oy^ / dq \ dy2 / dr \ dy^ J 

We have 

diy 1 dQ^ L 1 

where 

1'i=«2/i + %2+'72/3- l'2=%l + %2+/y3. i"3 = </yi+/2/2 + P»/3- 

Hence 

d I dQ 1 d\\ 

(l'p\dyj~' (ip dp ’ 

d /dQ^\ 1 dQ I dY 2 

dq\dyj~ ’ 

dldQh J^dQ 

'drKdy^J 2# 


and thus the typical equation becomes 

dQ 


1^1 


dii , dQ dQ 
y-> . + 1^3 


dp ^ dq 


dr 


\ dp 


dY^ dY. 

Ip ^ dq ^ dr 


holding for each of the n variables y ; and n is greater than 3. 

These equations, which are characteristic of minimal regions in free space, 
manifestly are satisfied by a permanent equation 

Q={), 


that is, by the equation of nul-regions. 


The tangent flat of a region, 

166. The equations of any line, tangential to the region, are 


where A is the parameter of a current point on the line, so that any point on the 
line is represented by the typical equation 

y-y='^y'= yi^p' + 2/2 Ag' + 2/3 Ar'. 
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We obtain different points on the same line by varying values of A : we obtain 
different lines by the various sets of values of p', q\ r\ which are subject to the 
single permanent arc-relation of a quadratic order in these variables. Hence the 
coordinates of every point on every line, through the initial point typified by y, 
satisfy the equations 

\\y-y, yi, ^2. y^ lho> 

which, in a plenary space of N dimensions, constitute a set of iV-3 linearly 
independent equations. They therefore represent a flat in that plenary space. 
Every straight line, in the flat and passing through the initial point typified by y, 
touches the region ; consequently, the flat thus constituted is the tangent flat 
of the region at the initial point. 

Two inferences can be drawn at once. In the first place, the space-coordinates 
of any point in the flat can be represented by the typical equations 

y-y^a.yi+^yz+yy3< 

where a, P, y, are parameters. In the second place, let any direction in the flat 
have spatial direction-cosines ... Ijf, typified by l\ then we have the typical 
equation 

where e, tj, tu, are parameters; but, as the three direction-parameters 

are subject to the relation 

-f- 27/67; -h -h Byf + 2Frja> + Cw^ — 1 . 

Also, the conditions that a space-direction, denoted by I2, ... shall lie in 
the tangent flat of the region are 


7 % 

•’ dp’ dq’ 


dr 


= 0 . 


Moreover, there are orientation-variables of different types in the plenary 
space. It suffices, in connection with a region, to consider merely the surface- 
variables, because the region itself provides a single volumetric orientation at a 
point in the plenary space. As the parametric curves at the origin provide, by 
their tangents, a set of leading lines of the flat, so the orientations at the origin, 
composed from pairs of these parametric directions, provide a set of leading 
surface-orientations of the flat. For this purpose, we take 


oVi 

dy. 

lyj_ 

dp ’ 

dq’ 

dr 

3y,- 

^yt 


dp’ 

dq’ 

dr 
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Let any surface-orientation in the plenary spaG6 be contained in the flat. Any 
two lines in that orientation, taken as guiding lines, must lie in the flat ; let their 
spatial direction-cosincs be Zg, ^ 2 » ■■■ > so we nius,t have 

, SVi dyt dyi ^ o ,^yi 

~ 37 “^ + 'dq ^ + Jr 

for all values 1, , N, of i and^, the quantities a, jS, y, being parametric magni- 

tudes for the respective directions. The surface-orientation in the plenary space 
has variables denoted by such that 

= l^mj - lyfrii 

0^2, 



^Vi 


A. Yi 

+ 


dyi 


Yi, «i |_j_ 

y-i. “2 1 


dyi 

dq ’ 

dr 


72 


dr ’ 

dp 


dp ’ 

dq 

^Vi 





^yj 


^yi 

^yt 

'dq' 

dr 



dr ’ 

dp 


dp ’ 

dq 


= Ooj^^P 4- -h 

where 6, 0, 0, now are parametric magnitudes for the spatial surface-orientation 
represented as lying in the flat. If then the quantity oj be taken as t 3 rpical 
of all the variables ^ specifying an orientation, we have 

OJ = Oojp -f- (fjOJQ ^OJ ji ] 

and the conditions that a surface-orientation in the plenary space, with orientation 
variables co^®^\ shall lie in the tangent flat of the region are 

II C0^®^\ !l“^- 

We may assume, initially, that the selected leading lines in the surface orienta- 
tion in the plenary space ar(i at right angles : then 




: 1 . 


Accordingly the parameters 6, (f)\ i/r, in the foregoing representation must be such 
that 

^ v; + 4><uf + y = 1 • 

I j 

Now ^ 

=BC-F^=a, 

and so for the other like combinations : hence the relation, to be satisfied by the 
parameters 6, <f>, ijj, is 

a6^ -h 2hd<l) 4- 4- txjj^ 4- 2/<^ H- = 1 . 
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167. Now consider the perpendicular drawn, upon the tangent flat of the 
region at 0, from a point Q near 0. We may proceed as in § 20 and shew that 
the direction of this perpendicular coincides, in the limit of a decreasing distance 
QO, with the prime normal at 0 of the geodesic OQ ; or, as was the method 
adopted in § 94 when a surface was under consideration, we may take Q to be a 
point near 0 along a geodesic OQ in the region. Adopting the latter method, we 
denote the small geodesic arc OQ by t ; the coordinates of Q, denoted by ■ , 

will be represented by a typical variable 17 ; and the foot of the perpendicular 
from Q on the tangent flat will have its coordinates denoted by , so that 

there exist parameters 0, (f>, i/j, such that 


dp 




dq 


dr 


for all the values ], 2, ... , iV, of m. If 77 be the length of the perjiendicular, and 
if Aj, Ao, ... denote its direction-cosines, with A as the typical direction-cosine, 
we have 

'Hm Vm' 

In order that the line may be a perpendicular, the quantity ym)^ must 

be a minimum along all the lengths from Q to the flat, and therefore 



must be a minimum for all values of the independent parameters 6, (f>, ip. The 
critical equations are 



and the further conditions, necessary and sufficient to secure a minimum, are 
easily seen to be satisfied. 

In the first place,^ these three equations may be written 






jn=o, 





hence, as IJ is not zero, we have 


S-r»^=o, Sx„^=o, 

that is, the perpendicular in question is at right angles to every direction in the 
flat, as is to be expected geometrically. 
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Next, the equations may be taken in the form 

A0 + //^ + ^ - y„)| , 

//0 + B<f> + (’i™ - .y™)} . 


Now 
We have 


G0 + F<}> + C^.= X){-gf (Vm-yJ 

Vvi - 2 /m = tym' + + 


> ^y?n ^ , / 

Z-i 


3jt? 


ifm ^ 




and similarly 


v; 2/™' =-- Tip’ + iiy' + Jf-r', y; y,„' = 6>' + Fq' + CV'. 


Also, because 


we have 


and similarly 


y„;'=^ y„=^v,jp/p/. 

^ytn If 1 v-^ r / / / A ^//m \\ . 


"=0 "=,0 

Hence the foregoing equations become 

^ (0 - \ H{<t>- tq') + G{^- ir') = ’P y: yj" + • ■ • - 

H{0-tp') + B{,f,-tq’)^-F{4,-tr') = \t^'£,y^'’^-y^’l-\ ... , 

G(0- ip’) + F (^-tq’) + C{4,- tr’) = it^ S y„,"' + ■ • • : 

and therefore, up to the second power of t inclusive (I being a small quantity), 

9 = tp\ <j>=^tq\ ijj = tr. 


x^n 


( ^o^rn,,dy„ dyJ^ 


Thus 
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accurately up to the second order inclusive : and so, up to that order, 

— Y 

2p 

for all the values of m. Hence, as t tends to zero, we have 


77^ - Y —Y 

o » ^ mi 

Zp 

also for all values of m ; that is, the limiting position of the perpendicular from Q 
on the tangent flat, as Q tends to coincide with 0, is the prime normal of the 
geodesic. The relation 2pn=t^ implies a customary expression for the curvature 
of the regional geodesic. 

We note also that the prime normal of every regional geodesic through 0 is 
orthogonal to the tangent flat of the region, while of course the tangent of that 
geodesic lies in the tangent flat. 


Expressions for the circular curvature of a geodesic : secondary magnitudes. 

168. An expression for the square of the circular curvature is obtained by 
squaring the foregoing t 3 rpical equation and adding the results for all the space- 
dimensions ; and the expression involves the sums of the squares and the sums 
of the bilinear products of the magnitudes rj^j. To represent these sums, the 
following special notation * is adopted : 


^ T^fl — /C400, ^ 

'^ll'^12 — ^310i 2 — ^^301 

M 

II 

0 

0 

Vl2V22 — *^130} 2 '^22'’?23~'^031 


V13V33 — 2 V23V33 — ^013 

^ V23 — ^022 “ ■^^11 

1 2 V11V23 ~ ^211 “ §^23 

^ V22V33 — ^022 "i" 1^11 

J 2'’?12'^13 — ^211'b“3‘^23 

^ ^31 — ^202 “ 3^22 

1 2 V22V13 ~ ^122 “ ¥^13 

^ VuV33 — ^202 f ^22 

^ 2''?12'’?23 — '^122 + ¥^13 

^ '^12 — ^^220 ~ 3 ^33 

1 2 '’?33'*?12 — ^112” ‘3^12 

2 V 11^22 — ^^220 + "3^33 

^ 2 ^13'’723 — '^112"l~ 3^12 


* Later (§ 254), it is found convenient to adopt a different notation. With the 
double-suffix combinations in the quantities ^ 22 > Vuy ^ 23 > '^ 33 > associate the 

integers 1, 2, 3, 4, 5, 6, respectively in the ordered succession ; and then we use symbols 
Sij to denote the twenty-one magnitudes of the type according to the 

definitions such as 

^15=^^11^23j ^16 = 


^24 “ ^ 


Vl2Vl3i ^25 


=s 


Vll'l33y ^22 
'>?12^23> ^26 


=s 

=s 


2 

Vl2i 


Vl2V33f ^33 


=s 


Vi2V22i 

2 

1722 - 
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The symbols fori,j, =1, 2, 3, which have appeared in §162, will arise in 
connection with the expression of the Riemann sphericity of the region in any 
surface-orientation. The desired expression giving the magnitude of circular 
curvature of a regional geodesic is 


7 



II V 


for numerical values of A, jjl, v, =0, 1, 2, 3, 4, such that A+^4- v=4, the summation 
being taken for A, /x, Vj independently of one another ; and the term containing 
the specific coefficient has a numerical coefficient 


^ _ 

A! /x! v\ 

Thus the circular curvature of the regional geodesic is given by a homogeneous 
ternary quartic form Q in the direction- variables. 

Another form can be given to the expression of the circular curvature of a 
regional geodesic, by means of the secondary magnitudes A, B, C\ F, G, H, of the 
region, defined by the equations 


C='^Y7],„ 

f=--'£y 7,,„ H=^Y-n,,-, 

and we shall use also an alternative double-suffix notation, under the definition 

Au= v; Yr,,,. 

(Owing to the properties 

]^Yyi=0, ^^2/2=0, '^Yy^-^a, 

any magnitude in the preceding definitions can be changed according to the 
general relation 

where the suffix-notation for the typical variable y now connotes differentiation 
with respect to the parameters ji, q, r, of the region.) With these definitions, and 
using the relation 

- = ^ S ViiPi'Pi^ ii>j, = 1, 2, 3) 

P i j 

we have 

- = S r • - = Ap'^ + ^Hp’q’ + Bq'^ + 2Gpy + 2Fq'r' + Cr'^ = 'Z Ap'\ 

P P 

apparently a ternary quadratic expression in^', q\ r\ 

When the plenary space of the region is of only four dimensions, the typical 
direction-cosine Y of the prime normal of a geodesic is independent of p, q\ r ' ; 
and then the magnitudes A, B, C, F, G, H, are functions of position only. 
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But when the plenary space of the region is of more than four dimensions, the 
typical direction-cosine ¥ of the prime normal of a geodesic is dependent on 
j)', q', r\ and varies from one geodesic to another ; in fact, we have 

^ i > 

Q" 

where Q is the foregoing ternary quartic in q, r'. Hence the secondary magni- 
tudes, while certainly being functions of position in the region, implicitly involve 
also the direction-variables p\ q\ r', of the geodesic. We shall assume that 
usually the plenary space of a region is of at least five dimensions : any exception 
to the assumption will be noted definitely as it occurs. 

More explicit expressions for the magnitudes A, B,C, ff, II, can be obtained 
by substituting the explicit value of Y in the equations of definition and by using 
the foregoing symbols for the different magnitudes ^y]ijr]jcu for hj, h =1, 2, 3, 
with the results 


. = + 2aC3ioP V' + + 2/^301 + 2#C2ii ? V' h 

+ 1 (^33^'^ - 2^23?'^' + 

+ 2 ^: 2117 // -f 2 «:i 22 ?>' + 

^ - 3 - k^^q'r + *12^'^), 

G 

^ = k-mxV'^ + + S/Caoj joV' 4- 2/CH25' V' 4 /Cjoa^''^ 

_ ~i{^22P ‘^ ~^23P9 +^132'^)) 

- = 'f 22 oP'* + 2/C130?'?' + '^040?'* + ^Xizip'r' 4' 2/fo3i q'r' 4- 

4 f - 21ci3p'r' + k33p'% 

F 

^ =«' 21 lP “"!■ 2 ki 22 P 1 / XqjPI “-\-^Ki33p r + 2 kq 22 ?^^ + '<^013^ * 

- f - KiP’q' - K2P'f' + KxP'^), 

(J 

.='^202P'®+2'fii2P'?'+'f022?'^ + 2Ki03pV' 4’ ^Xoi^qY 

+ I (*22?'® - 2*12?'?' + *11 ?'®) • 


It will be noted that, in these six expressions, the first lines are equal to 

i^a^Q j ^ d^Q_ , , d^Q d^Q 

^^'dp’2’ ^^dp'dq'’ ^^dp’dr" '■‘^~dq'^’ ^‘^dq'dr” dr'^’ 

respectively. And it is easy to verify that, when these values of A, B, C, F, 0, H, 
are substituted in the equation 


j= 


we return to the former equation 


1 
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Later, it will be found convenient to use symbols Wj, Wg, W 3 , and v^y ^^ 3 , 
according to the definitions 

= Ap' -f Hq' +.(zr' ] Vi= Ap' + Hq' + Gt'\ 

I 1 I I 


1 ^ 2 = Hp' + Bq' + Fr^U v^=Hp^ + Bq^ + Fr' ^ , 

u^ = Gp' +Fq' + Cr'] v^ = Gp' +Fq'^Cr] 


so that we have 


u^p' + U2,q' + u^t' = 1, 

, , , 1 

v^p + ^2? + ^ 3 ^ =- • 

P 

By direct substitution of the values of the secondary magnitudes, we find 

’ MV+%+So=a(/ P +»'P|+-''a|^7) 

=1 ^=1 
*dp' 2pdp'\pJ' 




d^Q , , d^Q 


p' " ■ ^ dp' dq'‘ ■' a?'* ' dq' dr'! 

aQ^j__a /n 

*dq' 2pdq'\p)’ 

^ , dQ^ 1 a /IN 

* dr' 2p dr' \pj ’ 

for the aggregate of terms, involving the coefficients k^j in the three selected 
combinations, disappears in each instance ; hence we have the relations 


a /I 

dp' \p 


^h”” evi^h’” 


dq \p. 


and their equivalents 


p 4ap'Vr p iag'vr p 4a/\p‘ 


The binormal and the trinormal of a geodesic lie in the tangent flat. 

169. Consider the (quadruple) block represented by the equations 

dy dy dy 
^ dp' dq' dr' 

Manifestly it contains the tangent flat of the region, and therefore the tangent to 
the regional geodesic in any contained direction p\ q , r'. Also, it contains the 
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prime normal of that regional geodesic ; and therefore it contains the osculating 
plane of the geodesic. 

The tangent at a consecutive point of the geodesic, where S is a small 

arc-distance, is represented by equations of the type 

y-(y+y'S) 

- y'+y"^ ’ 

where 0 is a parameter of length along the tangent line ; that is, by equations 


y-y=[h + d)y' + ~Y 
P 


= (S + e)|y'|+5-|'+/|l + ?>: 


dp ^ dq drj p 


and therefore this tangent at a consecutive point lies within the block. Hence 
the block, known to contain the osculating plane of the regional geodesic at the 
initial point, contains also the tangent at a consecutive point : that is, the block 
contains the osculating flat of the geodesic. 

Now the osculating flat of any curve contains the binormal of the curve, as 
well as the tangent and the prime normal ; hence the binormal of the regional 
geodesic lies within the foregoing block, so that its typical direction-cosine can 
be represented by equations 




where A, /a, v, a>, are parameters. The binormal is at right angles to the prime 
normal, and therefore 

'ZhY=0; 

also we have 


consequently 


2 ^ 1 = 0 . 


cij = 0, 


and the direction of the binormal is given by 


T ^dy dy 


dy 
dr ‘ 


Thus the binormal of any regional geodesic lies in the tangent flat of the region. 
Moreover, we have 

^ j 

a p 


Y=py".. 
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y 


nt 


=i3_y:_p' 

per p2 p2 

\pa p^J dp \pcr pV dq \pcr p^/ 3r 



Now consider a third tangent at a further neighbouring point ; or, what is analyti- 
cally the equivalent, the terms of the second order in Sq, the small arc-distance of 
that neighbouring point from 0. The equations of this third tiingent arc of the 
form and type 

y- (y+y'So+i-y"8o3) 

y'+y"8o+iy"'V 

the second power of Sq being retained ; the quantity is a parameter of length 
along the tangent line. These equations are typified by 


y-y= {K+^)y' + (iSo® + ^8o) y" + i^8o®y' ' ' 
+ |{(So + «^)?'+i^So3(^-^)} 

+ |(So + .^) / + (^ - ^)} 

+ r|(is„3+,^So)--iA*^X 

I p p } 


accurately up to the second order of small quantities inclusive ; and they shew 
that the line, thus represented, lies within the block. 

Hence the block, known already to contain the osculating flat of the geodesic 
(and therefore the tangent, a consecutive tangent, and the prime normal of th(* 
geodesic) contains a further consecutive tangent, that is, one not contained in the 
osculating flat ; and therefore it is the osculating block of the regional geodesic. 
The osculating block of any curve contains the trinormal of the curve ; and there- 
fore the particular block under consideration contains the trinormal of the regional 
geodesic. Accordingly, if denote the typical direction-cosine of the trinormal 
of the geodesic which thus lies in the block, there must be relations typified by 
the relation 


r_ ^y^ v 


where a, jS, y, r/, are parameters for the line. The trinormal is at right angles to 
the prime normal, so that 


l,hY=0-, 
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and, as ever, 


hence 




dp 


dq 

7 ] = 0 , 


dr 


and the typical direction-cosine of the trinormal is given by 


dr ' 


Thus the trinormal of any regional geodesic lies in the tangent flat of the region. 

It thus appears that the tangent flat of the region contains the tangent, the 
biiiormal, and the trinormal, of a regional geodesic. These three directions are at 
right angles to one another ; and no direction, at right angles to each of the three, 
can lie in the flat which is only three-dimensional. Also, the block 


dy dy dy 
^ dq' dr' 


Y 


= 0 


has been proved to be the osculating block of the regional geodesic ; it contains 
the prime normal of the geodesic, as well as the three principal lines of the geodesic 
which lie in the tangent flat. These four directions are at right angles to one 
another ; and no direction, at right angles to each of the four, can lie in the block 
which is only four-dimensional. 

It follows that, for the set of three directions, constituted by the tangents to 
the parametric curves of the region, and with direction-cosines typically repre- 
sented by 


A 


-\^y 

dp' 


B 


-\^y 

dq' 



there can be substituted the set of three directions, constituted by the tangent, 
the binormal, and the trinormal, of any regional geodesic. The substitution 
provides a set of leading lines particular to the geodesic which is specially useful 
in examining the properties of any individual (though quite general) geodesic ; 
the earlier set of leading lines, constituted by the directions of the parametric 
curves at 0, is the more useful in considering the characteristic properties of the 
region without special regard to the relations enforced upon any geodesic which 
it contains. 


Ex. 1. After these results, it is clear that the equations 

II y-y> yi, y*. ys. II =o 

represent the osculating block of the geodesic. We have seen that the three directions, 
typified by y^, y^, and lying in the tangent flat of the region, as leading lines of that 
flat, are topographically equivalent to the three directions typified by y\ : that is, 
to the tangent, the binormal, and the trinormal of the geodesic. 
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It would therefore be an immediate inference that two such blocks, at contiguous 
points on the regional geodesic in the direction p', q\ /, should intersect in the oscu- 
lating flat of the geodesic. The preceding iV - 4 equations (where N denotes the 
number of dimensions of the plenary homaloidal space) are e(piivalent to the iV-4 
equations 

for /X = 5, 6, . . . , iV. To obtain the intersection of this homaloid by the similar homaloid 
at a consecutive point along the geodesic, we join with these equations the further set 
of relations 

jJ{^(y-y)i.]-o. 

When /x = 5, this relation is 

that is, in virtue of the remaining equations, the relation becomes 

^{y-y)h=o. 

When ii = N, the relation is 

that is, the relation becomes 

an equation already contained in the intersection-set. 

When 5 < /X < iV, the relation is 

which, because of the relation ^ = ia satisfied by the equations of the intersection- 

set. 

Hence the aggregate of equations for the intersection of the two blocks is 
for /x = 4, 5, ... , iV : that is, 

\\y-y. y', Y, I3 l|=o, 

which are the equations of the osculating flat of the geodesic. The inference is thus 
verified. 

Ex. 2. A further inference will be verified, because the mode of verification 
employs a method which, in extended form, will be useful in the discussion (§ 260) of the 
orthogonal centre of a region in sextuple plenary space. We consider the intersection of 
two consecutive osculating flats of the same regional geodesic ; it should emerge as the 
osculating plane. Any point in the foregoing osculating flat is represented by equations 

y-y=Py'+Ql3 + RY] 
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any point, in the osculating flat of the geodesic at a point at a small arc-distance D 
along the regional geodesic, is represented by the equations 

y-y- y'D = P(y' + y'^D) + l\D) + R{Y^ TD) 


= Py'^Qh + RY 

+d(p-+o(^— . 

( p ^ T O’/ ^ CF p/ ) 

Where (if at all) the two flats intersect, the two sets of values thus provided for the 
typical magnitude y must be the same ; and therefore we have 

P-Tt^ + D=p, 

pP-Q- + R=R, 

P o 

q+rP=q, 

O’ 


QD = 0, 

Hence Q = 0, from the last equation. In the limit as D tends to zero, the third 
equation requires the relation Q = 0 ; the second equation requires the relation R = R \ 
and the first equation requires the relation P = P. Thus the required intersection is 
given by the typical relation 

y-y=Py' + RY, 

where P and R arc parametric for all the equations of the set. Hence the two 
consecutive flats of the same regional geodesic, considered in connection with the 
expression of their equations in terms of regional magnitudes, intersect in the osculating 
plane of the geodesic 

II y-y^ y' y II=o: 

a result which, if interpreted in connection with the geodesic alone, is merely a 
verification of a known property. 

In the application mentioned, relating to the orthogonal centre of a region in 
sextuple space, it proves necessary to include terms involving squares of the small 
arc-distance D. 


170. The analytical possibilities, required to ensure the property that the 
tangent flat contains the tangent, the binormal, and the trinormal, of any geodesic, 
are seen to suffice for the demands. 

In the aggregate of the equations of the flat, there are 3N magnitudes in all, 
being 

dp ' dq * dr ' 

for 1 = 1 , ... , iV, where N denotes the dimensionality of the plenary space. Also, 
for any direction, there are three direction-variables p', q\ r'. Hence, in connec- 
tion with directions associated both with a regional geodesic and with the tangent 
flat, there are 3N H- 3 disposable quantities. 
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Now for the spatial direction-cosines of the tangent, being the magnitudes 
typified by y\ there are iV distinct cosines ; thus 'N of the disposable quantities 
will be required. 

For the spatial direction-cosines of the binormal, being the magnitudes 
typified by /g, there are N distinct cosines ; thus iV of the disposable quantities 
will be required. But there is also one limitation, in the form of the condition 

consequently, in effect, one more demand is made on the disposable quantities, 
and so their number must satisfy N + 1 demands in all, for the determination of 
the binormal by means of directions. 

Similarly, for the trinormal the direction-cosines of which are typified by 
there are N distinct cosines ; so that N of the disposable quantities will be 
required. There now are also two limitations, in the form of the conditions 


leading to two other requirements ; thus, in determining the direction of the 
trinormal by means of the available magnitudes belonging to the tangent flat, 
there are + 2 demands in all. 

Hence the total number of demands, thus made for expressing the direction- 
cosines of the tangent, the binormal, and the trinormal, of a regional geodesic, 
is iV-f- (iV+l)-f(iV^-f-2), =3iV-f3, in all, being the same as the number of 
available magnitudes. Each of the N, -hiV’, -hN, relations for the actual expres- 


sions of y\ ig, ^ 4 , is linear in the magnitudes ^ 


dy By By 


dp’ Bq^ Br^ 


and so, because 


the conditions 


SI- 1=0, 

I^Yy'=0, 'ZYh=0, 


are satisfied, being the analytical conditions that all the three directions thus 
obtained are at right angles to the prime normal of the regional geodesic. 

Accordingly, the respective typical direction-cosines of the three lines are 
expressible in the respective forms 


^ ^ dp ^ dq dr’ 

1 ~n^y -I- R^y^<}^y 


where the parameters Z, m, n, of the binormal, and the parameters d, jS, y, of the 
trinormal, have to be determined. 



CHAPTER XV 


Torsion, Tilt, £)oil, of Regional Geodesics 
Generalities on ternarianls. 

171. At this stage, it is convenient to state some purely algebraical lemmas, 
relating to the concomitants of ternary forms. 

When the parameters p, q, r, of a region are changed to another set po, 
by three independent relations of the form 

Mr> ?. »•. To, ?0. »’o)=0, (t= 1, 2, 3), 

the direction-variables p', q\ r', are transformed to homogeneous linear combina- 
tions of po"> ?o^ coefficients in these linear transformations being indepen- 

dent of directions. Accordingly, p', q\ r\ can be taken as variables for ternary 
forms ; variables tj, composed of two cogredient sets of such variables 
according to the law 

Vi Pi > j 3 

P2 J 72 j ^2 

are contragredient to p', q', r\ as also are the operators 

A ? 

ap'’ a?'’ a?’ 

and a magnitude 

Pii 7/3 ^1' 3 

P2 3 72 3 ^2 

Pa 3 73 3 ^3 

composed of three cogredient sets, is a covariant independent of any configuration. 

In connection with a region, there are homogeneous ternary forms. Thus 
there is the quadratic form 

v='£,Aj>\ 

which, in value, is equal to unity ; for analytical purposes, it is convenient to 
retain the symbol 17, and (as on p. 481) we shall write 

,dU .dU .dU 

Again, there is the quadratic form 

V=^Ap'\ 
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which, in value, is the circular curvature of a regional geodesic in the direction 
y', through the point 0 : the coefficients A implicitly involve the variables 
j?', q, r\ but we are concerned (for the moment only) with explicit algebraical 
expressions. We shall write * 

,37 ,37 ,37 

where the partial derivatives with respect to p\ q', r', relate solely to the explicit 
occurrences of p', q', r', in the quantity 7, though (as at p. 71) the results are still 
correct if account is taken of the implicit occurrence of p', q\ r', in the coefficients 
in 7. 

The set of variables u^, is contragredient to the set p', q\ r\ as also is 

the set ^ 1 , v^, ; the set of variables 

Ml, Mg, Mg 
«1, Mg, Vg 

is cogredient with p , q , r\ as also arc the two sets of operators 
3 3_ ^ . A A ^ . 

when these operate upon co variant! ve functions of Wj, \ v^, v^. Similar 

remarks apply to any ternary form, such as the quartic 0 of § 168, and to its 
first-order partial derivatives with respect to p\ q\ r' . 

The discriminant Q of the form U is 

Q= A, H, G , 

H, B, F 
G, F, C 

and a, 6, c, /, g, h, denote its first minors. Similarly, there is the formal dis- 
criminant Q of the form 7, given by 

A, n, G , 

//, 5 , F 

G, F, C 

while a, 6, c, /, g, h, are used to denote its first minors. Both of these quantities 
Q, Q, are invariants of the system for U and 7, as also are the intermediate 
invariants 

Aq/ -I- ^Hh -h Bb "h ^Gg -I- ^Ff Cc = cu, 

Aa -h 2Hh + Bh + 2Gg -h 2 Cc=a)y 
such that the discriminant of XU +/x7 is 

X^Q -h X^fioj + A/x^d) -h p?Q. 

* The notation w,, Wg* ^3 J ^i> ^3 in conformity with the notation of § 31. 
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There are concomitants 


S®%*. 

belonging to the system of JJ and V. 

In the same way, a set of surface-variables rj^ is contragredient to the 
set of variables p', q\ r\ the quantity 

being covariantive by itself. We already have had the concomitant : 

other instances will occur later. 

When such forms, whether invariants, covariants, contravariants, or mixed 
concomitants, occur in connection with a region, it usually is required to assign a 
geometrical significance to an invariantive expression. The following results will 
be found useful : 


hu^ -h 6^2 + /^3 = * j 
gu ^ + /^2 + ^'*^3 = 

=Q, 

Q 

i 

P 




dv^ + hv2-\-gv^ = Qp^ 
hv^-\-bv^-\-fv^=Qq^ L 
gv^ + fv^^cv^=Qr 

V' " 2 ^ 

P 

^jdu^v^=Q. 


These are, of course, only individual concomitants ; all such concomitants can 
be expressed algebraically in terms of a selected set, which contain only a limited 
number of members. 


Binormal of a geodesic : the torsion. 

172. To determine the parameters i, m, n, in the expression for the typical 
direction-cosine of the binormal in the form 


l3=lyi-{ my^+ny,, 

we begin with the typical Frenet formula 


Y' = — — ~ 
a p ' 


so that the typical equation 


1 y' 

-{lyi + my 2 + ns/a) = ^- + Y' 

a p 


holds for each of the variables corresponding to the space-dimensions. The 
values of Z, m, w, must be obtained. Now 


'£Yy^=0- 
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and therefore, differentiating each of these equations along the geodesic, we have 

- '^'^{yuv’+y^^i'+ylz^')=-i^v'+Hq'+Gr')= - ^i, 
Sy2i"= - '^Yyi = - '^Y(yiip' + yiiq' + y^r')=--(np' + Bq + Fr')^ -v^, 
^yzY'^- + + - [Gp' +Fq'+ Cr')---= - tv 

Also we have 

'^yiy' = Ap' + Hq’ + Gr’ = Uy, 

S y^y' = Hp' + Bq' + Fr' = u^, 

'£iyzy' = Gp' + Fq' + Cr' = M3. 

Hence, multiplying the equation in i, m, n, by and adding : then by and 
adding : lastly by y^, and adding : we have, successively, 


^ {AI + Hm 4- Gn) = - - v., 

a p 

a p 

^{Gl +Fm-\-Cn) = ^u^-v^^. 
a p 

We write 

Qvi= avy^ + hv^ + gv^ 

Q V2 ~ ^^1 + 6^2 + /^3 

Qv3=gVi-^fV2+CV3 J 

then the foregoing equations, resolved for Z, m, w, give 


I P - 

a p 
m q' 

Vo 


nr, 
a p 

BO that the direction-cosines of the binormal are known. 

An expression for the torsion of the regional geodesic can be obtained. We 
have 

1 = S ^3* = 2 (^yi + ^yz + ’•^yz)^ 

= Al^-{- 2Hlm -f- + 2Gln + 2Fmn + Cn^. 


Let the preceding values of I, m, n, be substituted. There are three sets of terms. 
In one of them, we have 
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In the second set, we have 

- 2 — {p' {Avi + Hv 2 + + q {Hvi + Bv 2 + -^^3) + (^^1 + + ^'^3)} » 

P 

but 


and 


Av^ + Hv2 4 - Gv^ — Hv^ + Bv2 + Fv^ = V 2 , Gv^ + Fv2 + Cv^ = v.^. 


^i/ + ^ 29 ^' + ^ , 
P 

so that the second set of terms 



The third set of terms 

= ( 7 ^ {vi {Avi + Hv2 + Gv^) + V2 (Hvi + Bv2 + Gv-^) + V3 (Gv^ + Fv2 4- Gv^)} 

= (J^(VyVi + V2V2-^V2V^) 



Hence we have 



a relation giving a value for the torsion, the circular curvature being known. 

An expression for the torsion alone can be deduced at once. We have 

( 2 «%*) ( S - ( 'El aUjVi)^ = ^ (6c -P) (1*2113 - 1*3 Va)® 

= ^ - “3^2)* : 

while 

p \cr^ pv 

and therefore 

^ 2 = E^(^2V3-‘U3Vi)^, 

a result that will appear later, in connection with the direction-cosines of the 
trinormal. 

The result can be written 



A, 

H, 

G, 

Wl, 

I’l 

a* 

H, 

B, 

F, 

'*^2j 

^2 


G, 

i\ 

c, 

^^3> 

'<’3 


Ml, 

M 2 . 

^35 

0 , 

0 


'^1> 

«2, 

^3* 

0 , 

0 


in accordance with the form of the result for the torsion of any amplitudinal 
geodesic (§ 35 ). 
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The condition ^lzy'=0y which is organic to the frame of the geodesic, must 
be satisfied by the analytical expression obtained for l^. Now 


and therefore 


'Eiky' = Uil-}-U2ni-\^u.^n 

cr {Uip' + U2q' + u^r') - (u^Vi + U2V2 + 
VP 

Ulp'-hW2?' + ^3^' = l» 


U^V^ + U2V2 + U2V^ 


= Q {«i + gi’s) + «2 (**’1 + **'2 +>3) + W3 (9^1 +f'Vi + cvs)} ; 


aUi + hu2+gu3=Qp', hui + hu^+fu^—Qq' , gUi+fu^ + cu^^Qr' , 

so that . , , , 1 

UiVy + u^v^ + u^v^—Vip +V2q +V2r =- . 

P 

Hence the analytic expressions give 

2y%=o. 

as required. 

Moreover, an expression can be inferred for Y' in terms of regional magni- 
tudes. When the values of /, m, n, are substituted in the formula 

k=lyi + my2 + ny2 

for the typical direction-cosine of the binormal, we have 

- ^ ^ iViV +2/27' + 2^3^') - (2/1% + y^^2, + 2/3^3) 


= ^ -(2/l^l + y2^2 + y3^3)- 
p 

The Frcnet equation, which affects the direction of the binormal, is 


consequently 

Y'= - {yiVi+y^Vi+yaVs), 

the expression indicated. 

Also, because Y=y"p, 

differentiation along the geodesic gives 

y'"=yj' + lY' 

p p 


/ 2 

= --^Y - ~{ylV^ + y2V2 + ya^3)■ 
P P 
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A more generally useful expression for if” will be obtained immediately ; mean- 
while, we have a result 


sv-=-:-i=5Q)" 


one form of the value of the arc-rate of change of the circular curvature of the 
regional geodesic. 

Also, it will be useful to have the relations 


^ A y Va ~ + id 0 U2 -f 0ij 

the verifications are simple. 

It is convenient, in connection with these linear combinations in the magnitudes 
Fij, Aii, to introduce some abbreviating symbols*, defined by the relations 


+ A2?' + Aa ^ 

^ 21 P ^^ 22 P —p 

^3lP ^^32P +^ 33 ^ ~y 

satisfying the equations 


^21p ~^^22l ^“■^23^ ~V 
^Z\P +-^3217 ^“-^ 33 ^ 


©21 / +022?' + 023^'" a: | 
031?^ +032? +033^ j 


- j)" = aj) + pq' + yr ^ 

-^''=#'+x? +fA^' j 

In particular, we have (as in § 161) 
d A 

^- = 2(^a + 

as 

^^-=2iHp+Br)+Fx), 

fin 

~^2{Gy +FI + C4), 


= {Hy + + F^) + [G^ + F-ri + Cx), 


dF 
ds 

^f- = iGa +F^+C<f,) + (Ay+HC + Gt/>), 
as 

- 5 = {A^ + Hr, + Gx)^{Ha+B^ + F<f,). 
as 


Ex. 1. Obtain values for the quantities ^yty/, for all the combinations 
= 2, 3, taken independently of one another. 

* They have a particularised significance which is in agreement with the general 
symbols gjp^ of p. 148. 
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Ex. 2. Verify the formulae : 

S y'Vl = Ml® + Maf + “3^ 
2y'y2'=«ii3+«2’?+M3x ■. 

^ y'y^ = Mjy -H Ma c + “3^4 . 
and deduce the values of liV.', for 2 = 1, 2, 3. 


- 2 = «ia -H Vaf -I- 

- 2 ^'2/2' = t’l S + ^’2’? + ^’sX ^ : 

- 2 ^'2/3' = ■'’iV + "2 S + ^^ 3 ^ . 


Value of y'" along a geodesic. 

173. The value of y” along a regional geodesic is given by 

2/"=Sw'"; 

differentiation along the geodesic leads to the relation 


+ 2 + 171 a?' + Vl3^')p" + 2 iVl2P' + ’722?' + w') ?" 

+ 2 igisP' + ’723?' + ’733’’') 


In connection with various symmetrical sums, we use a symbol defined by the 
equation 

Vlk^ij “1“ V2k^i3 'n^k^ij — "^k 


similar to the symbol (p. 465) 


= 0^ (ij), 

for 0=r,Aj©. When substitution is made for the arc-derivatives of the quantities 
r]ij and for p'\ q", r'\ we have a homogeneous ternary form for analogous to 
the forms (§ 163) for p'", q'", r'" ; we take 

?"' = ’lin/® + 3’7 ii 2P'*?' + 327 i 22P'?'* + ’7222?'® 

+ ^VnaP'^' + 6’7i23P'?'’-' + 337223?'®’’' 

+ 337133/3 V* +33J233/V2 

+’ 7333 ’’'® 

~ ^^ViiiP ®» 

where 

= “ 2'J7i(11), 

337112=^^2 ^®- 43,1(12) -23,a(ll), 


and so on, the formulae being similar to the formulae (§ 163) for 7^,,^ with the 
change of 7^,, into rjij, for all values of i,j. 

We have 


Vii= Vi} - n-Vt^ a - Vs^u : 
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and therefore, with the conventions Xi=p, X2=q, X2=r, 

drjij n A ^ 

=ym - Vi^rti - - Vak&ii - Vi - Vi -g— - Vi g-- • 

But 

Vlkl^ ij + y2Jc^ ij + y^]c 0 ij = {rjiJc H-^l^lA: + 2/2^1fc + 2/3 ® 1 *) ^ iJ 

+ iV 2 k + yi^ik + 2/2^ 2 k + y 3 ^ 2 k)^i 1 
+ (ijaft + 2/i Afc + 2/2^3* + 2^3 

= Ik (ij) + 2/i iv) + 2/2^ fc (ij) + ya (v) J 

and from the values of the derivatives of F^j, Afj, ©,7, in § 162, 


3r,.. 


dA,, . aa, 


=yi[^iik + (m+Fjiik)] + y^[Aii,,+Ai (jk) + J,- (ik)] + yal^m + ©. (jk) + 0A^k)] 

- 3^ [(“^1 + kyz+yyaHili jk) + ( \j, ii:)} 

+ (%1 + ^2 +fy 3 ){ (2i, jk) + (2;, ik)) 

+ {yyi +fy 2 + cyaH jk) + i^j, i^)}] . 


We denote the coefficient of - in the last equation by Then 


— yuk - Vk (v) - yi{i^ ijk + (i^) + ~^J^k (^})} 

-yai^m + ^iijk) +Aj(ik) +A^(ij)} 

- yai&m + &i (jk) + &i (ik) + ©^ (ij)} - (ij). 

Now the general value of Tjij^ is given by 


When substitution is made for the derivatives of the quantities rj^j, y]ku 
according to the preceding result, there are two sets of terms, one set involving 
the four-index symbols through the quantities W, the other set free from those 
symbols. In the combination 

'Pi (jk) + Wj (ki) + (ij), 

the total coefficient of ay^ -f hy2 + gy^ 


= {(li,jk)-^{lj, ik)} + {(lj, ki)^{lk,ji)}-^{{\k, kj)} 

which vanishes identically, because of the properties of the four-index symbol. 
Similarly, the respective coefficients of %i + 62/2 +7^3^ +/2/2 + ^2/3? vanish. 
Consequently, the aggregate of this set of terms is zero. 
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The remaining set of terms, after reduction, leads to the equation 

Viik Vak ~~ ~~ ~~ Vkiij) ~ yi^ijk ~ y^l^Uk ~ y3^ijki 

where 

- ^ijk + (jk) f (ki) + 0k (ij ) , 

when 0 = r, J, 0: the result holding for the values i, j, k, =1, 2, taken 
independently of one another. Also, it is convenient to express the derivatives 
of the magnitudes 17^^ in terms of the magnitudes rf^k rather than of the derivatives 
of the space-coordinates : the relation is 

where 

Va {^y ) ^ 

’^a(^y)=(«2/i+%2+^«/3){(i^. y«) + (iy. ^a)} 

+ (liy^ + y“) + (2y, ^a)} 

+ (gyi +Sy 2 + (3^. y®) + (3y, Pa)}. 

With these values for the quantities rj^jk, the expression for y"' is 

y"’= 

The same result is obtained when, in the expression 
y"'=yiv"'+y2q'"+y2r"'+:^yn,p'^ 

+ ‘^iyiiP' +yi2q' +yi3r'yp" 

+^{yi2p' +y22q' +y2-y)q" 

+ 3 iyisp' + y23?' + yi^r') r", 

which is quite general, we insert the geodesic values of j)'', q", r" , p"', q"', r"', 
and use the relations expressing yu in terms of rj^j and ynjc in terms of yij^. 


. d /1\ dux dv 


174. We can at once obtain an expression for the arc- variation of the circular 
curvature along a geodesic. The relation 



has been established (p. 494) ; accordingly, if we write 

^'ijk ^j^Vijki 

where the quantities are the coefficients in the expression for y"', and when 
we substitute the value of y'"' in the relation, we have 



r.i.o. 
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More explicit values, in terms of original magnitudes connected with the 
representation of the region and of magnitudes already used, can be obtained for 
these coefficients Let the value of rjijk in terms of yijj^ be substituted in the 
expression for There are new magnitudes defined by 

Also, we have 

' '^yyt=o, 

for Z=l, 2, 3, so that all the terras in ^ijk, disappear. Then we find 

111 — ^111 “ ^ 11 + ii) 

^^ii2 = ^\i2 -2(Zri2 4-^^i2 + ff^i2) - (/7r,i + 5Jn + ^®ii) 

^113 = ^n3-2(M3-+-ffJi3H-^^13) - + 

ti22~^122 “ (^^22 + ^^^22 + ^® 22 ) ~ ^ (^7*12 + ^^12 + 

^222 — ^222 ~ ^ 22 + BA ^2 + 7022) 

^22.3“ 7^223 “ ((^^22 + FA 22'^ (^^2^ ~ 2 (7/723 + ^^23 7023) 

^'i 33 “ 7i33 - (AF 33 + HA 33 + G 033 ) - 2 ( GF ^^ + FAy^ + C 0i3) 

^233 ~ 7233 - (HF 33 + BA 33 H F0^^) - 2 {GF 23 + 7J 23 + C^®23) 

^333 ~ 7 333 - 3( G 7334 - 7id33 + O 033 ) 

^123-7123- (1723 + ^ 43 + G023) " {HF2^+ BA-,^^ F 9^,^) - (G7i2+7^12+®Ci2) ^ 


The expression for ^ j can be obtained otherwise. We have 
and therefore, differentiating along the regional geodesic, 


(^iiiF '^1/112^ +2/113^)+ Vii 
^Fjiip +7ii29' ^Fii^r — (7iiI?i + zIii'?^ 2^" ^ii'^’s)^ 


by the results in § 172 ; and similarly 


- — F^^2P' + 7i22<Z' + 7i237 - (7 12^1 +^12'^2+ ®12'^3)5 
~~F\22P ~^^222Q “f“7223^ "" (722'^! + ^ 22^2 ^22*^3) > 

— Fii^P +7i 239' +7i33r — (7i3t;i+^ 131^2 + ®i3^3)j 

1 

— F123P +7 223 <7 +7233^ — (723^1+ /1 23 '1^2"^ ®23 ^3)* 


— 7i33P' + 7233(7' + 7333 / - (733^1+ J33t;2+ ©33 '^ 3 ). 



174] CIRCULAR CURVATURE 499 

By the relations between 64^*. and we have 

^lllP +^113^ ~ i^niP +%127 "I" ^113^) 

= 3^?' (ZAi-f 4- 0n) 

+ q' {Hr,, ^BA„ + F&„) + 2 q'{Ar„ + G@„) 

+ r' {Gr„ +FA„ + Ce„) + 2/ (^^3 + HA„ + G@„) 

~r,-^, + Ay]V2 + ®ii '^3 4 " 2 {Aa 4 - 4 - G(l>), 

with the symbols of § 172. Hence 

dA _ _ _ 

^ = eniP' + ^1127' + ^113^' 4- 2 (^a 4- /f f + 1?^). 

Similarly, we find 

= ^1227^' + ^222 7 ' + ^223^' + 2 (H^ -^Brj-^Fx), 

= ^4337^' + ^2337' + ^333^' 2 (^V + f 

dF ______ 

= ^1237^' + ^2237' + ^ 233 ^" 4 " (^y -¥ Bl^-{- FiIj) + {Gp 4 - Ft] 4 - Cx), 

~ ^lup' + ^1237' + ^133^^ + 4 - 4 - C(f>) 4 - {Ay 4 - 4 - Gifj), 

~ ^U2P' + ^1227' + ^ 123 ^' + + Ht7 4 - Gx) 4 - {Ha 4 - 4 - f'c/)). 


The circular curvature of a regional geodesic is given by 

-=^Ap'^-, 

P 


and therefore, on differentiating along the geodesic, 


d 

ds 



dA dH f f dB , dG , , ^ , 

d>’"‘+ds'‘ ■-' 

+ 2 v , p '' 4- 2^27” 4- 2^3/'. 


dF 

ds 


dC 

ds 


When substitution is made for the arc-derivatives oi A, B, C, F, G, //, in terms 
of the quantities the aggregate of terms consists of two sets. The set involv- 
ing the quantities 

— ^ j 


and the set independent of those quantities 

= 2 {Ap +Hq + Gr') (op' 4- Pq' 4- yr') 

+ 2 {Hp' 4- Bg' 4- Fr') (fp' 4- m 
4- 2 {Gp' 4- Fq' 4- Cr') (<^p' 4- x7' 4- 0r') 
== -2(vip"-h?;27" + ^3^")- 
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Consequently, we have 


d 

ds 



eniP'\ 


the former expression for the arc-rate of change of the circular curvature. 

Occasionally, the ternary cubic in p', q\ r\ will be denoted by W ; and there 
will be convenience in writing 

.dW .dW ,dW 

SO that Wi, W 2 , arc analogous in form to u^, and ^ 3 . Obviously 

+ 2en2^>'g' + ^ 122 ?'^ + 2en3P'^' + 2ei23 7 '^' + ^ 133 ^'^ | 

'^2 = ^X12P'^ + 2ei227^'7' + ^ 2227 '^ 2ei237>'^' + 2^223 7 '^' + ^233^'^ I • 

'*^3 = ^ 113 ?'^ + 2ei237> 7' + ^2237'^ + 2 <'i337>'^' + 262337'^' + ^333^'^ ' 

Later, it will be convenient to have magnitudes w^, W 2 , w.^, defined by 


175. We have 


and therefore 


du^ 

ds 


Qw^ = awi + hw2 4 - gw^ 
= Jiw^ + bw2 + fw^ 
Qw^ — giv^ + fw2 + cw-;^ 


i,=Ap' \-Hq^-^Gr' ; 


dA. , dl'l , dG f j f/ TT n Ti n 

- p + q -I- r' + Ap" + Hq' + Br". 


ds 


ds 


When the values of the derivatives of H, G, as given in § 160 are substituted, 
as well as the values of p", q'\ r”, we find 


du^ 


ds 


-=at«i + ^t«2+0^3- 


The derivatives of 1 / 2 , ^ 3 , are similarly obtained : the set of results is 

dui . , 

= au^ + f ^2 4- epu^ 


Again, we have 
and therefore 


du^ 

ds 


= ^'^1 + '7^2 + X^3 


duo 

-^- = r%4- Cu2-^iIju^ 


Vi=Ap'-^Hq'-\-Gr\ 
dv, dl , dH , dG , - 
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When the derivatives of A, H, G, are substituted in terms of the quantities 
the aggregate involving these quantities 

^Wi. 

The aggregate of all the remaining terms 

^Ap" + Hq" + Gr'' + 2p' {Aa + Hi + G4>) 

+ q' {{A^+Hp + Gx) + {Ha + Sf + F<f>)\ 

+ r' {{Ay + nC + G^) + {Ga+F$+ Ccj,)} 

=aVi + ^v^+<f)V3, 

on substituting the values of p", q', r". Thus 

dv^ . , 

= ^1 + + ^^2 + 9^3- 

The derivatives of v^, are similarly obtained : the set of results is 

di\ ^ , 

4 - av^ + ^^2 + 9^3 


ds 


- + X^3 


^^3 y # 

= w^ + yv^ + 4^2 + ipv.^ 

In the expression (§ 172) for the torsion, the combinations 

have occurred ; and they will re-appear in the expression for the typical direction- 
cosine of the trinormal. We take them in the form 

Then, by the use of the foregoing results, 
d 


ds 


(u^Vs - V2U3) = U2W^ - W2il3 +(a+ 7 ]+l//) (^ 2^3 - '^3 ^ 2 ) 


- a (U 2 V 3 - V 2 U 3 ) - ^ (u^v^ - V 3 U 1 ) - y (U 1 V 2 - V 1 U 2 ) ; 
also, by the formulae on p. 494, 

1 dQ 

“+’' + ■''=25 * ■ 

and thus there is an expression for ^ . Similar values can be obtained for . 

The full set of results is ^ ^ 

‘Uu 2 Wa — W 2 U^)-al-B}n-yn 
ds 


dm 

ds 

dn 

ds 


~Q “ {^l3Wl - w^u^) - r\m - 
= (U^W2 - W^U.^ - 0^ 
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The quantities I, m, n, are contragredient in character to the set W3, and to 

the set 1^1, V 2 , ; and this contragredience appears in the derangement of the 

coefficients a, j8, y, , 0, in the expressions of the derivatives. 

Further, we had quantities v^y V3, defined (p. 491) by equations of the form 

= av^ + hv^ + gv;^. 

Hence 

dvi a . " ^ , , d f a\ 

-ds= + + + 

+ -^(^ 2 + ^ 

+ f^{w, + yv, + yp,+^,) + v,l[l^). 

From the formulae in § 160, we have 

^ ds (i?) ~ ~ ~ ^g), 

when the symbols Wi, w^, w^, of p. 500 are used, and reduction is effected, the 
equation assumes the form 

dv^ - - n- - 

- PV2 - r<’3- 

Similarly for the derivatives of t"2, ; the full set of results is 

dv^ - - n- - 

'ds ^ ~ 

dv2 _ ^ y _ 

j^=W2-^v^-r}V2 - 4^3 

dV3 _ -/- 

2^=^3-9^1-X^2-^^3 

Again we note the contragredience in the arrangement of the coefficients a, ... , j/f, 
in the derivatives of v^, V 2 j ^3? when compared with the derivatives of V 2 , v^: 
Finally, in connection with the magnitudes W 2 , as 

5"'= -(yA+ 2/2^2 +^3^3), 

we have 

^yyY'^-{Av^+m^+G%) 



= -«i; 
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^ Vx Y" + ^ yi' = - {wx + o.v{+ iv, + 

Also there has been the result (§ 172, Ex. 2) 

- ^ Vx Y' -■ av, + + (f>V 3 ; 

and therefore 

'^yxY''=-w,. 

In the same way, we have 

^ 2/2 - ^2, ^ 2/3 - ^^3- 


Valite of ^ ^ alon^g a geodesic : magnitudes of rank four. 

176. In the construction of an expression for ^ , it proved convenient to 

use the value of y'" with the formula ^ ^ 


d 

ds 



Yy‘ 


But there is no like formula connecting the second arc-derivative of the circular 
curvature of the geodesic with y"" ; and we therefore proceed directly from the 
expression already obtained for the first arc-derivative of the curvature. 

At this stage, we adopt a triple-suffix notation for the derivatives, of the 
third order and of higher orders, of the space- variables of a point in the region. 
For all orders greater than two *, we now take 


^l+m-\-ny 

so that, for third-order derivatives in this notation f, l-\- m-\-n = 3 ] and generally 
in this notation, the sum of the subscripts I, m, 7i, is the order of derivation. 

Owing to the persistent recurrence of certain combinations of the symbols, we 
write _ _ _ 

* The single-suffix notation for first derivatives, and the double-suffix notation for 
second derivatives, have obvious advantages in their brevity. The triple-suffix notation 
for third-order derivatives, adopted earlier (§ 158), was an extension of the double- 
suffix notation ; when that extension is applied to derivatives of the fourth and higher 
orders, it is unwieldy, as compared with the notation now to be adopted. The slight 
modifications in third-order expressions, consequent on the change of notation, will be 
indicated specifically. 

t When the symbol denotes the same magnitude as the symbol 6^,^ in § 174, 
I denotes the number of subscripts I, in denotes the number of subscripts 2, and n the 
number of subscripts 3, in ijk. 
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the symbols Aij denoting the secondary magnitudes of § 168, and the symbols 
Uij similarly denoting the first minors in Q (as in § 158). Also we shall write 

^ [ViAl^ki ivnp' + Ini' + Vn'r') 

+ I^k2 {l2lP’ + V22i' + ’? 23 »’') (VdlP' + ’? 32 ?' + »•')}]. 

for all indices iyj, k, =1, 2, 3, in all combinations ; and likewise, for brevity, 

{^lmn)k kl^lmn “1" k2^lmn ‘b -^k^^ Imm 

where are the magnitudes of p. 463 ; and 

{A, ij), = (A B, C, F, (I Sjr,,, Zl,,, 0,,5a, I <f>l 
(A, ij),= (A, 5, C, F, G, Hir,,, 77 , xl 

{A, ij),=(A, B, C, F, G, Hir,,, zl,,, 0,,5y, I 0), 

where a, j8, y ; rj, (f), x, ^ \ are the symbols defined on p. 494. 

We proceed from the expression 

where the term in with l-\-7n + ^=3, is 




and the values of the coefficients (subject to the modifications that are due 
to the change of notation) are given in § 174. The symbols, occurring in the expres- 
sion for the second derivative of the circular curvature of the regional geodesic, 
are defined by the relation 


^2 

ds^ 



q', rr 


where the term in fi^nj /-f7M-h7i = 4, is 


4!_ 

l\ m! n! 


flmnP'W”'r'^ ■ 


and, as quantities of rank similar to wo take 

^ Imn ~ ^1/ ^yimn- 

By the definition on p. 498, and with the now current notation, we have 

^300“ 11^’ '^‘^11‘b 6^0il), 


and therefore 


d 


eJoo= (2/400/ + 2/310?' + 2/301 »■')}+ 2 I" 2 / 3 oo- 3 ^ [Arii + 
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We have (§ 172) 
and therefore 




^^Y y^QQ — “yi ( ^ 2/12/300) + ^2 ( ^ 2/22/300) + ^3 ( ^ 2/3 2/300) 

= Vi (^i?300 -[-HS 300 + 30o) 

+V2{HR3oo+BS3f^+FT 

30 o) + ^3 (GR300+FS300+CT 

30o) 

— ‘^('^1^300+ ^2^300 + ^3^300) > 


SO that 


consequently 


~ ^^Y y 200 ~{^3oo)iP +(^^300)2? +(^3oo)^ 7 


^300 — -^40oP ^■^31o(/ -^301^ {(^30o)l^^ + (-®30o)29' + (^30o)3^ } 

-3^^(Zni+5zl„+G0u). 

Again, from the derivatives of A, //, G, obtained in § 174, 

^(/TAi+/7d,i+f70J 

" Aiteoo?^'-! e2io(/' + e2oir' + 2(a^H-^// + ^0} 

+ + ^120^' + ^111^' + + 

+ 0ii{e2oi2?" + ^ni(/ + ^102^ + + *A^) + + <^0)} 

(is ds ds 

~ P (^20o)ii + (/ (^no)ii + ^ (^ioi)ii+(^7 ^^)i 

+ A (12i + ar,i + ]8J„ + y0i,)+^ + C0„) 

Also, from the derivatives o( F, A, 0, in § 162, 

^2"+ar,,+pA,,+v0u 

— ^30oP ~^^^21 o9 ^-^201^ ®^{'^ll(^n7^ +'’7127 +'’713^ )} 

+ {'7ll (VuP' + ^227' + ^23^')} 

+ ^ 11] ivil iVnP' + ^237' + '733^'))]7 

with similar expressions for the coefficients of A, H, G, in the last line. Hence, 
when the results are collected, we find 

^300 — -^4007^ +-^3107 +“^301^ “ ^{(^2oo)ii7^ + (^iio)ii7 +(^10l)ll^} 

— {(-^300)17^ +(-^300)27 +(^300)3^} 

-3{(i23oo)iP +(^21 o)i7 + ('® 20l)l^ } “ '^(-^7 ^1)1 ~ ^(/^l^ll)- 
From this expression for eJoo, expressions for Cq^q and ^003 can be constructed by 
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the appropriate changes of parameters, subscripts, and correspondingly associated 
magnitudes. Thus 

— +-^ 031 ^ “^{(^110)222^ + (^020)222^ +(^011)22^} 

” {(^^o3o)i2^ +(^030)2? +(-^030)3^} ^ 

— 3{ (72220)22^ + (^030)22' + (-^021)2^ } ~ 3 (^, 22)2 - ^(/^2'’?22) 5 

and similarly for cio3- 

The corresponding expression for ejjo is obtained in the same manner as that 
for 6300, and is 

^210 = -^310 2^ +-^220 2 +-^211^ 

—p {2(^200)12+ (^110)11} ~ 2' {2 (^110)12 + (^020)11} ~ ^ {2 (^101)12+ (^011)11} 

~ {(-^ 21 o)i 2 ^ 210)2^ “^(^210)3^} 

- p {2 (/?2io)i + (-^300)2} “ ? {2 (^120)1 + (“^210)2} ~ ^ {2 (fAii)i + (^^201)2} 

-(2(1. 12)i + (l, + 

From this expression for Caioj expressions for ^i2o» ^021? ^012) can be con- 

structed by the appropriate changes of parameters, subscripts, and correspondingly 
associated magnitudes. Thus 

^201 — -^ 301 ? +^21 i2 ^ +-^202^ 

- ^ {2 (^200)13 + (^101)11} ~ 9 {2 (^110)13 + (^002)11} - ^ {2 (^101)13 + (^002)11} 

~ {(^20i)iP + (^201)2? 201)3^ } 

- p {2 (/?2oi)i + (^300)3} ~ ? {2 (-®iii)i + (-^210)3} “ ^ (^102)1 (^201)3} 

- (2 (A, 13 ), + ( 1 , n)a} - ^ {2 + (/^ 3 ’?n)} J 

and similarly for the other four specified quantities e'. 

The expression for eJn is similarly obtained ; and it remains unaltered by inter- 
change of parameters, with the appropriate changes of subscripts and associated 
magnitudes. The value is 

^ui—^ 2 iiP ~^^i 2 i 9 ■^-^112^ 

~ P {(^200)23 “f" (^110)31 (^101)12} 

~ S' {(^110)23 + (^020)31 + (^011)12} 

~ ^ {(^101)23“^ (^011)31 + (^002)12} 

“ {(^iii)i?^ + (^111)2? + (^111)3^ } 

“ p' {(^111)1+ (-^201)2+ 210)3} 

~ ? {(^021)1 + (^111)2+ (-^120)3} 

~ ^ {(^012)1“^ (-^102)2^" (-^111)3} 

-{(.4, 23)i-|-(^, 31)2+ (^, 12)3} -^{(/ril723) + (P2'S3l)‘b (P'3’712)}' 
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These relations express the magnitudes in terms of the magnitudes 

already used and of the quantities Fi^n \ what is required for our purpose is 
the full connection between the quantities e and the coefficients in 



The left-hand side 

= O®] 

with the significance of w^, w^, as defined in § 174. When, in this expression, 

the values of the quantities e, are inserted, and the coefficients are 

compared, we find the following (among other) relations, connecting the magni- 
tudes and 

^ Imn ■ 

/ 4 OO ~ ^ 400 — ^ (^ 200 ) 11 “ ^ (-^ 300 ) 1 

- 3 

- 3 (.d^/^ii, All, ^11)^ ~ Q in'll 11^12) Vi)}} 

from which the values of /q^q, /qq^, are constructed by appropriate changes of 
parametric symbols : 

— ~ (^200)12 (*^110)11} “ (^210)1 + (^300)2} 

— 3 (Air'll, All, 011 ^^ 12 , Ai 2 , ©12) 

- ( ^VuVu) + Mi2 ( ^ViiV22) + ni3 ( '^ 11 ^/ 23 )} 

“ {n'll{^Vl 2 Vll) ^ H' 12 {^h 2 Vl 2 ) ^ H' 13 (^V 12 Vis)} 

~ iQ ^'’?ll'’?ll) + H' 22 (^^ViiVi 2 ) + n' 2 ‘i{^^VllVl 3 )} } 

from which the values of /301, /130, fios, / 031 , /ois? constructed by appropriate 
changes of parametric symbols : 

/220 — ^220 “ { (^200)22 + ^ (^110)12 + (^020)11} “ {2 (-®i2o)i + ^ (^210)2} 

- 2 {A\r 12, Ai 2 ^ ©12)^ “ (-^5-^llJ ^ll> ®1 i5-^22j ^22j ®22) 

- ^ W ( 1 ^ ^12'^] 2) + n '12 ( ^^12^22) + ni 3 ( ^12^23)} 

- 2 Q W( 2'^11^22) +/^12( ^112122) +/^13( ^^ 13 ^ 22 )} 

“ Q {1^12(^^12111) + ^22(^112112) + ^23 ( ^' 7 i 2 ' 7 i 3 )} 

- 2^ {n'12(^ll2lll) +/^22( ^^ 11 ^ 22 ) +M23( ]i)^ll'»723)}» 
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from which the values of /202, /o22» constructed by appropriate changes of 
parametric symbols : and 


/211 — -^211 “ { (^200)23 + 2 (tiio)i3 + 2 (^ioi)i2 + (^011)11} 

- {2 (-Riii)i + (-^ 201)2 210 ) 3 } 

~ ^Xl> ^115-^23) ^23) ®23)~2(^j{/’ ^12) ®125-^13 j ^13> ^is) 

- 2^ W( 2^11^23 ) +Mi 2 ( S’? 12 ^ 23 ) +Mi 3 ( X'»Ji 3 ’ 723 )} 

- 2)3 {^11 ( S’?12’7i3) + M 12 ( 1]’?13’?22) + Ml3 ( 'ElVuVza)} 

- ^ +M 12 ( S’ 7 i 2 ’? 23 ) +;^ 13 ( S'^ 12 ^ 33 )} 

- 2^ \Vl 2 ( +M23 ( S^ 13 ’? 13 )} 

- ^ {M 12 ( X’ 7 ii’ 7 i 3 ) +M 22 ( S’? 11 '» 723 ) +^ 23 ( X’? 1 i’? 23 )} 

- ^ {^13 ( '^VnVu) +t^23{y,Vl2Vli)+f^33 ( '^Vl2Vl3)} 

- ^ {^13 ( S’?ll’? 12 ) +/^ 23 ( ^’?n’? 22 ) +^^33 ( X'^ 11 ^ 23 )}. 


from which the values of fl 2 l 7 /ii2, are constructed by appropriate changes of 
parametric symbols. 

When, by means of these relations, we remove the magnitudes Fi^n from the 
expressions for the quantities e so as to insert the magnitudes fimnj full set of 
new expressions is : 

^soo—f^ooP 310^1 t/aoi^ + 3 (ae 3 oo+ ^^'210 ^* <^^201) 

^m 0 —fl 30 P ^ +/o 31 ^ 't 3 (^6120+ '' 7^030 + X^02l) ' J 

^(103 —flOdP + /oi3? + /o04^ + 3 (yei (,2 + ^^012 + ^A^oos) 

^210-/3102^ +/ 22 o(Z +/ 211 ^ 

+ 2(ae2io+|e 

120 H ^111 ) + (i8« 300 + ^^210+X^20l) I 
^ 201 =/ 30 i 7 ^ +/ 211(7 +/ 202 ^ 

+ 2 (aCgoi + ^^15 1 + <^^ 102 ) + (y^300 + ^^210 + 0 ^- 01 ) ^ 

^ 120 ~/ 220 j^ +/l 30 ? +/l 21 ^ 

+ 2 (^6210 + *^^120 X^lll) + (®^^120 ■f' ^^030 "b ^^021) 

^102 —f^QzP ■^■/ll2? "^/lOS^ 1 

+ 2 (ycgoi + 4 ^"111 + ^^102) + (<^^102 + ^^012 +4. 

^003) J 
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^021~/l2lP ^■/o31^ +/o22^ ] 

+ 2 (^eiii + 176021 + X^102) + (y^l20 + ^^030 + *A^02 i) I 

^012-/112? ■^/o 227 +y013^ I 

+ 2 (yCiii + ^6021 + 0^013) + (^^102 + '’?^'o 12 + X^cos) i 

^lll—f21lP +/i2i7 +/i 12^ 

+ (aeiii 4- f 6 

021 + ^^012) + (^^'201 + '*7^'lll + X^102) + (y^210 + ?^120 + 0^111) ■ 


177. As in § 41 (but now with only three direction-variables), we write 

and the partial derivatives of T with regard to the explicit occurrence of p', r', 

are represented in the scheme 

,dr _ ,dT _ ^dT 

•‘ 9// ’ *dq' ’ ^dr' 

J dy _ 1 d^T _ ^ d^T 

’ *33-12 gj./2 

^ a^T _ 1 a^T _ 1 a^T 

'“““a^'a/’ d/dq’ ■ 


Also, we had (p. 500) 




.aff ,aFr ,aTr 

«’l=3gp,-, -3=^3^,-, ^3 = -3-^r; 


and, further, it is convenient to use the magnitudes 

.d^w ,d^w ,mv 

^11- 6 2 ’ '^^22- 6^72 ’ 


Then, as 


we have 


6300P +6210? +^201^> 

—T~ ~ ^SOoP' + ^ 2107 ' + ^201^" + ^30oP” + ^21Q^ ' + ^201^ ' 


With the symbols of p. 494, we have 

-p"=ap'-hfg'-f <^r', -q'' = Pp' + rjq' + X'^'y - r" = yp' + ^q' -\-ilfr' ; 

and therefore, when these values are substituted as well as the values of 
6300, ^210, 6201, and reduction is effected, we find 


- = « 1 , + 2 (awii + + <f>Wi3). 
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Similarly 


dW22 

ds 


= ^22 + 2 + ^^22 + X^23), 


dw‘ 

ds 


33 


= ^33 + 2 (yw;i3 + ^^23 + 0 ^ 33 )- 


Proceeding in the same way from 

•r 

' '*^’23 — ^ 111 ^^ +^ 0215 ^ + ^ 012 ^ J 

and from the like expressions for 2 ^ 31 , Wi 2 i wc find 


ds 

dwr^i 

ds 

dw 

ds 


12 


<23 + (^Wi3 + TfW^ H- XM'sa) + (y«'l2 + Cm'22 + ^23)> 
= <31 + + ^*^12 +^ 13) + (“W^13 + ^*^23 

= <12 + (aWi2 + ^10^ + ^Wja) + (/3wii + ^^12 + yM^is). 


we find 


Also, proceeding in the same manner from the three equations of the form 
W'l = CaooP'^ + 2<32 ioP'?' + 2e20ipV' + + 2eiii?V' + eio2»''^ 

dw^ 


ds 
dw2 


= au\ + ^W2 -f- (l^w^ 


T -^=^2 + ^«^1 + '»?^ 2 + X ^^^3 f • 


dwn V I I 

= ^3 + + 42^3 + I 

Ex. As a mere verification, we have 

W = w^'p' +W2</ ^w^r ' ; 


and therefore 


dW 

T = p' + W2'q' + w^r + + W2q'' + w^r" 

= {w^ - (aWi + iw2 + (f>W2)}p' 

+ W - (^^1 +’7“^2 +x«"3)}?' 

+ {^ 3 ' - iy'^1 + S^2 + 0w^3)}^' 

= tiP' -\-t 2 q' 


which is an identity. 


Trinormal of a regional geodesic : the tilt. 

178. The trinormal of a regional geodesic lies in the tangent flat of the region. 
As the flat, itself three-dimensional and therefore incapable of containing within 
its own range more than three lines of any orthogonal system, already contains 
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the tangent and the binormal, the trinormal will be the remaining direction in 
the flat at right angles to the tangent and the binormal. 

Thus the typical direction-cosine of the trinormal must be of the form 

h=yid + y2^+y3y, 

where d, j8, y, are parameters to be determined. The trinormal is at right angles 
to the tangent, with the typical direction -cosine y', so that 

Z)2/' (yi“ + 2^2^ + yay ) = 0 ; 

and it is at right angles to the binormal, with the typical direction-cosine /g, so that 

^^3 (2/1® +2/2^+ 

Because '^y'yi — Ui, for i — 1, 2, 3, the first condition is 

diti -h pU2 + yu^ = 0. 

Because (§172) 

^ '^hyi=^'Ui-Vi, 

a p 

for 1 = 1, 2, 3, the second condition is 


.(s-.,)., (S-,)=o. 


which, in virtue of the first condition, can be taken as 

dv^-\- Pv2-\-yv^=0. 


f^onsequently 


i3 


U2 V3 - W3 V2 U-J V2 - U2 Vi 

where w is to be determined. 

There is the further relation ^^4^=!, so that 


- = W, 


hence 


CT 


from the value of the torsion on p. 492. Hence the typical direction-cosine of the 
trinormal is given by the equation 



2/1. 

Wl, 


^2. 


y-s 

W3 


i’l, V2, V3 


The quantities d, j8, y, except to a factor, are the quantities Z, m, n, of § 175 : 
in fact, 

d=laj P=m(7, y = mj^ 
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and we can write 

-=y{l + yzm + y3n. 

G 


We also have had the relations 


2/'=yi/ + .y2!Z' + 2/3^'. 

and the three directions typified by y\ are at right angles to one another ; 
the equations can therefore be resolved, so as to express y 2 , y^, linearly in 
terms of the typical direction-cosines ?/', 1^, It is easy to verify the result of the 
resolution in the form 

yi= 2/'«i + 

y2=y’Uz+ho J’a) + 

y2=y'Ua-^htO ’’ 3 ) + 

By these relations, one set of leading lines for the tangent flat, constituted 
from the directions at 0 of the three parametric curves of the region, can be 
changed into another set of leading lines for the fiat, constituted from the tangent, 
the binormal, and the trinormal, of a regional geodesic in any contained direction. 
The former set proves convenient for the investigation of properties of the region, 
the latter for the development of the relations between the region and any of 
its geodesics. 

Owing to the relations 

holding for all values of i, j, =1, 2, 3, and to the consequent relations 

^y'vii^o, '^h'nii=o, 

it follows that each of the six directions, with typical direction-cosines 
is orthogonal to the tangent flat. Also, because 


A, //, G 

Ui, U 2 , 

B, F 

'Wl, U2i 

^^1, ^2, V 3 

G, F, C 

Ui, U 2 , 

'^23 ‘^'^3 




■nuF 


i'2 
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there is an immediate verification that the expressions obtained satisfy the con- 
ditions which represent the orthogonality of the prime normal of any regional 
geodesic to the tangent flat of the region. 

Finally, all the principal lines of the geodesic, which are later in rank than 
the tangent, the prime normal, the binormal, and the trinormal, are orthogonal 
to the osculating block of the geodesic having these for its leading lines. Let the 
typical direction-cosines of these lines in successive rank be denoted by /g, . . . , ; 

then we have 

'^y3i^=o, 

for each of the values — 6, , N. 


179. The typical Frenct formula, connected with the trinormal of a curve, 
when the curve is a regional geodesic, is 

dl^_k_Y 

ds T G 

The t 3 rpical direction-cosine of the binormal satisfies the equation 


Z3=-y' + c7F'; 
P 


and therefore 




An equivalent form of this relation is 

\p 


H _ 

GT 




being (§ 8) the corresponding equation for a geodesic in any amplitude, derived 
from the equation for any curve in space with the geodesic specialising relation 
h=Y. 

The equation 

' Vi. 2 / 2 , 2/3 

Ui, U^, 1^3 

^ 1 , Hy ^3 


‘4~ 

G 


=v 


has been obtained for the typical direction-cosine When the two sides of this 
equation are multiplied by the corresponding sides of the second of the above 
forms of the Frenet equation, and the results are added for all the plenary 
space-dimensions, we have 
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Now, as V i8 a mere multiple of l^, we have 

^YV==0, '^kV=0, 

because the trinormal is at right angles to the tangent, to the prime normal, and 
to the bi normal : the analytical verification of the relations is merely an inverse 
of the analysis in the preceding section. Also, the relations 


have been established (§ 175) ; and therefore 


Sy"v- 


?/l, ll.^ 

Vi, ^2, 1’3 

n\, W.2, 


Consequently, the tilt of the regional geodesic is determined by the equation 


rr^-T 


u 


1 , U2, M3 

^1, V 2 , '^’3 

W^, W 2 , W’3 


u. 


Various inferences can be deduced by means of these formulae, using sym- 
metrical summations for all the dimensions of the plenary space. 


(i) Reverting to the second form of the applied Frenct equation for the 
direction-cosine of the trinormal, multiplying throughout by and adding for 
all the dimensions, we have 




1 

err 


(ii) Squaring the same second form of the Frcnet equation for the trinormal, 
taken in the form 



and again adding for all the dimensions, we have 



a relation already (§ 8) noted as pertaining to a geodesic in any curved amplitude 
(tacitly supposed to be of at least three dimensions). 


(iii) Let the same second form of the Frenet equation be multiplied throughout 
by ; and let the results be added for all the dimensions. As 

hi.. 

G 
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we have 1 „ 

Also, 

'^yiy'=ui, ^yiY^o, 'EiyiY''--^-wi, 

^yj3=Al + IIm + Gn=cr(^Ui-v^ ; 

Proceeding similarly from the same equation after multiplication throughout 
by 2 / 2 , and also similarly after multiplication by y^, we find 


and therefore 




(Gl + Fm+Cn) 




P 

d fa 
P 


U^- V^- 

a 

/ 

a 

— v\. 


There are the relations 

a% + hu2 -^gu^ = Qp\ 
ai\ +hv2 -}-gv2 =Quj^y 
awi + + gw.^ =Qu\, 

each typical of three relations in its own set ; hence, when the foregoing equations 
are resolved for I, m, n, we have 


I 

T 

m 

T 

n 

T 


1 d (a 
a ds \p 
1 d fa 
a d6‘ \p 
\ d fa 
a ds \p 


p 


? - — V2-W2 


r - 


(iv) When these values of I, m, n, are substituted in the value of cited in 
(iii) above, we have 

L 


ar 


^ {ff ^ (p)} “ a ■*' ~ 

1 d /(7\ , cj' _ 

""a~^\p)y - ( 2 / 1 ^ 1 + y2^2 + y3^3). 

from the value of Y' obtained in § 172. When this expression for is compared 
with the first of the two forms of the Frenet equation for the trinormal, we obtain 
the relation 

-(yA + y2«'2 + y3W3). 
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In passing, it should be noted that Y" is linear in Y, y^, and therefore is 

the component of a vector in the osculating block of the geodesic — a result equally 
to be noted from the second form of the Frenet equation of the binormal. 

Later (§ 183), this formula will be derived by direct arc-differentiation from 

-(yA+ 2/2^2 +^3^3)- 

(v) Let this last equation, in Y-', be squared ; and let the results be added for 
all the dimensions of the plenary space. As 


the summed left-hand side 




The summed right-hand side 
but 


1 <j'2 p'2 

— j 

0-4 ^ p 4 




Awi -h Hw2 4- Gw^ = Hw^ + Bw2 + Fw^ = W 2 , Gw^ 4- FwJg + Gw^ = w^, 
so that the right-hand side 

= Wiiu^ 4- W 2 W 2 4- 




Consequently 


1 (t'2 p'2 1 , 

.2r2+Zi+_'4-^^n2.“<. 


q.2^2 ^j. 4 p4 Q 


a result which can be regarded in two ways ; it gives an expression for the tilt in 
terms of regional magnitudes : it provides a geometrical interpretation for the 
concomitant ^aw^. 

(vi) Let the respective sides of the equations 

Y'=- iViVi + ViVi + 2 / 3 ^ 3 ). + (^2 + ^ ~ + 2 ^ 2 ^* + ^ 3 ). 

be multiplied together, and the products be added for all the dimensions of space. 
Then, because ^YY' = i^^{^Y^)=0, the added left-hand side 
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The added right-hand side 


thus 


1 

=Q ; 



1 \- 


another result which gives an expression for a geometrical magnitude and also 
provides a geometrical interpretation of the concomitant ^ av^w^. 


(vii) We have 




-13 y 


w^p 


--Q 


ds 



This result can be derived also from the second form of the Frenet equation. Let 
the latter be multiplied throughout by y\ and the results be added for all the 
space-dimensions ; then 


d 

ds 



y'Y" 


= '^y' + 2 / 2^8 + 

_ 1 V. 

= -f- ~ ^ 2 j 


(viii) We thus have expressions for the concomitants y jav^w^, 

as already (§§ 171, 172) we have had expressions for 
>: av^^. We infer the results 


1 t . . „ 1 (T ^ 

r,ljA{u^w^- M3M’2)*=^ari+ , 


Q 


Q 

which are easily verified. 


1 n M 1 1 



Leading lines of the tangent flat, 

180. As the typical direction-cosines of the binormal and the trinormal have 
the respective forms 

h=yii+y2>n+y3n, h=yid + y.^+y3y, 


both lines lying within the tangent flat of the region, the quantities /, m, n, can 
be taken as a set of direction- variables which will be denoted by pfj qf, rf ; and 
the quantities d, jS, y, can similarly be taken as a set of direction-variables, to be 
denoted by q^, r^. As the direction-variables of the tangent to the geodesic 
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are p', q\ r\ these three sets of direction-variables belong to three lines which are 
at right angles to one another in pairs. 

From the value of Z 3 , obtained in § 173, it follows that 




Now 


(7 p 


op ^ P 


1 1 




so that ju, is a linear curvature, sometimes called the curvature of screw. If there- 
fore we write 

= ^2 = Wo'> 

we have ^ApQ^ = l ; and the quantities , Tq , are direction- variables in the 

region. Thus we have 


(J p 


73 _7 


Mo 5 Mo J 

p ^ p 


and the direction p^, q^, lies in the plane determined by the tangent and the 
binormal of the regional geodesic as its leading lines. We 
have 


V 


^^v'Vz=^> 



O 


because the tangent and the binormal are at right angles ; 
and therefore 

^ ^ ^ = sin X, S ^PzVo = - - = - cos x, 

fj,p aix 

where 

tanx-^. 

P 

In the diagram, OT is the direction of the tangent, OB that of the binormal. 
For reference, OS is taken to be a direction such that SOT=\^-x, and OR to 
be a direction within the angle TOB at right angles to OS so that TOR=X' 
From the value of l^, obtained on p. 515, it follows that 


S 


Fio. 19. 




with two similar equations ; and so there are three relations of the type 

K ,d (i\ ,d n\ 
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^OWl* 


1 p'2 

= — + ~ + - 

<tV* a* p* 


dHW [dliw 


wi wi ’ 

where A is used merely as an abbrcviative symbol. Hence, if we write 

we have ^Aj)^^= \ ; and 7?i', r^', are direction-variables. Thus the three 

foregoing equations become 




ar^dA-p)-TP^ds\., 

err ^ ds\p) (Is W> 

CTT ds \p/ (Is \cr> 


-ri'A2 


where A^ is the sum of the squares of tl\e coefficients of j)' , . The three sets 

of direction-variables p\ (/, r' ; p^', (j^', r/ ; p^\ q^, ; belong to the tangent, 

the binormal, and the trinomial, a group of orthogonal leading lines in the tangent 
flat, flence the direction , q^ , , also lies in the tangent flat ; its inclination 

to the trinormal is given by 

1 


COS<^g = 


its inclination to the binormal by 


and its inclination to the tangent by 


1 d (\ 


X^dsKaJ ’ 


1 d fl 


Also, as there are three equations 

PPo- p a ’ 

the inclination (f) of the directions p^, q^, , and p^ , q^\ is given by 

which (p. 517) is the geometrical magnitude expressed analytically by the con- 
comitant 

1 
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A diagram, similar to the preceding diagram for the direction of the line OS 
with the direction-variables Pq, q^, Tq, in the same plane as the tangent and the 
binormal, can be constructed for the line with the direction-variables pi, q^, r^, 
in the same flat as the tangent, the binormal, and the trinormal. 

It thus appears that the magnitudes of the types ; iDi, ^3 j 

proportional to significant direction-variables in the flat : the similar magnitudes 
constructed from u^, viz. 

^ (at/i + hu^+gu^), ^ {hu^ H- bu^ -h/wg), ^ {gu^ -^fu^ + cwg), 

arc the actual direction-variables of the tangent to the regional geodesic. 

Ex. Utilising the property that the tangent flat of a region at 0 contains the 
tangent, the binormal, and the trinomial, of every regional geodesic through 0, we can 
obtain an approximation to the length of the por])endiciilar from a point on the 
geodesic near 0, closer than that which was obtained in § 167. 

The equations of the flat can be taken in the form 

II y-y, y', k, h II 

and in the equivalent form 

where 6, Xf ^-re the linear parameters for the flat. As in §167, we denote by rj the 
typical coordinate of the geodesic point Q near 0 from which the perpendicular 77 is 
drawn to the flat, and we take the foregoing quantity y as the typical coordinate of the 
foot of that perjiendicular, while Y is its typical direction-cosine : thus 

yn=v-y, 

while the magnitude 

is to be a minimum among all possible values arising through the parameters 0, <f>, ip. 
The critical equations are 

X(’?-y)^3=o. '^(■n-y)h=o, 

or, substituting for y its value y + 6y' these critical equations arc 

«/'(’? -«/). 4>='^h{v-y)> x='^hiv-y)- 

Let t denote the small geodesic arc QO, so that 

^-y = ty' +\tY +- 2 W" +ThtV"" + ... , 

terms of order higher than not occurring in the approximation for 77 which is 
required *. 

* Here, as before in § 167, the desired approximation is to be independent of all 
directional quantities of higher order, such as direction-cosines of principal lines of the 
geodesic. 
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Also, for any curve, by the continued use of the Frenet equations, we have relations of 
the form 


where 



y'" = c^l^-\-CzY +c^y\ 

y"" =d^^-\-d^2~^^2Y ~^^iy * 

y'"" = 65^5 + 64^4 + 63^3 + e^Y + e^y\ 





dn Co ■ I' 


Ci = 

2 d 
fj ds 



^2 — 







^2 
P 
1 

pOTK 


P® 


d. 




pa (IS ^ a/ p* 


Hence the values of 6 , <f), x, given by 

o=^y' -y)=i+i^<:i+-ht'*di + iht\ + — , 

^ ^ ^ 3 (»? - 2/) = 0 f®C 3 + aV dj + ra 0 1^63 + ... , 

X='^hiv-y)=-ii‘'*^i+Tht^e^ + ... . 
Accordingly, by the typical equation 

fn=r,-g 

= r]-y-ey' -<^ 13 -Xh, 


when these values of 9 , </>, 0, are substituted, we have 

fn=ty' + lfi^ + l tY" +-^i<^y’"' ^r-ilot^y + . . . 

P 

- y' {t + ■ ■ ■) 

“ ^3 (e ^^^3 2V ^ ^3 r2 0 ^^3 + • ■ ■) 

“ ^4 ('2^4 ^ ^4 + Y2^ ^^^3) 

-¥\ t ^ c^Y +^ 4 «^d 2 Y + 120^^(62^ +65^5) + ... , 

p 


the term in involving the typical direction-cosine Z5, and all higher powers of 
t involving and typical direction-cosines of higher rank. Let 
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with the values for Cg, dg, 62 ? given above ; then 


Y77=FT + 


h 

120p(TTK 




accurately up to the fifth power of t inclusive. 

Thus the direction of the perpendicular on the tangent flat from the neighbouring 
j)oint Q of the geodesic is not exactly the same as that of the prime normal of the 
geodesic at 0. As the directions, typified by Y and Zg, are at right angles, we can take 


ncosd=T, 77 sin ^ = , 

iZOpCTTK 

where 6 is the inclination of the perpendicular, from Q on the tangent flat, to the prime 
normal, so that 

cose='^YY, sme='^l^Y-, 

hence, approximately, 


0=^ 


fiOcTT/C 


Also, up to the fifth power of the small arc-distance t inclusive, the length of the 
perpendicular FI is 

1 //_ 


77=--«* + ^¥+— ^ 

■' 2p 6 24^ 120“ 


with the given values of 03 , dg, Cg. 


Rectifying Ime of a geodesic. 

181. Consider the developable region (denoted by ])) which envelops the 
region along a regional geodesic originating in the direction p', q, r' , through O. 
When D is developed into a flat, there is no stretching, nor tearing ; in particular, 
no arc-length is altered in magnitude, and what was a curve of shortest length 
remains a curve of shortest length, that is, the geodesic in D, when the developable 
region is developed into a flat becomes a shortest length in that flat, that is, 
becomes a straight line. Thus the flat, which is the fundamental element in the 
construction of 7), is called the rectifying flat of the geodesic : manifestly, it is 
the tangent flat of the region. 

Accordingly, in this connection, we have to construct the envelope of the 
tangent flat of the region for the aggregate of flats taken along the regional geodesic. 
The equations of the flat have appeared in the form 

il y-y,yi,yi,ya 11=0. 

But it has been proved that, as a set of three leading lines in the flat, it is possible 
to take the tangent, the binormal, and the trinormal of a geodesic ; and therefore 
an aggregate of lines, orthogonal to these three, and constituting a complete 
orthogonal frame for the plenary space when combined with these three, is com- 
posed of the other principal lines in the frame of the geodesic, which have t 3 rpical 
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direction-cosines denoted by Y, ig, 1^, respectively. Hence the tangent 

flat of the region can also be represented by the equations 

'^iy-y)Y=o, '^{y-y)k=(^, — , '£i{y-y)iN^o, 

which are iV - 3 in number, the same as the number of independent linear equa- 
tions in the earlier form. 

To obtain the envelope of this flat along the geodesic in the initial direction 
p'i we associate, with these equations, the set of equations obtained by 

taking the first arc-derivatives along the geodesic. The first equation 

'^(y-y)Y=Q 

thus provides an associated equation 

'^{y-y)Y'-Y^y'Y^o, 

that is, a new equation 



The second equation ^(^-y)^ 5=0 provides an associated equation 




where l/zc is the coil of the geodesic : that is, it provides a new equation 

'^{y-y)h=o. 

A subsequent equation ^{y-y)ln=0, where 5<jLt<iV, provides an associated 
equation 


which, because of the value of /x, is satisfied by relations already retained. The 
final equation ^(y-y)lN — ^ provides an associated equation 

which is satisfied by relations already retained. Hence the aggregate of new 
equations, which must be associated with the initially established set 

'^{y-y)Y=o, '^{y-y)l^=o, (/x=5, 6, , A^), 

in order to provide the required envelope, is constituted by the pair 

S{(s-!/)(^?-^')}=0, Xw-v)l,=o. 

Thus there are iV - 1 equations in all ; and therefore the locus, which they repre- 
sent, is a line which is a generator of the developable region D. The line is called 
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the rectifying line of the regional geodesic ; it is the line about which the tangent 
flat must be bent, in order to come into coincidence with the tangent flat at the 
next consecutive point of the geodesic. 

Manifestly, this line lies in the tangent flat, and its equations satisfy all 
the equations of the initially established set. Also, within that flat, it is at right 
angles to the trinormal, because of the associated equation 

'^(y-y)h=o. 

Consequently, the line lies in the plane which has the tangent and the binormal 
of the geodesic for its leading lines ; and its equations may be taken in the typical 
form 

y-y=Py'+Qk- 

These equations have to be in accord with the remaining associated equation 

and therefore 

or p 


Hence the equations of the line are typified by 


y-y=T 



and its typical direction-cosine is 



and the line is the rectifying line of the geodesic. 

In the diagram on p. 518, it is represented by the line OR at right angles to 
the line OS in the plane BOT through the tangent and the binormal of the 
regional geodesic. 


Gremial and non-gremial principal lines of a geodesic. 

182. The directions of the tangent, the binormal, and the trinormal, of any 
regional geodesic lie within the tangent flat of the region ; they therefore can be 
described as gremial to the region (§ 51). The direction of the prime normal of the 
geodesic is orthogonal to the tangent flat of the region. These four directions are 
the earliest, in successive rank, among all the principal lines of the geodesic ; and 
all the other principal lines of subsequent rank, being orthogonal to the osculating 
block of the geodesic and consequently orthogonal to the tangent flat of the 
region, can be described as non-gremial to the region. 

In connection with each non-gremial principal line of any geodesic there occur 
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organic magnitudes, primarily associated with the geodesic, and dominated by the 
general character of the region without regard to the particular geodesic in any 
direction. For brevity, they will be called magnitudes of higher grade. 

It has been proved (§ 178) that, for all values of ^ such that 5<i<2V, the 
relations 

'^hyi=o, '^iiy2=o, 

are satisfied. For the respective values of i, we introduce magnitudes 5,-, Ci, 
Fi, Giy Hiy with the definitions 

^^hy22~ ^ ' ■ 

^ h J/33 — S h ^*733 — ^ y\2 Vl2 ~ 

Differentiating the relation ^^2 2/i=0, for any value of along the geodesic, 
we have 

l^^(ynp'+yi2P'+yi3?')= “ 



The left-hand side 

Because = 0, = for i ^ 6, the right-hand side vanishes. Hence 

for ^ ^ 6. 

Proceeding similarly from the relations 2^* 2^3—^’ same 

range of values of i, we obtain similar equations : the full set is 

(?,p'+F,?'+C,r'=0, 
for all values of i greater than five. 

But the results do not hold when i=5. We still have the relations of the type 
and therefore, differentiating along the geodesic, and denoting its 
fourth curvature (the coil) by 1 Ik, we have 

X h (yiiP' + 2/12?' + yiar') = - S ^ 



=l ^y^h 

= -^{Aa + Hp + Gy), 




that is, on the substitution of the values of d, p, y, 

V 5 , ^ 2 , V 2 

W3, V3 

Again, 

^au,^=~ ';^a(Ad + H'^ + Gy)^ 

^~'^d{Ad+Hp + Gy)^^^. 

Further, 

l^hyii^^hivii+yi^i>+yz^ii+y3®n)^l^h'nii ; 

and therefore 


GK 


+ ^H^p'q' + B^q'^ + ‘IG^p'r' + 2F^q'r' + Cjr'* 

-mki'LviiPi'pn} 

P 

a permanent relation. Also, substituting from the relations in (ii), of § 182, 
we have 



which verify the relation 


^5P' + ^5y' + w^5^'=0> 
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and, when substituted in the foregoing determinantal expression for 1 /k, reproduce 
the former relation (p. 514) 

£2* I ^3 I 


I ^1, ^^2, ^3 I 

Several preliminary results can be established in terms of the magnitudes 
u^, v^, before we proceed to their more detailed values (§ 189). 


(i) Because 


. 1 V ^ 1 

UiVi-\-U2V2 + ^3^3 = 7=: ' j 

LJ p 

- 1 X- 2 

VlVi + V.^Vi + ^ ^ ^ ^ ’ 

+ '^aVyW-^= - (^1 + ^3) » 


by § 179, we have 


W6^1 + %^2+^6^3="^- 


(ii) Because 


_ _ _ A 

U2W2-\- = / jau^w 




- 1 X- (p 




1 p'* a'2 

I ' I 


p' a* 


also by § 179, we have 


= . 

(JTK 


(iii) We had equations (p. 515) of the type 


{Ad + HP-^Gy) = Ui^ \-]-GV^-aWy^, 


so that, by the value of 2/5 on p. 526, 


K d fa\ , 


and the two similar equations are 


K A (a\ , 

K A (a\ , 
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From these three equations, which are linear and homogeneous in the four quan- 
tities ^ ^ - V ex', or, we find 

T as \p/ 



T 


- 

a 



/ 

CT 



1 


Wl, 








^5, 

U^, 

u\ 


^5> 

^1, 


Wg, 

V^, 




^2. 

^2 



^2, 






u^, 


^3 


^5, 


^3 


^5. 


Ws 




Ws 


The determinant in the first denominator has the value so that the 

common value of the fractions 

Kor^ 


The geometrical significance of each of the other three determinants is therefore 

known. In particular, we thus verify the result for Q'^/gk on p. 526 ; and we also 
have 


^ ^ (1] 
K ds \al 


Ui, 


^5 

£2^ d fa\ 


Wi, 

Us 


^2, 

% 

Ko^ ds \p) 


^2, 


Wg, 

^3» 




^3. 

^5 


When Us, vanish, the plenary speu^e is quadruple. 

183. The values obtained for u^, lead to the theorem that, if they 

vanish simultaneously for all directions p', q, r , the region lies in a block, that is, 
in a quadruple homaloidal space. As 

+ + t)5=^(ffd + 5^+i?’y), w^^^Gd + F'^ + Cy), 


the simultaneous evanescence of u^, %, Ws, requires either 



or 

d = 0, j8=0, y = 0. 


It will appear later (§192) that I/#c can vanish for particular directions in a 
region, without vanishing generally ; those are the directions of the curves of 
globular curvature*. If l//c vanishes for all directions at a point, the coil is zero 

* When a region lies in a quadruple homaloidal space, there are no proper curves 
of globular curvature : an axis of the curve through the centre of spherical curvature, 
being the line drawn parallel to the trinormal, meets the corresponding axis for the 
consecutive point on the geodesic. 
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ill all directions and so the osculating block of the geodesic is unique, thus establish- 
ing the theorem. 

With the alternative inference, d=0, j5=0, y = 0, simultaneously, it follows 
that the torsion is zero (p. 511). As this is to hold in all direetions, it would follow 
that every geodesic is a plane curve. Also, if we take the formulae of the type 


Ur = 


T 

K 




when we have Vg — 0, w^ — 0, the alternative to a vanishing coil is 


that is, the earlier result 


2/l, 


IVi 

= 0 , 

^2. 

^2, 








1 

2 

a- 

0. 



The region is of a special character, because all its geodesics are plane curv(\s : a 
globe is a particular instance. 


Partial differential equations satisfied by space-coordumtes. 

184. By means of the j^receding results, it is possible to formulate partial 
differential equations of the second order satisfied by the space-coordinates of a 
])oint in a region. The magnitudes for all the combinations i^jj =1, 2, 3, are 
functions of })Ositiori in the region and consequently are vectors when referred to 
the orthogonal frame of a regional geodesic ; and they remain vectors for any 
internal modifications of the lines of reference in that frame. The three linos, 
constituted by the tangent, the binormal, and the trinormal, are leading lines for 
the tangent flat of the region : for them, there can be substituted any other set 
of three leading lines, in particular, the directions of the parametric curves of the 
region. Now we have 

and therefore we can take, in the case of for instance, a set of equations 
Vll— 

where is typical of the set for m=l, , N, while the quantities 

Dqj D^, Dq, ... , D^, are the same throughout the set of N equations thus typified. 
Owing to the relations of orthogonality among the lines with typical direction- 
cosines F, ^ 5 , ... , Ziv^, we have 

■Dm= 2 = for = ... ,N ; 

also, because 

(A;- 1,2, 3), 

2i. 


r.i.G. 
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these equations arc in accordance with the cited relations 

We proceed similarly with each of the other quantities tj^ ; the full set of results is 


Vll— + ^ 6-^6 + + 

7]i2= YH + + + In^^n 

T? 13 “ ^ +^ 6^5 +^ 6^6 + 

t?22 “ YB + 4- + + 

V 23 — YF + l^F 5 4 - l^F 6 4 - + l^^-F ^ 

V33— i C' 4- /5C5 4- IqCq 4- f /jy Cy - 


Let three magnitudes rj^, rj^, be taken according to the definitions 

Vl=VllP -^112^1' '713^' 

^2 = W' + '^ 22 (?' + W' ' ■ 

V3^Vl3P-^V23Q'-^V33r\ 

Then, because 

A^j^p' H^q' + G ^r' = u^, when /x=5 ; — 0 , when 5< N, 

H^,p +B^q -]-F^r'^v^, ; = 0 , when 5 < /a < iV, 

G^p' 4- F^y -^Cy = W 5 , ; =0, when 6 <p^N, 

while ___ ___ 

ApyHqyGr' = v^, Hj)yBqyFr’ = V2, GpyFq'-\-C/ = v.,, 

we have 

11 = YyiH- / 5 W 5 , 7^2= Yv^ + hv^. y]3= Yv^-h l^Wr^. 


Ex. 1. Multiplying these three equations by p\ q', r', adding, and using the 
results 

'^iP' + + vy = - , + vy + wy = o, 

p 

we have the old equation 

Y 

- = VlP' + 172?' + V3^' = ?'*• 


Ex. 2. There was (§172) the relation 

r'= -(yi^i+m+ya^a)- 

Hence 

-wjff /— f _ f _ i\ { dv-t dvn d'UoN 

y =-Kyi +v,y, +v,y,)-[y,-^+y,-^~+y,Y^). 

Now 

yi =ynP' +yi 2 i' +yi 3 'r' 

=ivn + yin'll + y 2^11 + y3^n)p' +{vi2+y 1^12 +2/2-^12+3^3^12)?' 

+ (’?13 +2/1^13 +2/2^13 +y3013)»’' 

= yi+yia + y 2 $ + y 3 <f>. 
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with the significance for a, <j>, given on p. 494 ; and similarly 

y2^V2+yiP+y2V+y3X> 
y3'=V3+yiY+y2^+y3<l’- 

Also, wc had (p. 502) the results 

da 

- Ml + ^^ 2 + y^’s). 

dVn _ />- - 

= '^2 - ( . 

dVn __ /#— — I — \ 

Consequently 

Y" = - +772^2 +^. 3 ^ 3 ) “ +^2^2 +2/3^’3)- 

Further, we have 

Vl^l + ^2^2 + ^3'^3 = ^ (^’ 1^1 + ^ 2^2 + ^ 3 ^ 3 ) + h (’^ 5^1 + ^6^2 + ^ 6 ^ 3 ) ; 

but 

. 1 o 1 1 

+ V 2 V 2 + ^^ 3^3 = q1j ^ » 

by § 172, and 

by § 182, (i) ; and therefore 

the result obtained in § 179, (iv). 

Ex. 3. In the preceding example, it has been proved, incidentally, that 
’ 71^1 + ’) 2’’2 + V 3^3 = (^ + ^) • 

In the same way, the result 

^fp' g\ 

TjiWi + 7 ,,m> 2 + = - r i ^3 + ^ j - „ - > 

can be established. 

Ex. 4. The result, verified in Ex. 2, arises also when we use the form (§ 172) 

*3 = 2/l*+y2»»+2/3«. 

for direct substitution in the Frenet equation for the binormal. With the established 
values of I, m, n, there given, we have 
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on using the values for y^, y^, y^, in Example 1. Also 

= I?! Vi + V2‘>>2 + V3^3 + 2/i (“«1 + P'i’z + y^a) + y2 ( + ¥2 + ^^a) + 2/a (#1 + X^a + l^^a) : 


while 

ijiVi + rj^v^ + rj^Vs = Y {v^Vi + + V3V3) + 13 (n^Vi + V3V3 + W3V3) 

by preceding results ; and therefore 
2/1'^1+2/2'^2+2/3'^a 

= ^ (i + ^ j + 2/1 (“^1 + ^^2 + y^a) + 2/2(f^i + ■n^2 + ^^’a) + 2/3 {<f>h + X^2 + ^3)- 


Again, 




,p/ p 


and similarly for m\n' \ hence 

y^V +y3m' +y3n' = y' (") + ^ (yij)" +y3q" +^3/') 


Consequently 


ds \ py p 

- y(yi'Vi +2/2^2 +2/3^3) - <^(2/i«'i +y2«"a + 
+ 2/1 Ml + ^«2 + y^a) • 

I 3 = {yi'l + 2/2'»» + ys'n) + iyil' + 2/2W» ' + 2 / 3 «') 


=y 


, d fa\ Y , 


ds 


p/ a 


<y (2/1 »’i + yy>h + ^3 '"’a) - ^ (2/1^1 I 2/2^2 + l/aW'a) 




But, by Frenet’s equation, 




hence, as before 


^ (i + ja) = - (2/i’"i + 2 / 2^2 + 2/3«'3)- 


Quartinormal of the geodesic : the coil. 

185. Before proceeding to consider the analytical bearings of the magnitudes 
Vv V3y desirable to obtain an expression for the typical direction-cosine 
of the quartinormal as well as some value for the coil 1/k of the regional geodesic. 
We have had the relations (§ 178) 

-= 2 / i ^ + 2/2W+2/3W, h^yid + yi^+ysY, 

(J 
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QH=U2V^-u^V 2, Q^m=u^v^ — UiV^, 


Hence differentiating along the regional geodesic and using the values obtained 
(§ 175) for l\ m\ n, we have, by Frenet’s equation, 




dm dn 


+ 2/2 


2/i» 

2 / 2 * 

2^3 

Ui, 


1/3 

Wy, 


^3 


In the determinant 


2 /i> 

2/2, 

2/3 


^ 2 , 

^3 


^ 2 , 



let the values of 2 / 3 » as expressed (§178) in terms of y , l^, the variables 

of an alternative set of leading lines for the tangent flat, be substituted. The 
resulting coefficient of j/' vanishes. The resulting coefficient of 

1 

= _ (j ^ 1 ’ ’"’ 2 ’ ^ 

Ml, Mj, Mj ’ 

Wi, M'j, W3 

by the formula on p. 514. For the resulting coefficient of the part through is 


= k(Ad + Hp + Gy), 


and similarly for the parts through and y ^ ; thus in the determinant, the whole 
term in 

_ ^ \ Aa. + H^-\-Gy, Ml, 

- 4 1 I 4 \(l/ • 


A, 

H, 

G 

Ml, 

M 2 , 

W 3 


” 2 , 

«^3 


Hd+B^+Fy, U 3 , W 3 
Gd + F^ + Cy, M 3 , W 3 
by the result in § 182, (iii). Consequently 


Wi. M 3 , M 3 ■ I oT^ ^ds\j]' 


\ Wi, MJg, W 3 1 

and therefore the equation for becomes 


— T^il + rf^m + rj^n, 
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or, what are two equivalent forms, 

■^i) ^1) ^1 

i 

7f2, Wj, V 2 

Va> “a. ^3 

-=yja + r]2^ + rj2Y- 

K 



The substitution of the values 

7]^= Yvi + Zg^B, r]2= 7^3= Yv^-\-l^w^, 

merely leads to the earlier relation 

Wl, 

V 5 , ^ 2 , V2 

W3, Vg 

already (p. 526) established. The actual result, in any of the forms, gives the 
typical direction-cosine of the quartinormal. 

We note that, squaring the foregoing equation for the determinant we 

have the former relation in § 179, (viii) 

^ (^2 + ^) = X) ^ (“aW's - “sM’a)*- 


OK 


Gremial orientations associated with a geodesic. 

186. A regional geodesic provides three gremial organic directions in a region, 
through its tangent, its binormal, and its trinormal ; and thus there are three 
gremial orientations which belong to any geodesic in the region, composed from the 
three gremial directions in pairs. 

For the gremial directions, the typical direction-cosines are 

h=yi^ +yi»^+y3n, 
h=yii +yS +y3Y- 

As they are at right angles to one another, the three orientations are likewise 
at right angles to one another : each of the directions is at right angles to an 
orientation and is the intersection of the two other orientations. 

For the orientation through the binormal and the trinormal, we take surface- 
variables 2 ^ 34 , M 34 , 2 ^ 34 , such that 

L^^=n^-my, M^^=^ly-naL, 
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Z34 = 1 ~ '^3) ( - “1^3) “ ( p ~ “ “3^1) 

■',[■.le,•i)-a-(;-3>5^ 

and similarly 

M 

34 — 1 j 34 ~ 1 • 


The verification that these variables satisfy the permanent surface-condition 
(§§ 159, 193) 

^aiL=l 

is immediate. 

For the orientation through the tangent and the trinormal of the geodesic, 
we take surface-variables such that 

Lu^q'y-r'$, Mu=^r'd-p’y, Nn=p'$-q'd. 

Their values are given by 


and similarly 


^ 14 = -r [?' {UiVi - UgVi) - r' {u^v^ - M1V3)] 


i K {q'Vi + r'vs) - Vi {q'u^ + /Mj)} 

a 

\P / 


o 


Q^\p / \P / 




It is easy to verify, by means of established results, that these surface-variables 
satisfy the permanent surface-condition 

^al-i4*=l. 

For the orientation through the tangent and the binormal of the geodesic, we 
take surface-variables X 13 , iV^g, such that 

ii 3 = r'm - q'Uj =pn - r7, = q^l - p'm. 
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Using the earlier values of 1, m, n, we have 

Li3=a{q'v3-r'v^) 

= ^ K (9^' -ftr') + v^ifq' -br') + V 3 {cq' -fr')} 

- ^ K {Hu3 - Gu^ + {GUi - ^Mj) + V 3 (^Mg - Hui)} 

= ^ (W2V3 - U^v^) + H {u^v^ - U1V3) + G (U1V3 - U2V1)} 

= -\(Ad + H^+Gy)^'',u,-, 

and similarly 

Ti>r nr ^ 

— ~i ^5> -^13 — “i ^6- 

Owing to the value of k, these surface-variables satisfy the condition 

The quartinormal and the magnitudes ... , 

187. From the formula (§ 185) 

by squaring, and adding for all the dimensions, wo have 

^2 S 'll + 2d^ S ’7 i’? 2 + 2 ^2® + 2ay ViOi + 2^y S ’?2’?3 + '£i Vs^- 

Now, with the notation of § 168 for the magnitudes we find 

S Vi’^= ^ivnp' + Viifi' + -ni/Y 

q f /<'22 o7 ^ ^ "^'^ 202 ^ ^ 

- i (*33?'^ - 2^:237^ + A^22^'^) 

— A ^^2 “ ^ (^337 ^ “ 2^237 ^ + ^22^ 

where Q denotes (§ 168) the homogeneous ternary quartic giving the value 

of \ . Similarly 
P 

X ’?2*= A ^ + * 33 ?'®) . 

'L Va^ = T2 - -3 (*22 P'® - 2*12?'?' + *11 ?'*), 
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^ ^ 3 '’ 7 i ~ it +^(^22^1^ ~^2^^1P +^3lS'^)> 

S = +i(*33j?V - hl^'q - *32^>' + '^12^'")- 

When these values are substituted in the foregoing expression for l/zc^, the 
aggregate of the terms involving the second derivatives of Q is 

^ * r 3^/2 3;/ 3;/' dq'^ ^ 3j9' 3r' dq' 3/ ^ 3r' V ’ 

and the aggregate of the terms involving the magnitudes fc,, can be arranged in 
the form 

~ (^11-^14'* i' 2^12^14^14 ^22^14^ ^^ 12 ^ 11 ^ 14“^ 14 ^33“^ 14^) 

Now we have ; and therefore (§ 217) the quantity within brackets is 

the Riemann sphericity of the region in the gremial orientation defined by the 
tangent and the trinormal of the geodesic. Denoting this sphericity of the region 
by ^ 14 , we have 

Similarly, using the relations 

^ 5 ~^^ 5 '’ 72 j 

the same formula for IJk gives the equation 


= a ^ T^l^ + ^ V ^1^2 + y Xl'^1^3 

- a7- ^ R J^Q_ ^ - J"9\ 

^ \ dp'^ ^ dp dq ^ dp' dr') 

+ i^!Z (-^14^13 + -^14^23 + “^14^33) ~ 3^ (^14^12 + ^14^22 -^14^23) j 

and the corresponding equations for and w^j in the respective forms 

K ^ dp' dq' dq' dr') 

+ ■5^ (-^14^11 + -^14^12 + -^U^ia) “ (-^14^13 + ■^14^23+ ^U^33)> 

1 (- , a , -S^Q\ 

K ^ ® \ dp' dr' ^ dq' dr' ^ dr'V 

+ (-^14^12 + •^■^14l'22 + -^14^23) ~ S? (-^14^11 ■^14^12 “I" ^ U^is)’ 
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It is easy to verify that these satisfy the relation (p. 526) 




d^Q , 

d^Q 

IT 1 

[ P 

dp'dq' 

dp' dr'. 

1 1 


,d^Q ^ , 

d%! ' 

12 1 

dp'dq'^ ^ 


dq'dr'. 

1 j 

f , ^ , 

d^Q ^ 

,d^Q ' 

12 1 

[P dp'dr ^ 

dq'dr'^ 

dr'^ . 


^Qi + + yQz — 

while the terms involving the magnitudes kij cancel one another in the relation. 
Further, the same relation 

^^=r]jd + rji$ + r)3y 

can be used to obtain explicit expressions for the separate magnitudes Cg, 

Fg, Gg, which combine to occur in Vg, w^. We have 

= a + V11V2 + y'Ei VuVa 

“A(“P +r^.)+W(W-i*,/)+Srfer'-W). 

^’5_ 1 (- d^Q \ 

- - 2 4 + p + y 

+ 's{®( “ 2A:23P +^13? + ^12^ ) + ^(^13i^ ~^ll^) + y i^iaP ~ ^ 11 ? )}> 

k' “ ^ r dp'^ dr' ^ dp' dq' dr' ^ dp dr'V 


+y 3^-)+ty(V' -haP') + liM-har'), 


Similarly, expressions can be obtained for 


OK 
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for 0 = ^ 4 , S, ( 7 , F, G, H, in turn, by proceeding from the equivalent equation for 
the typical direction-cosine Jg, 

*^3, ^3 

Orthogonal plane of a region associated with a geodesic. 

188 . We have had the typical relations 

consequently 

ll, V2y Vz 
^1, ^^2, ^^3 

a typical relation subsisting between each set of three quantities rj^, 1^2, 173, 
associated with the spatial axes of reference, the quantities constituting the co- 
efficients of T7i, 772, 773, being the same throughout the W-relations. The typical 
relation may also be taken in the form 

P77i-h 22773 =(> 772 . 

We write 

a ^ ^ + ^5^ f ^ V2VZ ^ '^2'^z + 

b = ^2“ = '^2^ + ^’5^ , i ^^ V 3 VL = ^3^1 + ^5 

C = = h = ^771772 = ^1^2+ 

Now the determinant 

V + V> ^h^2 + %^5. 'yii;3 + W6^^5 

'^2^ + ^* ^2^3 + ^5'M^5 

^1^3 + ^5 '^6» 'y2^3 + V5W^6> V + ^^ 

vanishes identically ; and therefore 

a, h, g =0, 

h, b, f 

g, f, c 

a relation * subsisting among the quantities a, b, c, f, g, h, which involve derivatives 

* Formally it is the same as the corresponding relation {G.F.D., vol. i, § 214 ) among 
the like quantities for a surface in quadruple space : there, the constituents in the 
determinant are independent of direction-variables on the surface ; here, they involve 
direction- variables in the region. 
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of the second order. To develop inferences from this relation, we require minors 
of the determinant ; and we take 

a = bc- f2, f=gh- af" 

B=ca-g2, g= hf-bg ^ . 
c = ab-h2, h=fg-ch 

The earlier values of a, b, c, f, g, -h, shew that a, 6, c, arc necessarily positive 
quantities in general ; when the radicals a“, c*, occur, a positive sign will be 

prescribed for them as algebraical magnitudes. Let quantities d, <j>, i/j, be selected, 
such that 

i A i 

7;j=a“cos0, ?;2=b‘'cos0, V3=c“cos0, 

A . A . A . 

tig = a“sind, i;5 = b“sin<^, = simlt. 

It will appear immediately, from the values of a, B, c, that no two of the quantities 
6 , (f>, ip, are equal ; so, as a standard relation, we postulate 

Then 

f=(bc)“cos (^-0), g — (ca)“cos (d-j/r), h:=(ab)“cos (0-0) ; 
and therefore, after the preceding postulate, 

V 5 V 3 - ^ 5 ^ 2 = (be) “sin (0 - 0) = (be - f^)* =: a% 

- '*^ 5^1 = (ca) “ sin ( 0 - 0) = (ea - g^) " = B “ , 
u^V 2 -v^Vi =(ab)“sin (0-0) = (ab-h2)“=c“. 

Now 

af - gh = {v^Vs + v^w^) - (v^v^ + w^u^) (v^v^ + u^v^) 

= (M5«2 - (W5»'3 - = (^C) > 

that is, 

f = - (Bc)“. 

Similarly for g, B ; the full set of values is 

i=-(Bc)^' 
g= (ca)' 

£=-(a6)* 

for the standard relation postulated. 

Returning to the typical linear relation 

PVi+^V3=QV2 

between the quantities iji, ijj, -q^, we can ejcpress the coefficients P, Q, R, in terms 
of the preceding magnitudes. Let it be multiplied by rji, and the results for all 
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the dimensions be added ; let it also be multiplied by and the results similarly 
be added ; then, in turn, 

Psi+Rg=Qh, 

Pg+Rc=QI. 


Thus 
so that 

and, similarly. 


P (ac - g*) = Q (ch - fg) =.-.-Qii = Q (a 6 )^, 
PS^=ga’ ; 
P6‘=gc^ 


Hence the t 3 ^ical linear relation becomes 


the rational equivalent is 


7j[a'‘-i726’‘+ij3C“=0; 


a, 


h, 


S, Vi 


- 0 , 


h, b, f, Tjg 
g, f, C, 7/3 

’ll. Vi, Va, 0 


which can be established otherwise. 

When the values of 7 / 3 , 7 / 3 , Va, terms of 1' and Z 5 , are substituted in the 
linear relation, the two equations 

a'Vj — 4- = 0, 

1 _ - 1 . 1 


can be inferred immediately. Also, we have (p. 520) 

13^ _ Ms, Mg, Wg 

Ml, Mj, M 3 
^'3 

The values of a, b, c, f, g, h, arc expressible (§ 168) in terms of magnitudes 
appertaining to the region and of the direction- variables q\ r'. 

Because the equations 

(i=l,2,3), 

are satisfied, tlie quantities typified by 



are direction-cosines of a line at right angles to the tangent flat of the region ; 
and likewise for the two sets of quantities, typified respectively by 

*^2^ > ^ 3 ^ • 
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All three directions lie in the plane 

\\y-y, I', k 11=0, 

which is orthogonal to the tangent flat : it is, of course, a plane changing from 
geodesic to geodesic. 

For the inclination of the direction typified by “ to the prime normal, we 
have 

^ Y(7yia~“) = i;ia~“r=cosfl ; 

that is, the preceding angle 6 is the inclination of that direction to the prime 
normal of the geodesic, while ^ - 0 is its inclination to the quartinormal of the 
geodesic. Similarly ^ and ifs are the respective inclinations of the directions 

— — — i 

typified by y]^ * , “ , to the prime normal ; and the postulation 

assumes that the direction typified by 7j.^h " lies between the other two directions, 
all of them lying in the orthogonal plane. 


Values of u^, v^, w^. 

189. In the next place, let the values of Wg, w^y in terms of 6, i/j, be 
substituted in the relation 

then 

a“p' sin 0 + b “ gf' sin ^ + c V' sin i/r — 0, 

and therefore 

a“ p' sin 6 + h'^q' {sin 0 cos (0 -(/>)- cos 0 sin (0 - <f))} 

+ c V' (sin 0 cos (0-ifj)- cos 0 sin {0 - ijj)} = 0. 

The aggregated coefficient of sin 0 on the left-hand side 

1 1 h 1 fir 

= aV + bY r+cV ^ 

(ab)‘ (ac)" 

^- -\ (ap' + hgf' + gr') ; 
a" 

but 

a.p' + hq' + gr'^'^7]i{r]ip' + T]^q' + rf3r') = - = = ~ cos 6, 

P P P 

so that the coefficient of sin 0 

cos 0 



THE TANGENT FLAT 


The aggregated coefficient of - cos Q on the left-hand side 

=bV-— .-+cV~ 

(ab)' (ac)* 

= \(cV+6V). 

a* 


The equation becomes 


and therefore 


sin d \ (c“g' + 6”/) cos 0=0, 

P a** 


- a® Biii0=c®g'-f 6“/, 


thus giving a value for u^. Similarly for and ; in all, we have 

1 i ^ 1 

- Ur^— C®5'^4-6* / 


v^-c^y +a*/ 


-w^— -6®y-a“g' 

P 

values manifestly satisfying the earlier condition 


a®^5 - B ® = 0. 


Ex. Verify that the condition 

a ® - b * ^2 ^ " ^3 = ^ 

is satisfied identically by the foregoing values of v^, V2, in terms of 0, 0, without 

any residuary relation. 

Again, we had (§ 182 ) three equations of the type 


; {“4 O' 


let these values of Wg, ^^5, w^, be substituted in the foregoing condition, and let the 

cited similar condition in v^, ^2* '^3j used. Then 

1 -1 i , i j-jL i , fl d /o’M 

a’‘M)l-6'W2 + C*W3 = (a’Mi-6*M2 + C‘M3) 

Q d /a\ 

a^K ds \p/ 

by the relation in § 182 . 

We thus have expressions for the magnitudes 


a’zi- 6 ^zg+c* 23 , 
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which are ternariants connected with the region, when 

(i) ^ 2 , 2^3, ^ 2 , (ii) Z2, 23, 

both these quantities involving the coil, and when 

(iii) 2 : 2 , 23 , = 1 ?!, V 2 , v^, (iv) Zi, S 2 , 2 ^ 3 , ^ 6 , 

both these quantities being zero. ■ 

Further, we have (p. 526) obtained the result 

as well as the results (p. 527) 

'^aUiUs,-i3(Usp' + v^q' + w.^q')=0, 

u^Vi + v^Vi + Ws,V3=0 ; 

hence multiplying the three cited values of 1 / 5 , v^, from § 182 by 
au^ + Avs -\-gw^, hu^ + bv^ gu^ +>5 -f- ciVr^, 
respectively, and adding, we have 


Q 


K 


2 


(TT 

- - > ^ au^Wj , 

K 


that is, 


which can also be written in the form 


Q 

crr/c ’ 


U^V\ + + «/’5^3 = 


(JTK 


It follows from these results, and from earlier results in §§171, 172, 179, that 
all the concomitants 

'^au-iV^, 

'^aupvi, 

'^avju^, '^aWjUs, 

are known as to their geometrical significance ; and, by means of the relations 
7 / 1 = Yv^-^kur^, rj2= Yv^-^l^v^, 773 = Yv^-^l^w^, 

the values of the concomitants 

'^awj7]i, 

can be deduced immediately. 
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Ex. To illustrate the use of these formulse in the derivation of other concomitants, 
we take 

Y 


» 


that 


\=^ =SLp'^ -\-2hp'q' +2gp'/ f 2fg''/ +cr'2, 


apparently a ternary quadratic form in p\ q\ r\ though the coefficients a, b, c, f, g, h, 
themselves involve those variables. When thus regarded as a quadratic ternary form, 
with coefficients in which the implicit occurrence of p\ q\ r\ is ignored, its discriminaiit 

a, h, g 
h, b, f 
g, f, c 

is known to vanish. 

There is also the permanent arc-relation 

1 = ^^'2 + ^-2E(ir^ + Cr'^, 

where the coefficients A, B^C, F, G, H, in the quadratic form arc definitely independent 
of p\ q\ r\ being functions of position alone. Its discriminant is Q, denoting the 
determinant 



H, 

G 

H, 

B, 

F 

G. 

F, 

C 


and the geometrical significance of Q is associated (§ 159) with the volume of a rudi- 
mentary parallelepiped with conterminous small edges in the region. 

Now two ternary quadratic forms and Tg possess four invariants, being the 
coefficients of the different combinations of and Ag in the discriminant of A^Tj 
It remains, in order to have all the invariants of the two forms under consideration, to 
determine the geometrical significance of these invariants. We have had the relations 


and therefore 


(\+ ^) > =0> 


Q 

3 ’ 


^ j = (S “V) 

= Q^A(ViW^-v^v^f. 


The values of the arguments in the quadratic form on the right-hand side are 
known (p. 543) in terms of the minors a, b, c, f, g, h ; when their values are substituted, 
and the relations among the minors are used, we have 

ja + 2flh + £b +2(?g +2n + Cc = Q(^~ + y^~ , 

which gives the geometrical significance of one of the two intermediate invariants. 
F.i.o. 2m 
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Again, with the relations 

7/1 = + I5M5, 7/2 = r«;jj + l^v^, 7/, = Yv 3+ IrjWi, 

we have 

aT/i® + 2*7/, 7/2 + 67/2* + 297/17/3 + 2/7/27/3 + C7/3* 

= +2yi5{S«^i%) +*5®(S®V) 

-0{T”(}.4)+Vi}. 

Consequently, adding for all the dimensions of the plenary space, we have 


L + 2^h + 6b + 2^g 2/f + CC — 

\p^ cr^ fcv 


which gives the geometrical significance of the other of the two intermediate invariants, 
when the expression for 1/p^ is regarded as a quadratic form. 

The quantity can also be regarded as a concomitant of the form 

when Tji, 7)2, 7)3, are taken as variables contragradient to p\ q\ r' : it is a contra variant. 
The corresponding contra variant of the quadratic form 

= + 2h7)^r)2 + h7)2^ + 

= +2y/5(2^*’i%) 

which vanishes because 

y] - h^V2 + c “113)2 = 0, 

2 = (a," v, - b^V2 + c b ‘ ^5 + ® “^’5) 0> 

2 awj® = (a^Ms - ^ = 0. 


Curves of circular curvature. 

190. Curves of circular curvature, which have occurred on surfaces in plenary 
space of more than three dimensions and are of fundamental organic importance 
on surfaces in triple homaloidal space, arise similarly in regions. When the homa- 
loidal space containing the region is quadruple, the curves of curvature have the 
same kind of organic importance in the region as they have for surfaces in triple 
space ; their significance does not appear so prominently when the plenary space 
has more than four dimensions. Their derivation is the same for all configurations, 
emerging from one or other of the two properties. For a region, as for a surface, 
a curve of curvature can be defined, either as a curve such that the prime normals 
of consecutive geodesic tangents intersect, or as a curve whose geodesic tangent at 
each point is such as to give a maximum or minimum among the circular curva- 
tures of the regional geodesics through the point. We consider these in turn, 
to prove that they lead to the same analytical and geometrical result. 

In the first definition, connected with the fact of intersection of prime normals 
of geodesics, we refer the osculating block of the region to the organic lines of 
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the geodesies. The osculating plane of a curve at any point contains two con- 
secutive tangents and the prime normal. Let A, B, C, D, be four consecutive 
points connected with geodesic tangents. The lines AB, BC, and the prime 
normal of the geodesic at B, lie in one plane which can be taken as the plane 
through BC and that prime normal at B ; the lines BC, CD, and the prime normal 
of the geodesic tangent at C, lie in one plane which can be taken as the plane 
through BC and that prime normal at C. If the normals at B and at C meet, 
these two planes are one and the same, so that the lines AB, BC, CD, and the 
prime normals at B and at C, all lie in one plane. Thus the osculating plane of 
the geodesic at B coincides with the osculating plane of the same geodesic at C : 
in other words, the osculating plane of the geodesic at the point is stationary, so 
that the torsion of the geodesic must vanish, and therefore 



G 


For the analytical derivation of the result from this property, we proceed from 
the typical equation of the prime normal in the form 

y-y=YD, 

where D is a parametric distance along the normal. If the line is intersected by 
the prime normal at a consecutive point y-\-dy, the new direction-cosine being 
y -h d y , we now take y to be the typical coordinate of the intersection, so 
that, if D + dD be the intercept on the second normal between the point y-\-dy 
and the point of intersection, we have 

y-(y + dy) = (Y ■]-dY){D + dD). 

Thus there are equations 

-dy=D .dY +Y ,dD-\-dY ,dD, 

one such equation holding for each space-coordinate. Now, always 

^Y^ = l, ^YdY=0; 

and because the prime normal is at right angles to every regional direction, we 
have 

dy=0. 

Hence, multiplying by Y, and adding, we have 

dD=0, 

as is to be expected from the geometry of the small triangle : that is, 

-dy=DdY, 


F.I.G. 


2m2 
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or, proceeding to the limit as BA decreases, 

Multiply by y', and add for all the equations : also by l^, and similarly add : then 
we have 

As p does not vanish, we obtain 

the property in question. 

Under the second definition, associated with maximum or minimum circular 
curvature of the geodesics in various directions through 0, we have to find the 
maximum or the minimum values of 1/p for varying values of j>', q\ r', subject 
to the permanent relation Now 



and therefore the critical relations are 



p being a multiplier left undetermined in forming these relations. To find p,, 
multiply these relations by q\ r', respectively, and add : then 



so that the equations of the directions of the curves of curvature are 


The equations 


W-i Wo Uo 

Vi =0, V^-- = 0 , V 3 =0. 

p p p 


-Syi*3 = — -Vl, - Sy2^3 = ---V2, - = 

G p G p G p 


were established : the binormal direction lies in the tangent flat, so that not 
all the quantities (for i=l, 2, 3) vanish. Hence 



the same result as before. 

The equations can be taken in the form 


Ui U2 W3 ’ 



191] 


CURVES OF SPHERICAL CURVATURE 


649 


but the coefficients A, B, C, F, H, in Vj, Vj, Vg, involve q\ r\ implicitly, 
so that the equations are less simple for a plenary space in general than for a 
quadruple plenary space. 

Another mode of regarding the equations 


Vi- — = 0, ^ 2 -— = 0 , ^ 3 - ^= 0 , 

P P P 

analytically is to note that, in fact, they are the three equations which initially 
are required to form the (vanishing) discriminant of the ternary quartic homo- 
geneous form 


where Q is the quartic of § 168. Thus the equations might serve two purposes. 
In their first form, they eould provide the directions at 0 of the curves of circular 
curvature of the region. By the vanishing of the discriminant of the indicated 
quartic ternary form, they would lead to the algebraic equation for the principal 
radii of circular curvature of the region at 0. 

When the equations are used in the form 


they suggest an inferenee that there are sixteen directions of curves of curvature 
at any point 0 in the region. Apparently the actual formation of the discriminant 
of a ternary quartic of the most general type has not yet been achieved ; and 
therefore a confirmation of the inference, through the degree of the discriminant 
in the magnitude 1/p^, cannot thus be obtained analytically. 


Curves of spherical curvature. 

191. A region possesses curves of spherical curvature, in their source analogous 
to curves of circular curvature. They can be defined as curves, along which 
consecutive geodesic tangents have intersecting radii of spherical curvature. 
Thus consider the regional geodesic in the direction p\ q\ r' ; along its prime 
normal and its binormal, measure respective lengths a and j3, thus obtaining a 
point 

At a consecutive point p-f- tip, q^dq,r+dr, which lies on the geodesic, let a similar 
line be drawn, with such (small) modifications in a and jS so as to make them 
a-ha'tfe and p+P'ds, chosen so that (if possible) the two lines thus drawn shall 
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intersect. When the point of intersection is denoted by as its t)rpical coordinate, 
we have 

0 = 2/' + a'y + ar' + j873 + j8Z3' 




a relation holding in association with each space-coordinate. Hence 

l--=0, a'-^=0, - + P' = 0, ^=0. 

p G a r 

From the first two of these equations, we have 

a = p, P=Ga = Gp \ 

shewing that the point of intersection (if any) is the centre of spherical curvature 
of the geodesic. 

The third equation now gives 

P , " , 


ff , It f\ 

-Gp H-a p =0. 


But, always, 
and therefore 


RR '= ap ' (^^+ CTp " + a ' p '^ , 


so that R' vanishes in the present circumstances : consequently, the spherical 
curvature is stationary along the direction (which is not the same property as a 
maximum or a minimum among its values for all directions). 

Finally, the fourth equation gives 

1 . 


because is not zero : or the tilt of a geodesic touching a curve of spherical 
curvature vanishes at the point of contact. As the tilt is the arc-rate of change 
of the inclination of osculating flats of the geodesic, and as the intersection of 
consecutive radii of spherical curvature entails a stationary position of the 
osculating flat, it follows that a vanishing tilt is a geometrical accompaniment 
of the intersecting of consecutive radii of spherical curvature. 

To state analytical equations for the direction of a curve of spherical curvature, 
we use the general results of § 179 concerning the tilt. When 1/t vanishes, as here 
is necessary, we have 


d /a\ 

1 - {g'Vi + GWi) = 0 

V 

d fa\ 

— {g'V2 + 01 ^ 2 ) — ^ 


d f(T\ 


w 
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As equations, to be associated with for the determination of the 

direction of a curve of spherical curvature, we take 


1 


fe' 


Vi + Wi 






V3 + W 




utilising the value of a fa obtained in § 182 : 
equations, together with 

I «1. Vl, Wl 


or we may take one of these two 
= 0. 


W2 


'^ 3 » ^3 


Curves of globular curvature, 

192. Similarly, a region possesses curves of globular curvature, these being 
defined as curves, the successive regional geodesic tangents to which have inter- 
secting radii of globular curvature. 

As for curves of spherical curvature, we consider a regional geodesic at 0 in 
the initial direction q\ r ' ; along the prime normal, we measure a distance a ; 
from the extremity of a, along the axial line of the geodesic which is parallel to 
the binormal, we measure a distance j3 ; and from the extremity of j3, along the 
axial line of the geodesic which is parallel to the trinormal, we measure a distance 
y. Then we obtain a point with a typical coordinate y, where 

y-y = aY 


We draw a corresponding line at a consecutive point of the locus, this point 
lying on the geodesic : and we suppose the quantities a, j8, y, to receive such 
small continuous changes as to allow the two lines to intersect. Then, if ^ is 
taken to be the typical coordinate of the intersection, the quantities a, jS, y, and 
their arc-derivatives must satisfy the typical condition 





a condition holding for each space-coordinate, 
equations 


P 

0=a'-^, 

CT 


Consequently, we have the 


a T 



o=r. 


K 
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From the first three of these equations, we have 

a=p, 

P = (Tp, 

(p^ RR' 

shewing that the point, attained by the measured distances, is the centre of 
globular curvature. 

The fourth equation now gives 

T 

and therefore 

yy -fi2i2' = 0. 

The radius of globular curvature of any curve is given * by 

=R^-¥y'^ \ 

and thus the preceding relation, valid along the curve-locus in question, becomes 

GG'=Q. 

The argument has assumed that the plenary space has five dimensions at least : 
and, in a plenary space of four dimensions, no such investigation is needed, 
because consecutive radii of globular curvature do meet, for all geodesics. Hence, 
for our instance, 

6 ?'= 0 : 

that is, the magnitude of the globular curvature is stationary for consecutive 
geodesic tangents to a curve of globular curvature. 

Finally, there is the fifth equation ; because y does not vanish in general, we 
have 



K 


or the coil of the regional geodesic tangent to a curve of globular curvature 
vanishes at the point of contact. 

To obtain parametric differential equations of the curves of globular curvature, 
we use results already established (§ 182) in the form 


O’ 

A, 

H, 

G 

a 

H, 


F 

cr 

G, 

F, 

C 




“3 

kQ’‘ 


^2, 

«j 


Mj, 

Ma, 

«3 








^z 




«3 


* G.F.D., vol. i, § 200. 
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As the coil is to vanish for regional geodesics touching the curves of globular 
curvature, we have 

%= 0 , v^=0, ^ 5 = 0 , 

which are only two equations because of the relation 

Usp'-\-v^q'-\-w^r' = 0, 

Again, if we take, as in § 188, 

f=2’?2’^3. 2 '»Ji’32-' ’ 

SO that the symmetrical determinant of a, b, c, f, g, h, vanishes, and if we write 
a=bc-f2, B = ca-g2, c^ab-h^, 

we have (§ 189) 

-ie5 = c“g' f 6V', “ ^6= -c”y + a*r', -B“jD'-a*g' ; 

P P P 

and therefore the equations of the curves of globular curvature in the region are 


Ex. From the formula for in § 187, or otherwise, shew that the equations 
P' ^ V2lVij + 7' 2 V22Vi3 ^ V23Viiy ^2 

p' 2 V3lV a + ?' 2 ^^32^ ” S ijy ^3» ^3 

are satisfied along the curves of globular curvature, for all the combinations 
i>=ll, 12, 22, 13, 23, 33. 
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